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ABsTRACT. Let A be an evolution algebra (possibly infinite-dimensional)
equipped with a fixed natural basis B, and let E be the associated graph
defined by Elduque and Labra. We describe the group of automorphisms of A
that are diagonalizable with respect to B. This group arises as the inverse limit
of a functor (a diagram) from the category associated with the graph E to the
category of groups. In certain cases, this group can be realized as a dyadic
solenoid. Additionally, we investigate the automorphisms that permute (and
possibly scale) the elements of B. In particular, for algebras satisfying the 2LI
condition, we provide a complete description of their automorphism group.

1. INTRODUCTION

One way to think about the mathematics underlying evolution algebras is through
the formalization of asexual reproduction. In sexual reproduction, two organisms
combine to produce a third one, whereas in asexual reproduction, a single organism
produces offspring genetically similar to the parent. Thus, sexual reproduction can
be schematized as an interaction in which organisms x and y couple to produce
z. This process can be thought of as a multiplication zy = z. On the other hand,
asexual reproduction involves only one parent. So, instead of two parents (xy), we
have a single parent squared (x2). Since the offspring is genetically similar to z, the
resulting equation is 22 = x.

I
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FIGURE 1. On the left side we have the scheme of sexual reproduc-
tion and on the right side the asexual one.

Now, if we embed these ideas in an algebra setting, sexual reproduction gives us
equations of the form e;e; = Zk wijkek, where the e;’s represent the different types
of parent organisms, and the scalars wj;; correspond to probabilities. In contrast,
asexual reproduction leads to equations of the form e? = e;, which characterize

a well-known class of evolution algebras. However, if we take into account the
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possibilities of mutations, errors, or perturbations from the ideal model (described
by €2 = e;), we obtain a more realistic model given by e? = >k Wriek, where, in
principle, the scalar wy; is close to 1 while the others are close to 0. If the deviation
from the ideal model becomes significant, we arrive at the concept of a general
evolution algebra, where there are no constraints requiring w;; to be close to 1 and
the others to be close to 0. Notice that within the context of asexual reproduction,
the product e;e; for distinct 7 and j should be zero, as no sexual reproduction occurs
in this scheme.

It turns out that evolution algebras are non-associative and fundamentally differ
from traditional algebraic structures: not only does each basis element square to
a linear combination of other basis elements, but the product of any two distinct
basis elements is zero. This unique property makes evolution algebras particularly
useful for studying dynamical systems, Markov processes, and population genetics.

The first comprehensive reference on evolution algebras is the book by Jianjun
Paul Tian [14], which introduces the theory, explores its algebraic properties, and
discusses classification and applications in biology and physics. The book presents
key concepts of the theory and demonstrates their relevance in various mathematical
and scientific contexts.

Following [14], numerous contributions to the theory of evolution algebras have
appeared in the literature, for example [7], [4], and [3]. Evolution algebras exhibit
deep connections with graph theory and stochastic processes, making them a
versatile interdisciplinary tool. They offer valuable insights into non-Mendelian
inheritance mechanisms and find applications in mathematical ecology, epidemiology,
and theoretical physics. See [5] for a comprehensive background on the state of the
art of this type of non-associative algebra.

The interactions between evolution algebras and graph theory, as established
in [7], allow the description of the affine group scheme of automorphisms of finite-
dimensional perfect evolution algebras, as presented in [§]. This result directly
precedes our current work. Additionally, in [2], the authors determine the Hopf
algebras that represent the affine group scheme of automorphisms of two-dimensional
evolution algebras and explore their relation to universal associative and commutative
representations of these algebras.

The solenoid is a classic object in topology and dynamics, first introduced by
Vietoris and later studied more systematically by van Dantzig and others. While the
term solenoid is sometimes used to describe various kinds of topological or algebraic
structures, one of the most well-studied and structurally rich is the dyadic solenoid,
a one-dimensional compact connected abelian group that arises as the inverse limit
of circles under degree-two covering maps. More generally, a solenoid is a compact
connected topological space (i.e., a continuum) that may be obtained as the inverse
limit of an inverse system of topological groups and continuous homomorphisms.
They naturally arise as minimal sets in certain dynamical systems, especially as
attractors in flows on 3-manifolds or in suspension flows over symbolic systems.

This work describes the automorphism group of certain evolution algebras as
solenoids. This suggests that the symmetries and internal structure of the algebra
are far from trivial, showing a kind of nested, self-similar symmetry, as solenoids
are constructed from repeated circle covers.

We begin by investigating diagonalizable automorphisms—those that diagonalize
relative to a fixed natural basis—without assuming finite-dimensionality or perfection.
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We find that the group of such automorphisms (once a natural basis is chosen) can
be characterized as the inverse limit of a diagram (see Definition arising from
the graph associated to the evolution algebra in question. In the second part of our
work, we focus on automorphisms that both permute and scale the elements of the
chosen natural basis.

The paper is organized as follows. We begin with a preliminary section, where we
recall relevant concepts and set up notation concerning evolution algebras, graphs
and their associated categories, inverse limits, and solenoids. In Section [3] we study
diagonalizable automorphisms of evolution algebras, i.e., those that scale the basis
elements. In Example we identify the automorphisms with Tate modules.
Moreover, we present examples where the group of diagonalizable automorphisms
coincides with a solenoid and prove a general theorem characterizing this group as
the inverse limit of a certain functor (see Theorem .

Section [4] focuses on the contrasting behavior of automorphism groups in finite
versus infinite-dimensional evolution algebras. For perfect evolution algebras, we
explore properties such as nondegeneracy, finiteness of the automorphism group,
and invertibility of the structure matrix.

Before addressing non-diagonalizable automorphisms, Section [5] presents an
interlude in which we study evolution algebras satisfying the 2LI Condition. In
particular, we describe the relationships between natural bases of such algebras (see
Theorem .

We conclude in Section [6] with a study of non-diagonalizable automorphisms. We
introduce weighted graphs and show that weighted graphs satisfying Condition (Sing)
correspond bijectively to pairs (A, B), where A is an evolution algebra and B is a
natural basis. This correspondence is category theoretic and allows us to analyze
the automorphisms of an evolution algebra with a fixed basis as automorphisms of
a weighted graph (see Proposition . We then show that an automorphism of
a weighted graph induces an inverse limit, which can be naturally embedded into
the automorphism group of A. In Theorem [6.16] we describe the union of all such
automorphisms as a semidirect product of the diagonalizable automorphisms of A
(with respect to a basis B) and the automorphisms of the associated weighted graph.
We end the paper by presenting methods for computing inverse limits arising from
automorphisms of evolution algebras.

2. PRELIMINARIES

In what follows, we will denote the natural numbers without zero by N*. We will
use the notation C,, = Z/nZ for the cyclic group of order n > 1. This will prevent
confusion with the group of p-adic integers Z,, defined as the inverse limit of the
system {Cpn },,>1 with connecting homomorphism induced by Cpn+1 — Cpn such
that k — j, where j is the remainder of the division of k by p™.

An algebra A over a field K is considered an evolution algebra if there exists a
basis B = {e;}ica such that e;e; = 0 for every ¢,j € A with ¢ # j. Such a basis is
called a natural basis. Denote by Mp = (w;;) the structure matriz of A relative to
B, where €7 = 37, wjie;.

A directed graph is a quadruple E = (E°, E',s,7) where E°, E! are sets and
s,7: B — E° are maps (called source and range, respectively). We will use the
terms graph and directed graph interchangeably. The elements of E? are called
vertices, and the elements of E' are called edges of E. A path u of length m is a



4 Y. CABRERA, M. I. GONCALVES, D. GONCALVES, D. MARTIN, C. MARTIN, AND I. RUIZ

finite chain of edges u = fi ... fim, such that r(f;) = s(fix1) for i =1,...,m — 1.
The vertices will be considered trivial paths, namely, paths of length zero. If f € E!
is such that r(f) = s(f), then we say that f is a loop and the vertex r(f) is the
basis of the loop. If S C E°, then denote by T(S) the tree of S where

T(S) = {v € E°: exist A € Path(E) and u € S with s(\) = u,r(\) = v}.

