AUTOMORPHISMS AND ISOMORPHISMS OF JHA-JOHNSON
SEMIFIELDS OBTAINED FROM SKEW POLYNOMIAL RINGS
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ABSTRACT. We study the automorphisms of Jha-Johnson semifields obtained from an
invariant irreducible twisted polynomial f € KJt;o], where K = Fgn is a finite field
and o an automorphism of K of order n. We compute all automorphisms and some
automorphism groups when f € K|t;o] has degree m and n > m — 1, in particular
obtaining the automorphisms of Sandler and Hughes-Kleinfeld semifields. Partial results
are obtained for n < m — 1. We include the automorphisms of some Knuth semifields
(which do not arise from skew polynomial rings).

Isomorphism between Jha-Johnson semifields are considered as well.

INTRODUCTION

Semifields are finite unital nonassociative division algebras. Since two semifields coordi-
natize the same non-Desarguesian projective plane if and only if they are isotopic, semifields
are usually classified up to isotopy rather than up to isomorphism and consequently, usually
only their autotopism group is computed.

Among the semifields with known automorphism groups are the three-dimensional semi-
fields over a field of characteristic not 2 (Dickson [12] and Menichetti [20, 21]), and the
semifields with 16 elements (Kleinfeld [16] and Knuth [17]). Burmester [9] investigated the
automorphisms of Dickson commutative semifields of order p?™,p # 2, and Zemmer [30]
proved the existence of commutative semifields with a cyclic automorphism group of order
2n. More recent results can be found for instance in [1, 2, 3, 4, 5, 6, 7, 8].

With the exception of one subcase, the autotopism groups of all Jha-Johnson semifields
were computed by Dempwolff [13]. One of our motivations for computing the automorphism
groups of a certain family of Jha-Johnson semifields is a question by C. H. Hering [14]: Given
a finite group G, does there exist a semifield such that G is a subgroup of its automorphism
group?

Let K be a field, o an automorphism of K with fixed field F, R = K[t;o] a twisted
polynomial ring and f € R. In 1967, Petit [22, 23] studied a class of unital nonassociative
algebras Sy obtained by employing an invariant irreducible f € R = K[t; o].

If K is a finite field, these nonassociative algebras are Jha-Johnson semifields (also called
cyclic semifields) and were studied by Wene [29] and more recently, Lavrauw and Sheekey
[19].
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While each Jha-Johnson semifield is isotopic to some such algebra S it is not necessarily
itself isomorphic to an algebra Sy. We will focus on those Jha-Johnson semifields which are,
and apply the results from [11] to investigate their automorphisms.

The structure of the paper is as follows: In Section 1, we introduce the basic terminology
and define the algebras Sy.

Given a finite field K = Fyn, an automorphism ¢ of K of order n with F' = Fix(¢) =T,
and an irreducible polynomial f € KJt;o] of degree m that is not invariant (i.e., where
K[t;o]f is not a two-sided ideal), we investigate the automorphisms of the Jha-Johnson
semifields Sy in Section 2. We describe all of them if n > m — 1 and get a partial result if
n < m — 1 (Theorems 3 and 5).

The automorphism groups of Sandler semifields [24] (obtained by choosing n > m and
f(t) =t™ —a € K[t;o], a € K\ F) are particularly relevant: for all Jha-Johnson semifields
Sy with g(t) = t™ — Z;’;Bl bit' € K[t;o] and by = a, Autp(S,) is a subgroup of Autz(Sy)
(Theorem 4). We obtain first results on the automorphism groups, and give examples when
it is trivial and when Auty(Sy) = Z/nZ (Theorem 7). Inner automorphisms of Jha-Johnson
semifields are considered in Section 3.

In Section 4 we consider the special case that n = m and f(¢) = t™ — a. In this case, the
algebras Sy are examples of Sandler semifields and also called nonassociative cyclic algebras
(K/F,0,a). The automorphisms of A = (K/F,0,a) extending id are inner and form a
cyclic group isomorphic to ker(Ng,p). We show when Autp(A) = ker(Ng/p) and hence
consists only of inner automorphisms, when Autg(A) contains or equals the dicyclic group
Dic,. of order 4r = 2¢ + 2, or when Autp(A) =2 Z/(s/m)Z x4, Z/(m?)Z contains or equals a
semidirect product, where s = (¢™ —1)/(¢ — 1), m > 2 (Theorems 23 and 24). We compute
the automorphisms for the Hughes-Kleinfeld and most of the Knuth semifields in Section
5. Not all Knuth semifields are algebras Sy, however, the automorphisms behave similarly
in all but one case. We compute the automorphism groups in some examples, improving
results obtained by Wene [28].

In Section 6 we briefly investigate the isomorphisms between two semifields Sy and 9.
In particular, we classify nonassociative cyclic algebras of prime degree up to isomorphism.

Sections of this work are part of the first and last author’s PhD theses [10, 27] written

under the supervision of the second author.

1. PRELIMINARIES

1.1. Nonassociative algebras. Let F be a field and let A be an F-vector space. A is an
algebra over F if there exists an F-bilinear map A x A — A, (z,y) — x - y, denoted simply
by juxtaposition xy, the multiplication of A. An algebra A is called unital if there is an
element in A, denoted by 1, such that 1z = 21 = z for all x € A. We will only consider
unital algebras without saying so explicitly.

The associator of A is given by [z,y, z] = (zy)z—x(yz). The left nucleus of A is defined as
Nuc;(A4) = {x € A|[z, A, A] = 0}, the middle nucleus of A is Nuc,,(4) = {x € A|[A,z, A] =
0} and the right nucleus of A is Nuc,.(A) = {x € A|[A, A, z] = 0}. Nuc;(A4), Nuc,,(A), and
Nuc,(A) are associative subalgebras of A. Their intersection Nuc(A4) = {x € A| [z, A, A] =
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[A,z, A] = [A, A, x] = 0} is the nucleus of A. Nuc(A) is an associative subalgebra of A
containing F'1 and z(yz) = (zy)z whenever one of the elements x,y, z lies in Nuc(A). The
center of Ais C(A) = {z € A|z € Nuc(A) and zy = yzx for all y € A}.

An algebra A # 0 is called a division algebra if for any a € A, a # 0, the left multiplication
with a, L,(z) = ax, and the right multiplication with a, R,(x) = za, are bijective. If A has
finite dimension over F', A is a division algebra if and only if A has no zero divisors [25, pp.
15, 16]. A semifield is a finite-dimensional division algebra over a finite field. An element
0 # a € A has a left inverse a; € A, if R,(a;) = qya = 1, and a right inverse a, € A, if
L(a,) = aa, = 1. If m, = m; then we denote this element by m~!.

An automorphism G € Autp(A) is an inner automorphism if there is an element m € A
with left inverse m; such that G(x) = (myz)m for all z € A. The set of inner automorphisms
{Gm |m € Nuc(A) invertible} is a subgroup of Autp(A). Note that if the nucleus of A
is commutative, then for all 0 # n € Nuc(4), G,(r) = (n~'2)n = n~lan is an inner

automorphism of A such that G |nuc(a) = idnuc(a)-

1.2. Semifields obtained from skew polynomial rings. Let K be a field and ¢ an
automorphism of K. The twisted polynomial ring R = K|[t; o] is the set of polynomials

ag + ait+ -+ apt”

with a; € K, where addition is defined term-wise and multiplication by ta = o(a)t for all
a € K. For f =ag+ait+---+an,t™ with a,, # 0 define deg(f) = m and put deg(0) = —oc.
Then deg(fg) = deg(f) + deg(g). An element f € R is irreducible in R if it is not a unit and
it has no proper factors, i.e if there do not exist g, h € R with deg(g), deg(h) < deg(f) such
that f = gh.

R = K][t; o] is a left and right principal ideal domain and there is a right division algorithm
in R: for all g, f € R, g # 0, there exist unique r,¢q € R with deg(r) < deg(f), such that

g=gqf +r.
From now on, we assume that
K=Fg
is a finite field, ¢ = p” for some prime p, o an automorphism of K of order n > 1 and
F =Fix(o) =F,,
ie. K/F is a cyclic Galois extension of degree n with Gal(K/F) = (o). The norm Ng ,p :
K* — F* is surjective, and ker(Ng ) is a cyclic group of order
q" —1
qg—1
Let f € R = K[t; o] have degree m. Let mod, f denote the remainder of right division by

f. Then the additive abelian group
Ry, = {g € K[t;0] | deg(g) <m}

together with the multiplication
goh = gh mod,f
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is a unital nonassociative algebra Sy = (R,,, o) over F' [22, (7)]. Sy is also denoted by R/Rf
if we want to make clear which ring R is involved in the construction. In the following, we
call the algebras Sy Petit algebras and denote their multiplication simply by juxtaposition.
Without loss of generality, we will only consider monic f(t), since Sy = S, for all non-zero
a € K.

Let

m—1
f&)y=t" =" ait' € K[t; 0],
=0

Sy is a semifield if and only if f is irreducible, and a proper semifield (i.e., not associative)
if and only if f is not invariant (i.e., the left ideal Rf generated by f is not two-sided), cf.
[22, (2), p. 13-03, (5), (9)], or [19].

If Sy is a proper semifield then Nuc;(Sy) = Nuc,,(Sy) = K =F4» and

Nuc,(Sf) ={g € R|fg € Rf} =Fym

[19]. Sy has order ¢™". The powers of ¢ are associative if and only if ¢™¢ = t¢t™ if and only
if t € Nuc,(Sy) if and only if ft € Rf.
For proper semifields, [11, Proposition 3] yields:

Proposition 1. Let f(t) € F[t] = F[t;o] C K[t; o] be monic, irreducible and not invariant.
Then
Fl/(f(t) 2 F&Fte - & Ft™ ' = Nuc,(Sy).