A graph E satisfies Condition (Sing) if for every two vertices u,v € E°, we have
ls~t(u)Nr=t(v)| < 1.

If A is an evolution algebra with natural basis B = {e;};ca and structure matrix
Mp = (w;;), then we denote by E = (E°, E',rg, sg) the directed graph associated
to A relative to B, which is defined by setting E° = {e;}ica and drawing an edge
from e; to e; if and only if w;; # 0, see [7]. Following [I0], For a category €, we will
denote the classes of objects and morphisms by Obj(%¢’) and Mor(%’), respectively.
Next, we define several categories that we will use. By Cat we mean the category
of small categories and functors, and by Grp we denote the category of groups.

The category of graphs Grph is defined in [I0, II, sect. 7, p. 48] (in the
terminology of [I0], our graphs are termed "small graphs").

Let E be a graph. We recall the construction of the free category generated
by the graph E, as in [10]: Jg is a small category such that Obj(Jg) = E° and
Mor(Jg) = U, yego homy,, (u, v), where for u,v € E° we define homy, (u,v) as the
set of all paths with source u and range v. Thus, we have a functor J: Grph — Cat
such that F — Jg. On the other hand, there is a forgetful functor U: Cat — Grph
given by U(%) = (Obj(%€),Mor (%), s, r), where for any morphism f € Mor(%) with
f € home(X,Y) we put s(f) = X and r(f) =Y. As shown in [I0] II, sect. formula
(6), p.51] we can say that the functor J is the left adjoint of the forgetful functor U.
This implies that there is a bijection

homGrph(E7 U(cg)) = homcat (jE? %) (1)

for any graph E and small category 4. Note that there may exist morphisms in
Jg that are not edges of the graph E (for instance, a path of length greater than
one). The main use of is that one can define a functor Jg — % simply by giving
a graph homomorphism E — U(%). We will use this fact in the sequel without
further warning. In conclusion, one can associate a category to any graph. Hence,
we can associate a category to each pair formed by an evolution algebra and a
natural basis (via its associated graph).

Definition 2.1. We define the small category %y as the category whose unique object
is Obj(%p) = {K*} and Mor(%p) = {¢ : K* — K*| ¢ is a group homomorphism}.

Remark 2.2. Notice that % is a subcategory of Grp. So any functor from any
category &7 to %y, induces a functor &/ — Grp.

Definition 2.3. Consider a small category I and §: [ — % a functor with values
in a category ¥. Recall that a cone for the functor § is an object G in ¥ and a
collection {t;};cr of homomorphisms in & with ¢;: G — §(i) such that the triangles

G530 i
N
@) J

commute for any arrow a: ¢ — j in I.
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Observation 2.4. The set {F(i) }ier can be thought as a family of objects indexed
by I and, for each arrow a: ¢ — j in I, the morphism F(a): F(i) — F(j) satisfies
S(a) o ti = tj.

Now, we can consider the category of cones for a fized functor §: its objects
are the cones for § and if (G, {t;}icr) and (G',{t;}icr) are cones for §, then a
homomorphism from (G, {t;}icr) to (G',{t;}icr) is a homomorphism ¢: G — G’
making commutative the triangles

G —"— G

A7
()

for any i € I.

Definition 2.5. A inverse limit of the functor § (denoted lim §) It is a terminal
object in the category of cones for §. This means that lim§ is an object in €
endowed with homomorphisms ¢;: lim§ — §(¢) for any ¢ € I, such that
(1) §(a)t; =t; for any a: 4 — j in I.
(2) For any other H endowed with homomorphisms s;: H — §(¢) satisfying
§(a)s; = s; when a: ¢ — j in I, there is a unique homomorphism 6: H —
lim § such that ¢; 0 8 = s; for any 1.

lim § /\
mg

o \ 3(0) 5 30).
o

Direct limits are defined dually by using cocones.
See |10, Sect. 4, §III] for a general reference on categories and related notions.

Remark 2.6. The inverse limit lim § for a functor §: I — Set can be constructed
as the set of all (x;);cr € [[;c; §(4) such that §(a)(x;) = z;, whenever a: i — j in I.
The map t;: lim§ — §(j) is given by t;((z;)icr) = z;. For a functor §: I — Grp,
the inverse limit can be constructed analogously.

An interesting example is the so-called dyadic solenoid. This is a construction
that appears naturally in our study of automorphisms of evolution algebras.

Example 2.7. Consider the category Jg, where F is the graph whose vertices are

the natural numbers 0,1,... and the only edges are i + 1 — 4, see Figure

1+1 7 1
> e —e---0 —

0
[ ]
FIGURE 2. Graph F of example 2.7

Let n = (n1,ns,...) be a sequence of positive integers and consider the functor
§: Jg — Grp such that F(i) = S! the unit circle and (i) — F(i — 1) is the map
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x +— x™. This defines an inverse system of groups

s et g I g 2)
where we have abbreviated f; : * — x™. Then we define ¥, := lim§ to be the
inverse limit (as a topological group). This topological space ¥,, is called the n-adic

solenoid. For the special case n = (2,2,...) we get the so-called dyadic solenoid.

Dyadic solenoids were first introduced in [I6] and in [I5] for all constant sequences.
Solenoids are compact connected topological spaces. However, they are not locally
connected or path connected. Of course, they are abelian groups and are examples
of what is known as a protorus (compact connected topological abelian group).
Recalling the definition of inverse limit, a materialization of ¥, for n = (2,2,...), is
the group of all sequences (zg,z1,...) with z; € S* and 27, = ; for all i (with
the componentwise product). As it is well known, solenoids are not Lie groups since
connected Lie groups are path-connected. Instead of using the Lie group S!, we can
consider the algebraic group K*, the graph E above, and n = (n,no,...) fixed.
Then, we can define the functor §: Jg — Grp such that §(i) = K* and the map
F(i) — (i — 1) is & — a™. This defines an inverse system

o KB g B o I e (3)

of groups and the group lim § is what we term as a generalized solenoid.

.

FIGURE 3. Drawn with [9].

eSe
SO

FIGURE 4. See [11].



SOLENOIDS IN AUTOMORPHISM GROUPS OF EVOLUTION ALGEBRAS 7

To end this section, we define the set u( )( R) := {z € R* : 2" = a} for any
a € R*, n € N* and R a commutative associative unitary K-algebra. Notice that
pn(R) = ug)(R) is the group of n-th roots of the unit. In particular, we have
that ua(K) = {£1} = Cy if char(K) # 2 and p2(K) = {1} if char(K) = 2. There
is an action (which is transitive and free ) pgn(R) X ,uga)(R) — u(ﬂ) (R), given by
multiplication. We also define the sets

PS2(R) = {(x:)iz1: @ € u) (R), a2y, = a7}

for any a € R*. In particular, if a = 1, we write pg~(R) := uglol (R) which is a
group and there is an action o (R) X uéﬁg (R) — uéﬁg (R) given by componentwise
multiplication. Notice that since each u( )(R) is contained in the group (R*)Y" we
can consider the union

U w2

ac KX
And this is a group.

3. DIAGONALIZABLE AUTOMORPHISMS OF EVOLUTION ALGEBRAS

Definition 3.1. Assume that A is an evolution algebra and B = {u;};ca a natural
basis of A. An automorphism f € Aut(A) is said to be diagonalizable (relative to B)
if f(u;) € K*u; for any i € A. We define the group of diagonalizable automorphisms
relative to B, denoted by Diag(A; B), as

Diag(4; B) :={f € Aut(A4): f(u;) € K u;,i € A}.

Remark 3.2. Notice that, as the notation suggests, the group of diagonalizable
automorphisms strongly depends on the chosen basis (unless the algebra satisfies
additional properties). For example, consider the evolution algebra A with natural
basis B = {e1, ez} and product defined by e = e; + ez and e = 0. In this case,
Diag(A; B) = {1}. However, if we consider the algebra with the natural basis
B’ = {e1 + €2, ez}, then Diag(A; B') = K*.

Example 3.3. Take the graph F such that E° := {w}U{v; }icez and B! == {f; }icz
with s(f;) = v; and r(f;) = w for any ¢. This is the graph associated to the evolution
algebra A with natural basis B = E° and multiplication w? =0, v} = w for any i.