In particular, this means Nuc(Sy) = F. Moreover, we have ft € Rf which is equivalent to

the powers of t being associative, which again is equivalent to t™t = tt™.

Remark 2. Note that f(t) € K[t;0] \ F[t; o] is never invariant and that if f(¢) € F[t] C
K|t; o] has degree m < n, then f(t) is never invariant, either. For n = m the only invariant
f(t) € F[t] are of the form f(t) =™ — a, and these polynomials are not irreducible. So for

n = m, all irreducible polynomials in F[t] are not invariant.

If the semifield A = K|[t; 0]/ K|[t; o]f has a nucleus which is larger than its center F', then
the inner automorphisms {G.|0 # ¢ € Nuc(A4)} form a non-trivial subgroup of Autp(Sy)
[28, Lemma 2, Theorem 3] and each such inner automorphism G, extends idyyc(a)-

We will assume throughout the paper that f € KJt;o] is irreducible of degree m > 2,
since if f has degree 1 then simply Sy = K, and that o # id.

We will always choose irreducible polynomials f € K[t; o] which are not invariant, which
is equivalent to St being a proper semifield. Each Jha-Johnson semifield is isotopic to some
Petit algebra Sy [19, Theorem 16] but not necessarily a Petit algebra itself. We will focus on
those Jha-Johnson semifields which are Petit algebras Sy, and apply the results from [11].

2. AUTOMORPHISMS OF JHA-JOHNSON SEMIFIELDS S

Assume as before that K = Fn, F = Fix(0) = F, and that

m—1
f&)=t"=>" a;it’ € K[t; 0]
=0
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has degree m, is monic, irreducible and not invariant. Sy is a Jha-Johnson semifield over
F =T, [19].

Theorem 3. Let n > m — 1. Then H is an automorphism of Sy if and only if H = H,
where

m—1
HT’k(Z I'Ztl) = T(l’o) + ’T(.’El)kt + T(.’Eg)ka'(k)tz + a4 T(xmil)ko—(k) ... O'm_2(k)tm_1
=0

with T = 07 € Gal(K/F) for some j,0<j<n—1, and k € K* satisfying

(1) (i) = (I o'())a:
forallie{0,...,m—1}.

This follows from [11, Theorem 4]. We point out that for n > m — 1, the automorphisms
in Autp(Sy) are therefore canonically induced by the F-automorphism G of R = K|t; 0]
which satisfy G(f(t)) = af(t) for some a € K* [19, Lemma 1].

An algebra Sy with f(t) =t" —a € K[t;0], a € K\ F and n > m is called a Sandler
semifield [24]. For m = n, these algebras are also called nonassociative cyclic (division)
algebras of degree m, as they can be seen as canonical generalizations of associative cyclic
algebras. These algebras are treated in Section 4.

The automorphism groups of Sandler semifields are particularly relevant, as for all Jha-
Johnson semifields S, with g(t) = t™ — 7" bit' € K[t;0], n > m and by € K \ F,
Autp(Sy) is a subgroup of the automorphism group of the Sandler semifield obtained using
ft) =t"™ — by:

Theorem 4. Letn>m —1 and
m—1
g(t) =t™ = bit' € K[t; 0]
i=0
be irreducible and not invariant.
(i) Ifbo € K\ F and f(t) =t"™ — by € K|[t; 0] then
AutF(Sg) C AutF(Sf)

s a subgroup.
(i) Let f(t) = tm—zggl a;t" € K[t; o] be irreducible and not invariant such thatb; € {0, a;}
for alli € {0,...,m —1}. Then

AutF(Sg) C AutF(Sf)

s a subgroup.

This is a direct consequence of [11, Theorem 8].

Even when n < m — 1 we still get the following result from [11, Theorem 5]:

Theorem 5. Letn < m — 1.

(i) For all k € K* satisfying Equation (1), the maps H. ) from Theorem 3 form a subgroup
Of AutF(Sf).
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(ii) Let H € Autp(Sy) and N = Nuc,(S¢). Then H|x = o7 for some o € Gal(K/F),
H|y € Autp(N) and H(t) = g(t) with

g(t) = kot + kpgnt'™ "+ kppont! T 4 kgt

for some ki1, € K, 0 <1 < s. Moreover, g(t)" is well defined for all i < m — 1, i.e., all

powers of g(t) are associative for alli <m — 1, and

(gt = z o9 () 1)
Thus for h(t) = Z;’:Ol x;tt,
Hh(t) = H(Y ait) = 3 o9 ()gl0)'
=0 i=0

Theorem 6. Let n < m —1 and g(t) =t™ — Z:’;Bl bitt € K[t; o] be irreducible and not be

mvariant.
(i) If b € K\ F, then

{H € Autp(Sy) | H = H; 1} is a subgroup of {H € Autp(Sy) | H = H. 1}
for f(t) =t™ — by € K[t;0].
(i) Let f(t) = tm—ZZZ_Ol a;t' € K[t; o] be irreducible and not invariant such that b; € {0,a;}
for allie{0,...,m—1} Then

{H € Autp(Sy) | H = H; 1} is a subgroup of {H € Autp(Sy) |H = H1}.