V_j—1 Uy Vi41

If f € Diag(A; B) then there are nonzero scalars x; such that f(v;) = z;v; (i #0)
and f(w) = zow. Then f(v?) = f(w) = zow while f(v;)? = (z;v;)? = ¥?w, whence
xo = x? for any i # 0. Assuming that the ground field K is quadratically closed,
\/To exists and x; = £x; if © # j. We analyse two cases:

(1) If char(K) = 2 then X := ,/z( exists and it is unique. So f is of the

= Nw, f(v;) = M; (i # 0), where A € K*. In this case,
; B) 2 K*, a one-dimensional torus.

(2) If char(K) # 2 we take A to be one of the square roots of xg. Then

f(w) = A\w as before, but f(v;) = \e;v; where ¢; = £1 for i # 0. In this
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case Diag(A; B) &2 K* x (S°)%, where (SY)Z is the multiplicative group of
sequences (€;)iez with ¢; € SO = {£1}.
Notice that in any case, other automorphisms of this algebra are possible: if we take
a bijection o: Z — Z, then the map g: A — A fixing w and making g(v;) = v, ;) is
an automorphism of A.

If there is essentially a unique natural basis (up to scaling and reordering), the
notation Diag(A; B) can be simplified to Diag(A). For example, when A is a finite-
dimensional perfect evolution algebra (see [§]). In section [5| and subsection we
will devote some attention to the problem of essential uniqueness of natural bases.

3.1. Interactions with evolution algebras. In this subsection, we illustrate with
some motivating examples how the solenoids presented above coincide with the
diagonalizable automorphisms of evolution algebras.

Example 3.4. Let Jg be the category associated to the following graph:

5 als
E as1 1 %12, 9 (4)
a411\ J{CLQ?)
4+—3
asz4

Consider now the functor §: Jg — %o, where % is defined in and K is a field
with cubic roots of the unit {1,w,w?}, induced by the graph morphism E — U (%))
(see the adjunction defined in formula (1)) such that i — K* with a;; — s where
s: KX — K* such that s(z) = 22. By Remark [2.2] we may consider § as a functor
§: Jg — Grp. Then, 11313 >~ us(K).

To prove this, we apply the functor § to the category Jr and obtain a diagram

so that each time an element advances through a (non-identity) arrow, we square it.
There are group homomorphisms ¢;: lim§ — K* = (i) such that ¢;(z)* = ¢;(z)

for each a: F(i) — §(j) such that a € {a2,a23,azq, as1,a15, as }-
Hm&

K>< KX
Now,

limF= {(z;)}: z; = F(a)(z;),YVo: i — j in Tp}

T {(2;)3: wg = 22, x3 = a3, x4 = 2%, x1 = 23, 15 = 23, 11 = 2},
Eliminating parameters, we obtain that 3 = 1 and consequently

lim § = {(1, 1), (w,w? w,w? w), (W w,w? w,w?)}.

The isomorphism between lim § and ps(K) is clear.
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Consider any evolution algebra A which graph, relative to a natural basis {u;}%_,

is . So we have
Us (_\

Uy — Uy

T 1

Uyg4 <— U3,

and if we compute the diagonalizable automorphisms f: A — A, that is, the
automorphisms satisfying f(u;) = \u; (i =1,...,5, \; € K), we find that f(uy) =
wut, flug) = w?uy, f(uz) = wus, f(ug) = w?ug, f(us) = w?us, where w € usz(K).
Thus, the group of diagonalizable automorphisms of A is (isomorphic to) us(K)
and therefore it is lgn §. If the evolution algebra with graph is perfect, it is easy

to check that any automorphism of A is diagonalizable. So, in this case, we have
Aut(4) =2 lim §.

The idea issued by the previous paragraphs is the following: take an evolution
algebra A and let Jg be the small category associated to its graph relative to a
natural basis B. Then the group of diagonalizable automorphisms of an evolution
algebra A, relative to the basis B, is isomorphic to the inverse limit of the functor
liin §. Given that the functor § is ubiquitous, we give it a notorious place in this

work:

Definition 3.5. Taking into account the adjunction in formula and Remark
we define € as the functor ¢€: Jg — Grp such that €(i) = K* for any ¢ and
¢(a): K* — K* is the squaring map for any a € E*.

Example 3.6. For a first example in the infinite-dimensional case, consider the
category Jg induced by the graph in Figure 2] that is, the class of objects is N and
hom(i + 1,4) has cardinal one for any i. Let € be the functor defined in Definition
Then lEnQ: is the group of all sequences (x;);en+ such that x?H = x; for any 1.

lim €
to t1
tit1 lti
» KX —— KX » K* —— K~

Now, if A is an evolution algebra whose graph relative to a basis {u;};en+ is the
one given in Figure[2] it is easy to see that the diagonalizable automorphisms f are
of the form f(u;) = A\ju;, where /\ZZJrl = \;. So again the group of diagonalizable
automorphisms of A is isomorphic to lim € = {(@n)n>1: 22y = Tnon > 1} If we

take an element (z,),>1 in this group and define a := x1, then 3 =1 = aso

(K). In addition, 24 = 23 = a and z3 € ,u(;)(K). In general each z,, is in

o1 (K). Consequently, (2, )n>1 € u;‘ig (K). A moment’s reflection reveals that
ime = |J w(K).
- ac KX

Example 3.7. Let A be a perfect evolution algebra with a natural basis B =

{u;}ien+ and multiplication u% = uy, ufﬂ = u; for 4 > 1. This algebra is perfect
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and, as we will see, Aut(A) is infinite (in contrast to the fact that perfect finite-
dimensional evolution algebras have finite groups of automorphisms). Moreover, the
structure matrix is neither invertible nor 2LI (see Section [5| for definitions). Even
taking into account the results of Section [6] we can not conclude that the group
of automorphisms (relative to B) has the special form described in Corollary
nor can we say that it is diagonalizable. However, this is the case as the following
proposition shows.

Proposition 3.8. Any automorphism of A is diagonalizable.

Proof. Let 0 € Aut(A). So, 6(u;) = >, Oirur and the conditions for being a
homomorphism imply that
Oiablja =0, >3, i #j
0:101 + 0;20j0 =0, i # j
011 = (011)* + (012)*
91k = (O1(k41))?, k> 2
= (021)% + (022)?
91k = (Oopt1))?, k> 2.

Take k& > 2 and think of 61;. If 615 # 0, the equations above imply that
O1(k+1), O2(k41) # 0. But 01(x41)02k+1) = 0, a contradiction. Thus 61 = 0 if
k > 2. The last equation gives 65, = 0 for £ > 3. Then the third equation gives
011 = 1. The second gives §;; = 0 for j # 1. Now the second equation gives 62, = 0.
So far 6(u;) € Ku; for i = 1,2. Next assume that 0(u;) € Ku; fori=1,...,q¢— 1.
Then, for g > 2

0(ug) = O(ug—1) = 0(g—1)(g-1)Ug-1-
2 2 2,2 2 2 2

But 0(u,)? = (Zkzlﬁqkuk) = St )02 = (1) +(0g2)2) w1+ o 0 (Gre) 21
which gives

O(q-1)(q-1) = (0 ) )

(9q1)2+(‘9 )2 0,

eqk = Oa (k 7é 172aQ)
Moreover, 0 = 0(u1)8(uq) = w1 Zk21 Ogrur = 0g1ur implying 6,1 = 0 (and similarly
042 = 0). In conclusion, (u,) € Ku,. O

Next, we investigate the group Aut(A), which we know coincides with Diag(A; B).
The graph of the algebra is given by Figure [f]

)

us u uq
77777 > e —> & —— @

FIGURE 5.

Applying the functor € we get the diagram given in Figure [f]
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()

,,,,, s KX S KX S KX

FIGURE 6.

where again s(x) = 22 for any x € K*. Then, lim € is the group of all sequences
(;)ien+ such that z; = 1 and xfﬂ = x; for i > 1. Further, since Aut(A) =
Diag(A; B) = lim € 2 lim pgn (K), we find that for this algebra, the automorphism
group agrees with the so called Tate module of the group K*. The Tate module
was introduced in [13] in the context of abelian varieties. However, we will use the
variant related to abelian groups. Following [12], the Tate module is associated with

the ¢-adic completion of the torsion subgroup of an abelian group (for a prime ¢).
The definition given in [12] is:

Definition 3.9. Let &7 be an abelian group and ¢ a prime. The Tate module T;(</)
is the inverse limit:

Ty(e/) = lim o/ [£"],
where &/ [0"] = {a € & | {"a = 0} is the ¢"-torsion subgroup, and the transition
maps are given by multiplication by /.

In our case we can take &/ = K* so that the 2™ torsion is pgn(K), that is,

& [2"] = pon (K) and consequently To(K ) = lim pgn (K) = Aut(A). The group of
automorphisms is the Tate module T5(K ™), so we can take advantage of the known
values of this. Below we describe T5(K*) for various fields K.

(1) Algebraically closed fields of char(K) # 2:

To(K™) = Zs,
the free rank-1 Zy-module. See [0 Section 5.3].
(2) Finite fields (K = Fp» with p odd and n > 1):

To(Fyn) = 1.
(3) Fields with/without 2"-roots of unity:

e If K contains no nontrivial 2”-th roots of unity for any n > 1 (e.g., Q
or Q, with p # 2):

To(K*) = 1.
e If K contains v/—1 but no higher 2"-roots (e.g. K = Q(4)):
To(K*) =1.

e If K contains all 2"-roots of unity (e.g. K = Q((o=) :=,>; Q(¢2n)
with ¢, primitive n-th root of 1):
To(K*) 2 Zs.
(4) char(K) =2:
TH(K*)=1

2" — 1 implies = = 1.

since x
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Not every value of T2 (K *) above is straightforward to justify. Therefore, we now
provide some hints to support and verify these.

The case of characteristic 2 is obvious. More generally if K has characteristic
other than 2 and U,>1puen (K*) is a finite set, we have To(K*) = 1. Indeed, The
chain

p2(K) € poz(K) C -+ C poi(K) C pgini (K) € -
is stationary hence we may assume that pqi(K) = uqi (K) for j > i, where i is
the stationary index of the chain. Now, take any element (z;) € lim fign (K™X).

We know that $?+1 = z; for any j. Thus, m?ik = z; for any j and k. Take
k > i (the stationary index of the above chain). Then x4 € pioj+x (K) = pgi (K),
because j 4 k£ > i. Thus xi;k =landz; = x?ik = (x?;k)zkﬂ
To(K*) = 1.

If K/Q is an extension containing all the roots (on = exp(2wi/2n) for n > 1, then
pon (K) = {1,(2n,(3n, ..., 422:71} 2 C9n and the inverse limit is the group of 2-adic
integers.

= 1. Consequently,

We conclude this section by proving that the group of diagonalizable automor-

phisms of an evolution algebra is the inverse limit of the functor €: Jgy — Grp
(recall Definition [3.5).

Theorem 3.10. Let A be any evolution K-algebra, fix a natural basis B, and
consider the graph E associated with B. Then, there is a group isomorphism
Diag(A; B) 2 lim €.

Proof. For any u € E°, define ,: Diag(A; B) — €(u) = K* by assigning to each
0 € Diag(A; B) the scalar such that 0(u) = 7, (6)u. It is easy to check that m, is
a group morphism. Consider an edge f with source v and range v. We check the
commutativity of the triangles

Diag(A; B) ™% €(u) =
k) J{Q(f)
C(v)

Take 6 € Diag(A; B) with 6(u) = m,(0)u, while (v) = m,(0)v. Since the edge f
connects u to v we know that u? = mv + £, where m € K* and &v = 0. But,

7 (6)% (mu + €) = 0(u)? = B(u®) = 6(mw + €) = mB(v) + 6(&) = mm, (O)v + 0(),

s0 7, (0)?mv = mm,(8)v because §(¢)v = 7,(0) "10(£v) = 0. Consequently, 7, (0)? =
7y(0), that is, €(f)(my,)(0) = m,(0) and the commutativity of the triangles above is
proved. So, Diag(A; B), {7y }uero is a cone for the functor €.

To end the proof, we must check that the cone is terminal. For this, assume that
G is another group endowed with homomorphisms ¢,,: G — €(u) (for any u € E°)
such that €(f)t, = t, whenever f is an edge with s(f) = v and r(f) = v. We have
to prove that there is a unique group homomorphism ¢: G — Diag(A; B) such that
m,t = t, for any vertex u. Notice that for any g € GG, we have a nonzero scalar
tu(g9) € K*, and we define an automorphism 6: A — A by setting 6(u) = ¢,,(g)u for
all u € E°. Then, we define t(g) = 6 and, since m,(t(g)) = 7. (0) = t.(g), it follows
that m, ot = t,. The fact that ¢ is a group homomorphism, as well as its uniqueness
property, is easy to check. [

x2.
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4. DEVIATIONS FROM THE FINITE-DIMENSIONAL CASE

Motivated by the distinct behaviours of the automorphism groups in finite-
dimensional and infinite-dimensional evolution algebras, in this section, we highlight
some differences in the behaviour of infinite-dimensional evolution K-algebras
compared to the finite-dimensional case.

4.1. Perfection x Nondegeneracy. While in the finite-dimensional case, the
perfection of evolution algebras implies nondegeneracy, in the infinite-dimensional
case, there are perfect evolution algebras that are degenerate. For instance, the
K-algebra A = span ({e; };>0) with a countable basis whose multiplication is e = 0,
ef_H =e; and e;e; = 0 when i # j. This algebra is degenerate, but A% = A. Thus,
the only hope to extend some finite-dimensional results regarding perfect algebras
to arbitrary dimensions will likely require replacing the perfection condition with a
stronger assumption.

4.2. Perfection x Finiteness of the automorphism group. As it is well known,
the automorphism group of finite-dimensional perfect evolution algebras is finite
(see [§]). In the infinite-dimensional case, this is no longer true. For instance,
in the algebra A of the previous item (which is perfect), for any diagonalizable
automorphism f: A — A determined by a sequence (z;);>0 in K, that is, f given
by f(e;) = x;e; for every i > 0, we have z;e; = f(e;) = f(efﬂ) = f(ei41)? = mfﬂei,
so that z; = 27, for any 7 > 0. Thus, the group Autg (A) contains the subgroup
of all the sequences (z;);>0 satisfying ; = x7,, for any i > 0. This subgroup is
nothing but the inverse limit of the system

RN KX N KX N KX N KX,
where all arrows are the squaring map x — 2. So, lim K* C Autg(A) as a

subgroup. If we take the complex numbers as the ground field, say K = C, then
lim C* contains the circle S, since we can consider the group monomorphism

St — lim C* given by exp(it) — (exp(it/27)),>0, for any j > 0.

Furthermore, we have the following commutative diagram.

limC* —— CX » CX —2— C* —2— CX
lim ' —— §? » St —— St —— St

As it is well known, the inverse limit lim S* is the dyadic solenoid, see Figure
Since lim S* C limC* C Aut(A), we conclude that Aut(A) contains the dyadic

solenoid lim S?.

We have described how the diagonalizable automorphisms of an evolution algebra
A can contribute to the infiniteness of the group Aut(A). But non-diagonalizable
automorphisms can also do it. For instance, consider the evolution K-algebra K
of sequences (xy,)n>0 in K with finitely-many nonzero entries. We consider here
the component-wise product. Denote the canonical basis by {e;};>0. Then, for any
bijection o: N — N, we have an automorphism of K™ given by mapping ej 10 ex(5)
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for any j. In this case, Aut(K ™) contains a copy of the group of bijections N — N
(an infinite "permutation group").

4.3. Perfection x Inversibility of the structure matrix. If B = {e;};ca is a
natural basis of an evolution K-algebra and Mp is the associated structure matrix,
then Mp is column finite (a matrix whose columns have finitely many nonzero
entries). Recall that column finite matrices can be multiplied and inversibility makes
sense. When Mp is invertible, we have A = A%. However, the same example above
shows that the perfection of evolution algebras does not imply the inversibility of
the structure matrix of the algebra. In any case, we have:

Proposition 4.1. (c.f. [7, Theorem 4.4]) Let A be any evolution algebra (possibly
infinite-dimensional) and assume that for a natural basis B = {e;};en of A, the
structure constants matrix Mg is invertible. Then, for any natural basis {u;}ien
there is a bijection o: A — A and scalars {k;: i € A} C K* such that u; = kiey;)
for any i € A.