This follows from [11, Theorem 9].
Using [11, Remark 12] and [11, Theorem 11] together with Theorem 5, we can now
describe the automorphism groups in some first cases:

Theorem 7. Let f(t) = t™ — Y7 lait’ € Klt;0]. Suppose a,_y € F*, or that two
consecutive coefficients as and asyq lie in F*.

(i) For n > m — 1 we distinguish two cases:

If If a; & Fix(7) for all 7 # id and all non-zero a;, i #m — 1, then

AutF(Sf) = {’Ld}

ts trivial.
If f(t) € F[t] C KJt;o] then any automorphism H of S; has the form H,i where T €
Gal(K/F), and

Autp(Sy) =2 Z/nZ.
(i) Let n < m—1. If f(t) € F[t] C K[t; 0] is not invariant, then for all T € Gal(K/F), the
maps H: 1 are automorphisms of Sy and Z/nZ is isomorphic to a subgroup of Autp(Sy).

For the case that f(t) € FJt], [11, Theorem 19] explains the generator of the cyclic

automorphism (sub) group:
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Theorem 8. Let f(t) € F[t] C K[t;o].
(i) (Hy1) is a cyclic subgroup of Autp(Sy) of order n.
(i) Suppose n > m —1 and am—1 € F*. Then
Autp(Sy) = (Hp1) = Z/nZ

and any automorphism extends exactly one T € Gal(K/F).

(iii) Suppose n = m is prime, ag # 0 and at least one of a1, ..., am—1 s non-zero. Then
AutF(Sf) = <Hg’1> = Z/TLZ
Proposition 9. [11, Corollaries 13, 14] Let f(t) = t"™ —a € K[t;0], a € K\ F and

T € Gal(K/F).
(i) For all k € K* with

m—1
T(a) = ( H Ul(k:))a,
1=0
the maps Hy are automorphisms of Sy. In particular, here Ng, p(k) is an mth root of

unity. If n > m — 1 these are all automorphisms of S¢.
(i) For all g(t) =t™ — Z;igl a;t’ € K[t; o] with ag = a,

{H € Autp(Sy)|H = H; 1} is a subgroup of {H € Autp(Sy) | H = H 1}

If n > m — 1 then these groups are the automorphism groups of S, and S¢, hence in that
case Autp(Sy) is a subgroup of Autp(Sy).

In particular, we obtain from Proposition 9:

Corollary 10. Let n > m — 1 and f(t) = t™ —a € K[t;o] witha € K\ F. Let m and
(g — 1) be coprime.

(i) There are at most s = (¢" — 1)/(q — 1) automorphisms estending each T = o7.

(ii) For all g(t) = t™ — Z?:Ol a;it’ € Klt;o] with ap = a, Autp(S,) is a subgroup of
Autp(Sy).

Proof. (i) We know that H € Autp(Sy) if and only if H = H,; j, where j € {0,...,n — 1}
and k € K* is such that

by Proposition 9. In particular, Ng,p(k) = 1. So there are at most s = (¢" —1)/(q — 1)
automorphisms extending each o7.

(ii) is obvious. O
3. INNER AUTOMORPHISMS

Let f € K|t; o] have degree m, and be monic, irreducible and not invariant. [28, Corollary

5] yields immediately:

Proposition 11. Suppose N = Nuc(Sy) = F, for some integer 1 <1 < n. Then Sy has at
least

¢ -1)/(g—-1)
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inner automorphisms, determined by those ¢' elements in its nucleus that do not lie in F.
They all are extensions of idy .

In particular, if Sy has nucleus K then there are

s=(¢"-1)/(¢g—1)
inner automorphisms of Sy and all extend idg ; thus all have the form H;q ) for a suitable

ke K*.

Theorem 12. [11, Theorem 16]. (i) Every automorphism H;qy € Autp(Sy) such that

Nk r(k) =1 is an inner automorphism.
(ii) If

n>m—1and ayp_1 #0
or if

n=m, a; =0foralli#0 andayg€ K\ F

these are all the automorphisms extending idg .

For n < m—1 every automorphism H;q € Autp(Sy) extending idg such that Ny p(k) =
1 is an inner automorphism as well. Since Theorem 5 is weaker than Theorem 3, these might
not be all automorphisms extending ¢dx, there might be others.

Let

A7(1) = {o(c)lc e € K*}

denote the o-conjugacy class of [ [18]. By Hilbert’s Theorem 90,
ker(NK/p) = Ao(l)
In particular, for every a € F'* there exist exactly s = (¢" —1)/(¢ — 1) elements u € K with
Ng/r(u) = a.
Proposition 13. Let n > m — 1. Then there exist at most
ker(Ng /)|l = (¢" —1)/(¢ — 1)

distinct automorphisms of Sy of the form H;qy such that Ni,p(k) = 1. These are inner.

Proof. Every automorphism H;qx € Autp(Sy) extending idx such that Ny p(k) = 1 is an
inner automorphism by Theorem 12. More precisely, for any k,I € K* with Nk, p(k) =
1 = Ngyr(l) there are ¢,d € K* such that k = ¢ 'o(c), | = d'o(d), and Higr = G,
H;q; = Gq (cf. the proof of [11, Theorem 16]). We have

H,q, = Hq, if and only if clo(e) =d  o(d).

Therefore there exist at most |ker(Ng,r)| = |A?(1)| distinct automorphisms of Sy of the
form Hid,k- O

Proposition 13 and Proposition 11 imply the following estimates for the number of inner

automorphisms of Sy:
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Theorem 14. Letn > m — 1.

(i) If Sy has nucleus K then it has s = (¢" — 1)/(q — 1) inner automorphisms extending
idg . These form a cyclic subgroup of Autp(Sy) isomorphic to ker(Nk /r).

(it) If N = Nuc(Sy) = Fp, | > 1 is strictly contained in K, then Sy has t inner automor-
phisms extending idy, with

r< =1

=1
Proof. By Proposition 13, there are at most |[ker(Ng/r)| = (¢" —1)/(g — 1) distinct auto-
morphisms H;q of Sy and all of these are inner and extend idx. By Proposition 11, we
can distinguish the following cases:
(i) Sy has nucleus K = Fg» and at least s = (¢" — 1)/(¢ — 1) inner automorphisms, all
extending idg, those determined by the elements in its nucleus which do not lie in F'. Then
there are exactly s inner automorphisms.
(ii) Sy has nucleus N = F: C K for some integer [ > 1. Then Sy has at least (¢ —1)/(g—1)
inner automorphisms (which extend idy). O

4. NONASSOCIATIVE CYCLIC ALGEBRAS
In this section and unless specifically noted otherwise, let
f@)=t"—aeKt;o], ae K\F
be irreducible, o have order n = m and let
A= (K/F,0,a) = K[t;o]/K[t;o](t™ — a).

Then A is an example of a Sandler semifield [24], also called a nonassociative cyclic (division)
algebra of degree m. Here Nuc;(A) = Nuc,,(4) = Nuc,.(A) = K. Moreover,

(K/F,0,a) = (K/F,0,b)

if and only if
Ui(a):kbforsomeogigm—laundsomekeFX
[11, Corollary 34].
Recall that (K/F,c,a) has exactly s = (¢"™ —1)/(¢— 1) inner automorphisms, all of them
extending idx (Theorem 14). These are given by the F-automorphisms H;q4; for all [ € K
such that Ng/p(l) = 1. The subgroup they generate is cyclic and isomorphic to ker(Ng,p).

4.1. [11, Theorem 22] becomes:

Theorem 15. Suppose m|(q — 1) and let w denote a non-trivial mth root of unity in F.
(i) (Hiaw) is a cyclic subgroup of Autp(A) of order at most m. If w is a primitive mth root
of unity, then (H;q,.,) has order m.

(ii) Suppose Ni/p(l) = w is a primitive mth root of unity and 0(a) = wa. Then the subgroup
generated by H = H,; has order m?.

(iii) For each mth root of unity w € F, | € K with Nk p(l) =w and a j € {1,...,m — 1}
such that 09 (a) = wa, there is an automorphism H,; | extending o7 .

From [11, Theorem 21] we obtain:
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Proposition 16. A Galois automorphism o’ # id can be extended to an automorphism
H € Autp(A) if and only if there is some |l € K such that

o (a) = Ng,r(l)a.
In that case, H = Hgy;; and if m is prime then Ng,p(l) = w is a primitive mth root of

unity and there exist s = (¢™ —1)/(q¢ — 1) such extensions.

Theorem 17. [11, Theorem 24] Let K/F have prime degree m. Suppose that F contains a
primitive mth root of unity, where m is coprime to the characteristic of F and so K = F(d)
where d is a root of an irreducible polynomial t™ — ¢ € F[t]. Then H is an automorphism
of A extending o7 # id if and only if H = H,i, for some k € K*, where Nk/p(k) is a

primitive mth root of unity and a = cd' for some ¢ € F* and some power d'.
For more general polynomials than f this yields:

Corollary 18. Suppose that F' contains a primitive mth root of unity, where m is coprime
to the characteristic of F' and so K = F(d) where d is a root of some t"™ — ¢ € F|[t]. Let

m—1
gty =t" — Z a;it' € K[t; o]

i=0
and ag € K \ F, such that ag # cd® for any 0 < i < m —1, ¢ € F*. Then every F-
automorphism of Sy leaves K fized, is inner and

Autp(Sy) C ker(Ng/r)
is a subgroup, thus cyclic with at most s = (¢™ —1)/(¢ — 1) elements.
This follows from [11, Corollary 25].