Proof. The proof is essentially an adaptation of [7, Lemma 4.3 and Theorem 4.4].
Write u; = ), arier so that for i # j we have 0 = wju; = >, ariex >, anjen =
Y. akiagjer. Observe that {ef}ren is a linearly independent set. Indeed, if there
is a linear combination Zie Ao Aie? = 0 with \; € K, then there is a column vector
A= (li)lTeA (T denote the transpose of the matrix) with [; = A; if i € Ag and [; =0
in other case. In this way, MpA = 0 which is only possible if \; = 0 for all ¢ € Ag.

So, we have ayjar; = 0 whenever i # j for any k. Therefore, if some ay; # 0,
it follows that ay; = 0 for any j # 4. Given that the matrix of change of basis
(ai;) is invertible, we conclude that each row and column must have exactly one
nonzero entry. Consequently, there exists a permutation ¢ of the index set A such
that u; = a,(;)i€s(;) for every i. O

Corollary 4.2. If A is an evolution algebra with invertible structure matrix Mg,
then any automorphism f: A — A is of the form f(e;) = kie(;y for each i, where
B ={e;}ica and o is a permutation of A.

5. THE 2LI CONDITION

An evolution algebra satisfying 2LI is defined in [I, Definition 2.8]. Accordingly,
we say that a natural basis B satisfies 2LI if, for any two distinct elements x,y € B,
the set {x2,%?} is linearly independent. In this section, we will show that if there
is a natural basis satisfying 2LI, every other natural basis coincides with the first
one up to permutation and scalar multiplication. Thus, the group Diag(A) does not
depend on the choice of basis; see Remark [6.2]

Recall that an element of an evolution algebra is called natural if it belongs to
some natural basis. The characterization of naturality for vectors is provided in [I].

Proposition 5.1. Let A be an evolution K-algebra. Suppose that {e;}icn is a
natural basis of A and let u = \iey + - - - + e, where A\; # 0.
(i) If u* # 0, then:
(a) If char(K) # 2 and dim(span({e?}*_,)) = 1, then u is a natural vector.
(b) If u is natural, then dim(span({e?}*_,)) = 1.
(ii) If u? = 0 then u is natural if and only if e =0 fori=1,...,k.
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Proof. Assume that u? # 0, char K # 2 and dim(span({e?}r_,)) = 1. Let
S = span({e;}¥_,). We suppose, without loss of generality, that ¢? generates
span({e?}¥_,). There exists a symmetric bilinear form (-, -) defined on S such that
ry = {z,y)e?. Since (u,u) # 0, we have S = Ku | (Ku)*. Furthermore, as the
characteristic of K is not 2, (Ku)* has an orthogonal basis {v; ;:11 Consequently,

there exists a natural basis {u} U {v, ?;11 U{ei}isk that contains u.

For item (1) (b), if u is a natural vector, then dim(Im(L,,)) = 1 where L,, is the
left-multiplication operator. On the other hand, Im(L, ) is generated by we; for
i € A, that is, Im(L,,) = span({e?,...,e?}). Hence, dim(span({e?}¥_)) = 1.

To show item (2), start with u being natural. Then uA = 0, and thus ue; = 0,
which implies e? = 0 for i = 1,..., k. Conversely, if each e? = 0 then {u}U{e; f;ll U
{ei}i>k 1s a natural basis containing w. O

Remark 5.2. The hypothesis that char(K) # 2 in the first item above can not be
dropped. Consider the evolution algebra K3 with K a field of characteristic 2. In
addition, if we suppose that the canonical basis {e1, ez, e3} of K® has products e? =
e3 = e3 # 0 and e;e; = 0 when i # j, then we obtain a family of evolution algebras.
In any of these algebras, take u = e; + ea + e3 = (1,1,1) whose square is u? =
e? +e3+e2 =3e? =e? #0. Also, supp(u) = {1,2,3} and dim(span{e?, e2,e3}) = 1.
However, u is not natural. If {(1,1,1),(z,y, 2), (r,s,t)} is a natural basis, we must
have

z+y+2=0 1 1 1
r+s+t=0 , lzoy 2z #0
xr+ys+z2t=0 ros 1
which is not consistent in char K = 2. Indeed, as z = —x —y and t = —r — s, then

replacing in the third equation and the determinant, we have 2rz + sx + ry + 2sy =
sz + ry =0 and 3sz — 3ry = sz + ry # 0, a contradiction.

Thus, in item (i) of [I, Theorem 2.4], the hypothesis that char(K) # 2 must be
added.

As noted in Proposition [£.1] if the structure matrix of A is invertible, then any
two natural bases coincide up to permutation and scalar multiplication. Next, we
generalize [I, Corollary 2.7].

Theorem 5.3. Let A be an evolution algebra (arbitrary dimension and ground field).
If A has a natural basis satisfying the condition 2LI, then all the bases coincide up
to permutation and scalar multiplication.

Proof. Assume that B = {e; };ca is a natural basis satisfying 2L.I and B’ is any other
natural basis. Let u € B’ and write, without loss of generality, u = Aje1 +- - -+ Ageg
with \; # 0. Since u is natural dim(Im(L,)) < 1, but Im(L,) = span({e?}*_,).
Consequently, if k£ > 1, the dimension of Im(L,) > 2, which is a contradiction. This
implies that ¥ = 1 and hence © € K*B. Thus, any element of B’ is a nonzero
multiple of some element in B.

O

Asnoted in [I], if A has a unique basis (up to reordering and scalar multiplication),
it does not automatically follow that it satisfies 2LI. The first additional condition
required for A is nondegeneracy. Moreover, we must assume that the ground field
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has more than three elements. Under these assumptions, the proof of [I, Corollary
2.7] gives that:

Proposition 5.4. Let A be a nondegenerate evolution algebra of arbitrary dimension
over a field with more than 3 elements such that all the natural bases coincide up to
permutation and scalar multiplication. Then all the natural bases satisfy 2L1.

Note that the hypothesis on the cardinality of the ground field is not present in
the statement of [T, Corollary 2.7]; however, it is used in its proof.

6. NON-DIAGONALIZABLE AUTOMORPHISMS

Let % be the set of all natural bases of a fixed evolution K-algebra A. We
assume all natural bases are indexed by the same set A. Then we define the direct
product group Sx x (K*)* with pointwise multiplication, where Sy is the group of
bijections A — A (under composition) and (K*)" is the group of maps A — K*
with elements represented in the form (z;);en, where z; € K* (with pointwise
multiplication). This group has a natural action (Sy x (K*)*) x & — 2 defined
as follows: if {e;}ica is a natural basis of A and (o, (7;)iep) € Sa x (K*)*, then

(0, (wi)icn) - {€itien = {Tieo@i) bica

Definition 6.1. The set of orbits on % induced by the action of the group Sy x
(K*)A will be denoted by 2. For a given natural basis B, its orbit under this group
will be denoted by [B].

Remark 6.2. Under the previous settings, we have:
(i) If two basis B, B’ € % of an evolution algebra A are in the same orbit under
the action of Sy x (K*)*, then
Diag(4; B) = Diag(4; B'). (5)
(ii) If A satisfies 2LI, then the action of Sy x (K*)* is transitive. Consequently,

there is only one orbit.

If the set of orbits # has cardinal 1, then we can speak of the group Diag(4)
without further allusion to any particular B € £.

Example 6.3. Consider the 2-dimensional evolution algebra with natural basis
{e1,e2} such that e = e; and e3 = 0. Its associated graph corresponds to E.