Corollary 19. Suppose that F does not contain an mth root of unity (i.e., m and (g — 1)

are coprime). Let
g(t) =t™ — mz_laiti € K|[t; o]
and ag € K\ F. Then every F-automorphi;lo of Sy leaves K fized, is inner and
Autp(Sy) C ker(Ng/r)

is a subgroup, thus cyclic with at most s = (¢™ — 1)/(q¢ — 1) elements. In particular, if
ker(Ng /) has prime order, then either Autp(Sy) is trivial or Autp(S,) = ker(Ng,p).

Indeed, we do not even require m to be prime, since this is not needed in [11, Corollary
25]. (For an alternative proof, use Theorem 4).

In fact, we can also rephrase our results as follows:

Proposition 20. Let « be a primitive element of K, i.e. K* = (a).
(i) {Ga) is a cyclic subgroup of Autp(A) of order s = (¢™ — 1)/(q — 1), containing inner
automorphisms.

(i) Suppose one of the following holds:

e m and (¢ — 1) are coprime.
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o m is prime and F a field where m is coprime to the characteristic of F', containing a
primitive mth root of unity. Let K = F(d) be a cyclic field extension of F of degree
m. Leta € K\ F and a # \d® for everyi € {0,...,m —1}, A\ € F*.
Then
Autp(A) = (G,).

Proof. If K* = (a) then F* = (a®) for s = (¢™ — 1)/(¢ — 1). In particular o® € F* but
ol ¢ F for all smaller j. The result now follows from [11, Theorem 21(iii)] O

For more general choices of twisted polynomials this means:

Theorem 21. With the assumptions of Proposition 20 (ii) on K/F and a, for each irre-
ducible

m—1
g(t)y =t™ — Zaiti with ag = a € K\ F,
i=0
Autp(Sy) is a subgroup of ker(Ng ) and therefore cyclic of order at most s = (¢™ —1)/(q—

1).
This is a consequence of Theorem 4.

4.2. The automorphism groups of some nonassociative cyclic algebras. In this
subsection, we assume that F is a field where m is coprime to the characteristic of F', and
that F contains a primitive mth root of unity w, so that K = F'(d). Let s = (¢"™—1)/(¢—1).

Lemma 22. Suppose m|(q — 1) then:

(i) m|s.

(ii) If m is odd then m* 1 (Is) for alll € {1,...,m — 1}.

(iii) If r = (¢ — 1)/m is even then m* 1 (Is) for alll € {1,...,m —1}.

Proof. (i) We prove first that

m—1

(2) (@=1I((X a)-m)

for all m > 2 by induction:
Clearly (2) holds for m = 2. Suppose (2) holds for some m > 2, then

m m—1 m—1 m—1

B Od)-m+)=(D_d)-m+q"—1=(>_d)-m+ (D d)g—1.

i=0 i= i= im
Now, (¢ — 1)] (( Z?:Ol q') - m) and so (2) holds by induction. In particular

m—1

ml((zqi)—m),

7=

therefore m divides
m—1

(Zqi)—m—i—m:s

=0
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as required.
(i) and (iii): Write ¢ = 1 + rm for some r € N, then

o= (rmp =3 (7) ey = Z (7)) o )

i=0
= (1 + jrm) mod (m?)

for all j > 1. Therefore

m—1 m—1
Is=1 ¢ =11+ Z(l + jrm)) mod (m?)
7=0 j=1
( (m—1)m 2
= (Im+lrm 5 ) mod (m*),

forallle{1,...,m—1}. If mis odd or r = (¢ — 1)/m is even then

Ir(m—1)
—=cZ
9 S
which means
Is = Im mod (m?) # 0 mod (m?),

that is, m? 1 (Is) for all 1 € {1,...,m — 1}.

Recall that the semidirect product
ZimZ > L/nZ = (x,y|a™ = 1,y" = 1,yzy ™" = ')

of Z/mZ and Z/nZ corresponds to the choice of an integer [ with I = 1 mod m. Recall that
the dicyclic group Dic, is a non-abelian group of order 4r. The smallest dicyclic group Dicy
of order 4r = 8 (this only happens if ¢ = 3) is isomorphic to the quaternion group. More
generally, when r is a power of 2, the dicyclic group Dic, of order 4r = 2¢ + 2 is isomorphic

to the generalized quaternion group.

Theorem 23. Suppose m is odd or r = (¢ — 1)/m is even. Let A = (K/F,o,a) where
a =\ for somei € {1,...,m —1}, X € FX. Then Autr(A) is a group of order ms and

contains a subgroup isomorphic to the semidirect product
(4) Z/(=)Z % 2/ (mpr)Z,
where . =m/ged (i, m). Moreover if i and m are coprime, then
(5) Autp(A) 2 Z/(%)Z w1y Z/(m?)Z.
Proof. Let 7: K — K, k +— k4, then

77 (a) = wa,

for all j € {0,...,m — 1} where w € F* is a primitive m'"

root of unity by [11, Lemma
23]. As 7 generates Gal(K/F), the automorphisms of A are precisely the maps H.; j, where
j€{0,...,m—1} and k € K* are such that 77/ (a) = Ng,r(k)a by Proposition 16. Moreover

there are exactly s elements k € K* with Ng,p(k) = w¥ by Proposition 16, and each of
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these elements corresponds to a unique automorphism of A. Therefore Autg(A) is a group
of order ms.

Choose k € K* such that Ng/p(k) = w' so that H,j € Autp(Sy). As 7 has order m,
H;jo...0H; ) (m-times) becomes H;q; where b = w' = Nk /r(k). Notice w' is a primitive
pt root of unity where u = m/ged(i,m), then H;qp has order u and so the subgroup of
Autp(Sy) generated by H, ) has order mpu.

(Ga) is a cyclic subgroup of Autp(Sy) of order s by Proposition 20 where « is a primitive
element of K. Furthermore, m|s by Lemma 22 and so (G,m ) is a cyclic subgroup of Auty(A)

of order s/m. We will prove Autp(A) contains the semidirect product
(6) (Gam) »q (Hrp) :
The inverse of H; ), in Autp(A) is H -1 ;-1,-1) and a tedious calculation shows that

H‘r,k o Gam o H;; = Gam‘l = (Gam)q.

™ = 1mod s, and so ¢ = 1 mod s. Then m|s by

Notice ¢ = gs — s+ 1, i.e. ¢
Lemma 22, hence ¢"* = 1 mod (s/m). In order to prove (6), we are left to show that
(H, 1) (1 (Gan) = {id).

Suppose for contradiction (H;x) N (Gam) # {id}, then H;y o € (Gom) for some [ €
{1,...,m — 1}. Therefore (G,m) contains a subgroup of order m/ged(l,m) generated by
H,4 .0 and so (m/ged(l,m))|(s/m). This means m?|(sged(l,m)), a contradiction by Lemma
22.

Therefore Autp(A) contains the subgroup
s
(Gom) xg (Hr ) = Z/(%)z g 7/ (mu)Z.

If ged(é,m) = 1 this subgroup has order ms and since |Autp(A)] = ms, this is all of

When m is prime we conclude:

Theorem 24. Suppose A = (K/F,o0,a) has prime degree m, char(F) # m, and m|(q — 1).
Let a = \d* for some i€ {1,...,m—1}, A€ F*.

(i) If m = 2 then Autp(A) is the dicyclic group Dic, of order 4r = 2q + 2.

(ii) If m > 2 then
(7) Autp(A) 2 Z/(i)z x4 2,/ (m?)Z.

m

Proof. (i) We already know that Autp(A) has order 2(q + 1). Let a € K be a primitive
element. Then (G,) is a subgroup of Autp(A) of order s by Proposition 20. Furthermore,
since o(a) = —a, there are precisely s = ¢+ 1 automorphisms H, ;, where k € K is such that
Nk (k) = —1. Pick any such k € K. Then an easy calculation shows that Autr(A) = Dic,,
i.e. that

Autp(A) = (Hok,Go | GZ =1, HZ , =Gl H;  GoHyp = GY).

(ii) follows immediately from Theorem 23. O
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Note that if m = 2 and 4 divides s = ¢ + 1 then Autg(A) is not a semidirect product,
since in this case (Hy i) N (Ga2) # {id}.
In particular, we know the automorphism groups for nonassociative quaternion algebras

over finite fields F' of characteristic not 2:

Corollary 25. Let F have characteristic not 2, K/F be quadratic and A = (K/F,0,a).

(i) If 2 does not divide ¢ — 1, or if 2 divides ¢ — 1 and a # M\/c for any A € F*, then
Autp(A) 2 Z/(q+ 1)Z

and all automorphisms are inner.

(ii) If 2 divides ¢ — 1, denote K = F(\/c). If a = \\/c for some A € F*, then Autp(A) is

the dicyclic group of order 2q + 2.

5. THE AUTOMORPHISMS OF HUGHES-KLEINFELD AND KNUTH SEMIFIELDS

Let K/F be a Galois field extension of degree n. Choose 1, € K and a nontrivial
automorphism ¢ € Autg(K). For z,y,u,v € K the following four multiplications make the
F-vector space K @ K into an algebra over F":

Kny : (2,y) o (u,0) = (zu+no(v)o~>(y), va + yo(u) + po(v)o ' (y)),
Kny = (z,y) o (u,0) = (zu+ 10~ (v)o~2(y), va +yo(u) + o™ (y)),
Kny : (2,y) o (u,v) = (zu +no~" (v)y,va + yo(u) + pvy),
HK : (z,y) o (u,v) = (xu + no(y)v, yu + o(z)v + po(y)v).