E:

Let us search for all the possible natural bases (modulo the action of Sy x (K*)?).
If {uy,us} is another natural basis, then we can write u; = xe; + yes and ug =
ze1 + tes (z,y,2,t € K). Thus, 0 = ujuy gives xz = 0. Modulo the action of
Sy x (K*)?, we may assume z = 0. Since u; and uy are linearly independent, xt # 0,
and hence the orbits of possible natural bases are of the form

{Ul =e1 +yes

Uy = €9.
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Now, if y = 0 then the basis {u1,us} is in the orbit of {ej,es}, but if y # 0 then
they are in different orbits. It is also easy to realize that different values of y € K
produce different orbits. So,

B ={[{e1 +yes,ex}] :yec K}.

Proposition 6.4. Given an evolution algebra A, if [B],[B'] € # with [B] = [B'],
then the graphs associated to A relative to B and B’ are isomorphic.

Proof. Let B = {e;} and B’ = {u;} be two natural bases with [B] = [B’]. We can
write uf = wjju; + C with wj; # 0 and C'u; = 0. On the other hand, we have that
u; = A\i€g(;) for some \; € K* and o € Sy. Therefore, )\fei(i) = wj;u; + C. This

implies that ei(i) = /\J'A—i;“eg(j) + /\% with )%eg(j) = 0. Hence, the graphs associated

to A relative to B and B’ are isorriorphic.
O

Definition 6.5. We define £k as the category of pairs (A, B) where A is an
evolution K-algebra and B is a natural basis of A. A homomorphism from (A, B)
to (A, B’) in €k is a K-algebra isomorphism ¢: A — A’ such that for any b € B,
there is some o' € B’ with t(b) € Kb'. We will use the notation Autg, (A, B) for
the group of all automorphisms of the object (A, B) of Ex. If there is no ambiguity,
we will shorten the notation Autg, (A, B) to Aut(A4, B).

So fa,r we have considered automorphisms that are diagonalizable relative to a
natural basis of the given evolution algebra. But in some cases the "symmetry" of
the graph associated to the evolution algebra permits "twisted" automorphisms. To
develop further related results, we need the notion of a K-weighted graph. This is a
pair (E,w), where E is a graph and w: E* — K*. Typically, in applications, the
field K is taken to be the real numbers, but in our case, we consider an arbitrary
field K.

Remark 6.6. There is a biunivocal correspondence between pairs (A, B), where A
is an evolution K-algebra and B is a natural basis, and weighted graphs (E, w) with
E satisfying Condition (Sing). Given an evolution algebra A with a natural basis
B = {u;}ien, we construct the graph F such that E° = B, and there is exactly one
edge from u; to u; if and only if with wj; # 0. We define the weight w: E' — K* by
setting w(f) = wj; if f € s7'(u;) N7~ (u;). Conversely, given a weighted K-graph
(E,w) satisfying Condition (Sing), we can construct an evolution K-algebra with
natural basis £ and multiplication defined by

et= > wff)
fes—1(e;)
for each i € A.

We find ourselves searching for a description of the category of weighted graphs
in such a way that it is isomorphic to the category €x. Considering (A, B) and
(A’,B") with B = {e;};ca and B’ = {e}};ea’, notice that if 8: (A, B) — (A, B’) is
a morphism in £k, then

0(e2) =0 (Zwkiek> = Zwkie(ek) = ZWkixke:;(k)a
% k k
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0(ei)? = aiel ) = a7 waw(i)@;f
k

and
2
€T W;(k)a(i) = TEWki
for every k € A. Using the notation given in Remark this motivates the
construction of the ideal Iy in the next definition.

Definition 6.7. We define the category Grph; whose objects are the weighted
graphs (E,w). To define homomorphisms, consider two weighted graphs (E,w)
and (E’,w'). Denote the elements of E° by {e;};ca. Take the polynomial algebra
K[z;,y;: i € A] and, for any homomorphism 6: F — E’ in Grph, define the ideal
Iy <« K[z;,y;: i € A] as the one generated by all polynomials in the set:

S = {wy; — 1}iea U{w(a)z; —w'(0(a))z?: a € E* ns™'(e;)) Nrt(e;)}. (6)
So, the zero-loci of the ideal Iy is the set V(Iy) given by
{((@), () € (KM)?: 2iyi = Lw(a)a; = w'(0(a))af, Ya € 5™ (e) N (e;)} -
A homomorphism (F,w) — (E’',w’) in Grphy is defined to be a morphism 6y,
where 6y : E — E’ is a graph isomorphism and v = (z;);ea € (K*)? is such that
(@), (z771) € V(Io,)-

Note that if : E — E’ is such that w’(f(a)) = w(a) for any arrow in E!, then
define v := (x;) where ; = 1 (for all 4). Hence (v,v) is in V(Ip) and 6 = 6.

We will show that the categories £x and Grphy are isomorphic, but we need
two auxiliary results for this.

Lemma 6.8. Let (A, B), (A", B') € Ex with B = {u;}ien and B = {v; }ienr and
consider t: (A,B) — (A’,B') a homomorphism in Ex such that t(u;) = T:v,(;)
(i € A), where x; € K* and o: A — A'. If (E,w) and (E',w'") are the weighted
graphs associated to (A, B) and (A’, B') respectively, then there is a homomorphism
Ov: (E,w) — (E',w') such that 0y (u;) = Vo (;)-

Proof. Let t be the same as the statement of the lemma. Define §: E° — E'V by
0(u;) = v,y for any i. If a € E* Ns™(u;) N7~ (u;), we have u? = w(a)u; + R
with w(a) # 0 and u;R = 0. Thus, t(u;)? = w(a)t(u;) + t(R), that is, x%ug(i) =
w(a)r;v,(j) + t(R). Equivalently,

Xy t(R)

. = —_— . — 7
Ua(z) w(a)l,lzvg(ﬂ) + ZL’% ’ ( )

where v,(jyt(R) = 0 because u; R = 0. So, there is an edge in E'* connecting v, ;)
to v,(;). We formally define 6: E' — E'' by declaring 0(a) as the edge connecting
Vy(i) t0 Vy(;). Note that, by construction, s(6(a)) = 0(s(a)) and r(0(a)) = 0(r(a)).
Thus, 6 is an isomorphism between E and E’ in Grph. On the other hand, by
comparing with vfr(i) = w'(0(a))v,(j) + R’ (where we also have v,jyR' = 0),
we obtain w(a)% = w'(6(a)), which implies ((z;), (z;1) € V(Ip). So, Oy :=0is a
homomorphism in Grphy with v = (z;). O

By Lemma [6.8, we can define a functor .7 : Ex — Grphy as follows: for each
object (A, B) in €k, we set F (A, B) = (E,w), where E is the graph associated to A
relative to B (as a set E° = B). For any edge a from u to v in this graph, we define
w(a) to be the scalar such that u? = w(a)v + R, (with Rv = 0). Furthermore, for
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each morphism ¢, we define % (t) = 6,,, where 6, is the homomorphism established
in Lemma,

Lemma 6.9. Let 0y: (E,w) — (E',w’) be a homomorphism in Grphy. Then
there is a unique homomorphism t: (A, B) — (A’, B') in Ex such that F(t) = 0.

Proof. Let E° = {u;}ien and B = {vi}iear. Then 0y (u;) = v,(; for some
bijection o: A — A’. Let v = (z;), it follows that w(f)z; = w'(0y(f))x? for all
f € E*ns'(u;) N7~ (u;). This enables us to define t: A — A’ as the linear
extension of ¢(u;) = 2V, (;. Moreover,

tw)? = vy =i Y w(grlg)=af Y W' (O(f)r(0u(f))

5(9)=vq (i) s(f)=uq

= D OO = D wlf)wibu(r(f):
s(f)=ui s(f)=ui
gince 5(f) = u; and r(f) = u;, we have that 0 (r(f)) = Oy (u;) = vo(j) = J:j_lt(uj)

) = Y w(faga; tlu) = Y wfHr(f)

s(f)=uq s(f)=w

The uniqueness of ¢ follows easily. O

Let 4: Grphy — £ be the functor such that 4(F,w) = (A, B), where A is
the K-algebra with natural basis B = E° = {u;};ca and product given by u? =
> res—1(w) WT(f), where f € s71(u). Furthermore, for 6y : (E,w) — (E',w') we
define ¢4(6y) as the homomorphism ¢: (A, B) — (A’, B') such that t(u;) = z;v,(),
where B’ = {v; }ieas is the natural basis of A’, (z;)icpa € V(Ip,), and 0: A — A’ is
the map satisfying 0y (u;) = vo(;)-

Proposition 6.10. The categories Ex and Grphy are isomorphic in the sense
that #9 = lgrpn,, and 9.F = lg,.. In particular, the functor . induces a group
isomorphism Autg, (A, B) = Aulgrph, (E,w).

Proof. It is easy to check that .# and ¢ are mutually inverse functors. Now, if C;
are categories (i = 1,2) and there are functors &/: C; — Cg and #: Co — Cj such
that &/ # = 1¢, and Ao/ = 1¢,, then o maps monomorphicaly automorphisms
of any object U € C; onto automorphisms of &7 (U) in Ca. So it induces a group
isomorphism Autc, (U) 2 Autc, (27 (U)). Applying this reasoning to the functors
ZF: Ex — Grphy and ¢: Grphy, — £k, we obtain the desired result. |

Example 6.11. Let K be a field with char(K) # 2 and consider the 2-dimensional
evolution algebra A with natural basis B = {uy, us} and multiplication u? = uj +us,
u3 = 2uy + uy. The associated weighted graph (E,w) is

f
~
FE: hCoul .UQ‘D]C
&g/
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where w(h) = w(k) = 1, w(f) = 1, and w(g) = 2. We define the order two
automorphism 6 of E given by

0(”1) = U2, H(h) = k, (8)
0(f) =g.

Since Autg, (A, B) = Autgrpn, (£,w) and Autgrpn(E) = {1g,0}. To compute
Autgrph, (E,w), we only need to verify if 6 is a homomorphism in Grphy. We
compute lp: it is the ideal of K[z1,%2,y1,y2] generated by zy; — 1 (i = 1,2),
w(h)zy —w(k)z?, wk)zs — w(h)z3, w(f)zs — w(g)z?, and w(g)zr — w(f)z3. So,

Ip = (x1y1 — L, z0y2 — 1,21 — x%,xz - x%,xg - 2x%72x1 — m%)
It is easy to check that 1 € Iy, so V(Ip) = ) and consequently 6 is not a homo-
morphism in the category Grphy. This implies that Autgrpn, (£, w) = {1}, and
consequently, Aut(A, B) = {1}. From this, given that A is a perfect evolution
algebra, the reader can also deduce that Autg(A) = {1}, where automorphisms are
considered in the category of K-algebras.

Example 6.12. Consider again the graph F described in Example now with
a general weight w. Let 6 be the automorphism in the category Grph defined by
(8). We aim to determine the conditions under which € is a homomorphism in the
category Grphy. To verify whether § € Autgrpn, (E,w), we must check if the
following system has solutions z; # 0, (i = 1,2):

w(h)ar = w(k)zi, wk)zz = w(h)z3, w(f)er = w(g)r3, w(g)rz =w(f)a?.

It is not easy to find all the solutions of the above system, but it is straightforward
to verify that if the field contains a cubic root p of 1, then a solution of the above
system is 1 = p, 22 = p? <= (w(f) = w(g), w(h) = pw(k)). Thus, we have
if w(h) = pw(k) and w(f) = w(g), then Autgrpn, (£, w) = Zo,
otherwise, Autgrpn, (F,w) = {1}.
6.1. On a class of automorphisms of evolution algebras. The group isomor-
phism Autgrpn, (E,w) = Autg, (A, B) given in Proposition followed by the
group monomorphism Autg, (A, B) — Aut(A), provides the group monomorphism

Autgrph, (E,w) — Aut(A), which we denote by 6, — 0,.
More generally, we have the following definition.

Definition 6.13. Let 0 € Autgrph, (&, w), and define the functor §,: Jg — Set
as follows. For any i € E°, let §,(i) = K* and, for a € E' with s(a) = i and
r(a) = j, define §y(a): KX — K* by @ — kjz?, where kj; = wo(j)o(i)/wji- If
A =aj---ay, is a path of length n > 1, set §,(\) = Fo(a1) o+ 0Fs(ay,). Complete
this definition by setting §,(1;) = 1x= for any .

Following Remark the inverse limit liin 5o is the set of all (z;);cpo, elements

of (KX)EO, such that when « is an edge in E! with source i and range j we have
Fo(a)(z;) = zj. Equivalently, k;;2? = z;, which gives

Wo()e (i) = TjWji- (9)
These conditions say that the map A — A such that e; — z;e,(;) is an automorphism
of A. Since the converse is clear, we have here a collection of injections

1iin&, — Aut(A), (0 € Autgrph, (E,w)). (10)
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Moreover, we define the operation e: lim§, x lim§, — lim §,, by

(®i)icro, (Yi)iero) = (z:) @ (y;) = (xiyo(i))ieEO-
Observe that this operation is well-defined. Indeed, since (z;);cpo € lim§, and

(Yi)icpo € limF,, this implies that

2,2 2
Wro()ro(i)TiYe(i) = Wo(i)o(D)TiYo(j) = Wii¥iYo(j)

and so we have that (z;¥,(;))icpo € lim ..

Remark 6.14. When we view lim §, inside Aut(A), we can say that lim §, is the

set of all automorphisms ¢, : A — A such that ¢y (e;) = xse,(; for any 4, where
v = (2;);epo. Note that the conditions ¢(e;) = zie,(;) for all i imply the identities
@[). Furthermore, modulo the identification in , the operation e corresponds to
composition.

As a consequence, we have the following properties.
Proposition 6.15. Let 0,7 € Autgrph, (E,w). Then,
(i) lim§ = Diag(4; B).
(i) (lmg,) " = lim s,
(iii) (lm,) o (lim§r) = lim §s,
(iv) (lmg,) o (limF,-1) = Diag(4; B),
(v) li;&, N lim%T =0, (6 #71),
(vi) Diag(4: B) o by = lim,, Yoy € lim,.

Proof. (i) is straightforward. For item (ii), let ¢y € limF,, so that ¢y (e;) = zie, ().
Hence, €; = 2;¢ " (e,(;)). This implies that x;}l(j)erl(j) = ¢, '(ej). Therefore,
5" € limF,-1. Moreover, if ¢, € limF,—1 then ¢ € (limF,-1)"! C limF,.
Hence, ¢ € (limF,)~". Ttem (iii) follows from item (ii) and Remark Item (iv)

is a consequence of items (i) and (iii). Let us prove (v). If ¢ is an element in the
intersection then ¢y (e;) = wies;) = Tier(;) for any i. If o(i) # 7(i) then e, ;) and
e-(;) are linearly independent so x; = 0, which is a contradiction. Finally, to prove
(vi), we first note that Diag(A4; B) o ¢, = (liinSlM)v C liinSl o liin&, C liin&,.

On the other hand, for any ¢, € limF, we can write ¥y = (Vwoy')py and
Yoyt € limF, olimF,—1 = Diag(A; B). 0

This suggests the following.

Notation 6.16. Consider the union % := U, lim§, (where o ranges in the group
Autgrpn, (E,w)). The formulas in (6.15) imply that % is a subgroup of Aut(A)
and that Diag(A; B) is a normal subgroup of % .

As we will see in Corollary [6.19] for specific evolution algebras A, one has
% = Aut(A). Notice that lim§, is not a group in general, but the union of the
various lim §, is. Now, we take into consideration the map p: % — Autgrpn, (E,w)
defined as follows: for ¢t € %, there is a permutation o of A such that ¢t € lim§,. So,
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there is (z;);cn € K* such that t(u;) = ziuy(;). We define § € Autgrpn,, (E,w) as in
Lemma by writing 0(u;) = u,(;) and, for an edge a € E*no=(u)Nr~t(uy), we
define 6(a) as the unique edge in E' connecting Ug(i) 10 Ug(j)- It is straightforward
to prove that p is a group homomorphism whose kernel is Diag(A; B). So, there is
a short exact sequence of groups

Diag(A; B) — % 5 Autgrph, (E,w).

This sequence splits. Indeed, if we let ¢: Autgrph, (E,w) — % be such that
6 — t, where t is defined as 4 (0) (see Lemma [6.9)), then p. = 1 (the identity in
Autgrpn, (E,w)). Consequently,

Theorem 6.17. With the notation in[6.16, there is a group isomorphism
% = Diag(A; B) X Aulgrpn, (E,w).

Remark 6.18. Note that Autg, (A, B) consists of the elements ¢ € Aut(A) such
that for any b € B, there is some V' € B and k € K with ¢(b) = kb'. In view of
Theorem Autg, (A, B) agrees with the 8group % defined in Notation

Corollary 6.19. Let A be an evolution algebra. If A has a natural basis B satisfying
the condition 2LI, then

(1) (2)
Aut(A) = Diag(A; B) x Autgrph, (E,w) = Diag(A; B) x Autg, (A, B).
In particular, this happens if the structure matriz Mp(A) is invertible.

Proof. The isomorphism (1) is a consequence of Theorem and the isomorphism

(2) of Proposition O

6.2. Methods for inverse limit computations. To illustrate how we can compute
the inverse limit of §,, we will now consider several examples. The general idea
is to consider, in the category of sets, the diagram obtained from the graph F
of the evolution K-algebra (relative to some natural basis {u;} such that u? =
Zj wj;u;) and replace each vertex by the set K*. Then, for every a € E', we
define §,(a): K* — K* by §,(a)(z) = kjiz?, that is, §(a) = kj;s, where s is the
squaring map and kj; = Wy (j)e(i)/Wi-

Example 6.20. Let A be an evolution K-algebra with natural basis {u;}?_, and
product u? = u; + 2ug, u3 = —us — uz, and u% = 2uz — 8uy. The graph associated
to this evolution algebra is

()

U1
wir = 1, wo1 = 2,
wor = —1, w3 =—1,
w13 = —8, w33 = 2.

C.u3 .u2D
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The group Diag(A) is trivial (we do not specify the basis in the notation, since the
algebra is perfect). On the other hand, the graph has cyclic symmetries of type
o = (123) and o2 = (132). For o = (123) we have

kll =-1 kgg =-2 ]{133 = 1/2
k21:*1/2 k32:8 k13:*1/4

The action of the functor §, is summarized in the diagram below.

—S

KX

Now, we have to compute triples (21, z2, 23) such that k;;s(z;) = x;, That is:
2 1.2

—xy =21, —3%7 = T,

—22% =1y, 823 = x3,
1,2 1.2 _
5363 = I3, —Zxd =X1.

Thus, the first three equations on the left side give 1 = —1, 2o = —1/2, and
x3 = 2. These solutions are compatible with the remaining equations. From this it

1
follows that lim §, = {(1, —3 2)}, which can be seen as an automorphism such

that uq — —uo, ug — —%Ug, and ug — 2uy. Using the matrix representation of the
automorphisms and item (iii) of Proposition we can make the identifications

0 0 2 0 -1 0
limF, ={ | 1 0 0]p, limF,. = 0 0 -2
. 0 —1/2 0 - /2 0 0

Notice that lim§; = Diag(A4) = {1}. Thus, Aut(A) = {1} Ulim §, Ulim §,2.

Remark 6.21. Since the algebra A above is perfect and its associated graph is
finite, Diag(A) and Aut(A) can also be computed using the methods presented in [§].
As for the following example, this is not the case for infinite-dimensional algebras.

Example 6.22. Consider A an evolution K-algebra with B = {u;};cz a natural
basis and product u? = wu; + u;41 for all i € Z. The associated graph E is described
below.

Let us prove that A is not perfect. Fix u; of the natural basis. Then, there are
scalars k;, only finitely many of which are nonzero, such that we can write

wj = kjooud oy A kjoauf g+ kjud kg =

koo (uj—e tujon) +Rjoa (w1 Fuy) g (ug ) Hhje (wjpn +ujee) +o
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So, we get the system

0=Fkj_s+kj2,

O0=kj_o+kj_1,
1= kj71 + /fj,
O == k] + ]fj+1,

0=FKjt1 + kjt2,

and hence, for n € N*, we have k;_, = +k;_; and k;y, = +k;. However, since
kj_1 +k; = 1, there exist infinitely many nonzero scalars k;_,, or k;4,, which is a
contradiction. Observe that this non-perfect evolution algebra can be obtained as
the direct limit of a sequence of perfect evolution algebras. Thus, perfection is not
preserved under direct limits. Moreover, as we have seen in Section [5] this algebra
satisfies the 2LI condition.

In this case, all weights are one and Diag(A4; B) = {1}. Moreover, the graph FE
exhibits translational symmetry: applying the shift u; — w;11 and iterating this
operation for arbitrary lengths yields the same graph.

Denote by o: E — E the automorphism mapping each u; to u;y1.

QQQQQ

.*}.*}.

It is straightforward to check that lim §, = {(z;)iecz : ; = 1 for any i}. Moreover,
the automorphism represented by the(?)nly element in lim §, is given by f(u;) = w41
(¢ € Z). In this case, -

Aut(A, B) U lm§on 27
nez

The conclusion is that by Theorem up to isomorphism, Aut(A) D Z because
Aut(A) D% = Z.

Remark 6.23. The example above shows that perfection is not preserved under
direct limits, as the algebra A can be written as the direct limit of the algebras
A,,, where A,, is the perfect evolution algebra with basis {u_y,...u,} and product
u? =u; +ujr1,i=-n,...,n—1, and u2 = u,.

Remark 6.24. Let A be an evolution algebra with natural basis B. If u € B is
the basis of a loop and T'(u) its tree, then for any v € T'(u) and t € Diag(A; B), we
have t(v) = v.

Example 6.25. Consider the complex evolution algebra A with natural basis
B = {u;}ien and multiplication given by

u% =uo and uf = \ju; + pug  for i >0,

where {A;} and {u;} are two sequences of nonzero complex numbers.
The graph associated with A (relative to the basis B) is the following.
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us ¢
U
uif \/ ¢
/\‘) s U

The structure matrix of A relative to B is

1 opr p2 ps

0 A\ 0 O

0 0 X O

0

0 0 As

It is easy to check that this matrix is invertible, with inverse

Lo—mATh —padst —pshy!
0 ¢ 0 0

0 0 At 0

0 0 0 At

With only this data, Remark ensures that Diag(A) = {1}. The question is:
What other automorphisms does Aut(A) have? Notice that any permutation of N
fixing 0 induces a symmetry of the graph. Let X be the set of all such permutations,
and let 0 € . We have wog = 1, wo; = 4, wy; = A; for any ¢ > 0, and the other
structure constants are null. So, for ¢ > 0 we have k;; := wa(i)a(i)/wii = Ao(i)/ Mis
while ko; = woo(i)/Woi = Ho(i)/ti- Also kog = 1. If we focus on the arrow a
from u; to up (again ¢ > 0), this induces kg;s: K* — K*. The loop at u; gives
kizs: K* — K>, and the loop at ug gives the squaring map s: K* — K*. So,
diagrammatically, we have

kiisC 2 kOiS : Ds
KX KX

and lgn § consists on those sequence (z;);>o such that kiix? = x;, koix? = x9, and
2% = xo. Then, 29 =1 and z; = X /A\s(s) = \/1hi/ o (s)- SO, we must have

NNy = i o i) (11)
If this condition is satisfied by a permutation ¢ € 3, then IEHSU is the set

whose unique element is the automorphism ¢: A — A such that t(ug) = uo and
t(ui) = xiuq(;), where 2; = X\j/Ay(;). On the other hand, note that ¥, the set of
permutations o € X satisfying , is a group. Since the structure matrix of A
relative to B is invertible, we have Aut(A) = Uyesy lgn Fo, which is isomorphic to
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the group of permutations fixing 0 and satisfying . If there is no permutation
satisfying , then Aut(A) = {1}. If, for instance, we have the multiplication table

U(Q) = Uog,
u? = a 2V3u; + B 473y, (i > 0),

for some nonzero constants a and 8, then \; = a 27/% and p; = 8 473 and it is
easy to see that u; = kA2 for some nonzero k. So is satisfied for any o and the
group of automorphisms of A is isomorphic to the group of permutations of N\ {0}.
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