The unital algebras given by each of the above multiplications are denoted Knq (K, o,n, i),
Kno(K,o,n,1), Kns(K,o,n,u) and HK(K,o,n, 1), respectively. We call them algebras of
type Kni, Kno, Kng and HK. The first three algebras were defined by Knuth and the last
one by Hughes and Kleinfeld [15], [17]. Each of the algebras is a division algebra if and only
if the equation

wo(w) + pw —1
has no solutions in K [15], [17], which is equivalent to

f(t) =1 —pt —n € K[t; 0]
being irreducible. For F' = F;, K = Fy» and irreducible f(¢) (i.e. n # 0), we thus obtain
semifields. Writing (u,v) = u + tv, we have
HK(K,7,n,u) =Sy with f(t) =t — ut —n € K[t; 7]
and
Kno(K,o,m,p) =¢ S with f(t) =% — ut —n € K[t;0].
Suppose that either o2 # id or that u # 0. Then the following is well-known (cf. [15],
[17]):
e Nuc,,(A) = Nuc,(A) = K and Nuc;(A) = Fgp for A = Kno(K, 0,1, 1)
e Nuc;(A) = Nuc,.(4) = K for A = Kn3(K,0,n, ) but K is not contained in the

middle nucleus.
e Nuc,,(A) = Nuc;(A) = K and Nuc,(A) =Fp for A= HK(K,o,n, 1)
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e K is not contained in the left, right or middle nucleus of Knq(L,o,n, ).
Hence Kni(K,o,n, 1), Kno(K, 0,1, 1), Kns(K,o,n,u), HK(K, 0,7, 1) are mutually non-

isomorphic algebras unless 02 = id and p = 0, in which case they are the same algebra with
multiplication

(2,y) o (u,v) = (zu+ nyo(v), zv + yo(u)).
In this case o has order two and K has a subfield E such that [K : E] = 2 and Gal(K/FE) =

{id,o}. Hence, the multiplication given above defines a quaternion algebra over E which is
associative if n € E, and a nonassociative cyclic algebra of degree 2 if n € K \ E.

Since HK (K, 0,n,1) = Sy and Kno(K,o,n, 1) =5 S for f(t) =t* — ut —n € K[t; o] we
know that Kno(K,o,n,u) = S, for g(t) =t* — p't — ' € K[t;o~ '] [19, Corollary 4]. Thus
w.lo.g. it suffices to determine the automorphisms for any HK(K,o,n,u) = Sy, as they
will be the same for any algebra Kno(K,o,n,u) = HK(K,o~ 0/, u').

We now describe all automorphisms for the algebras of type HK (K, 0,1, 1), Kno(K, o,n, 1)
and Kn3(K,o,n, 1). We also exhibit some automorphisms for the algebra of type Knq (K, o, n, i).
This complements and improves the results in [28].

Theorem 26. (i) All automorphisms of A= HK(K,o,n,u) are of the form H., i.e.

(@, y) = (7(x),07(y)),

where T € Autp(K) and b € K* such that

nbo (b) = 7(n) and po(b) = 7(u).

(i1) All automorphisms of A = Kns(K,o,n, ) are of the form H,y, i.e.
(z,y) = (7(2),b7(y)),

where T € Autp(K) and b € K* such that

no ' (B)o>(b) = 7(n) and po =" (b) = 7(1).

In both (i) and (ii), if b € K* then Nk p(b) = £1 and if p # 0, even Nk p(b) = 1.

Proof. (i) This follows from Theorem 3. Furthermore, nbo(b) = 7(n) implies N, p(nb*) =
Ng/r(n), i.e Ng/p(b?) = Ngyp(b)? = 1 since n # 0, thus N p(b) = £1. If n € F* then
nbo(b) = 7(n) yields nbo(b) = n, hence bo(b) = 1. The equation po(b) = 7(u) implies
Nk p(pb) = Nijp(p), i.e N p(b) =1 for p # 0.

(ii) is proved analogous to (i) with the same arguments as used in the proof of Theorem
3. g

Theorem 7 immediately yields:

Corollary 27. Let p € F* and A = HK(K,o,n,u), A = Kno(K,o,n,1), or A =
Kn3(KaO—>77nu')'



16 C. BROWN, S. PUMPLUN, AND A. STEELE

(i) If n € K\ F then Autp(A) = {id}.
(i) If n € F and f(t) is not invariant then

Autp(A) = Z/nZ.

Proof. Here f(t) = t*> — ut —n € K[t; 0] and our results for Sy imply the statement for the
first two types. The argument for the third type is analogous though: if p € F'* then b = 1,
thus n = 7(n) forces 7 = id or n* € F. If n € K \ F thus 7 = id and Autp(A) = {id}. If
n € F and f(t) is not invariant then Autp(A) = Gal(K/F) = Z/nZ. O

For p € K\ F, the size of the automorphism group depends on the position of the n and
© within K:

Proposition 28. Let A be one of the algebras HK (K, 0,1, 1), Kna(K,o,n, 1) or Kns(K, 0,1, 1)
where p # 0. Then Autp(A) is isomorphic to the subgroup of Gal(K/F) which fizes the

element po(pw)o(n)=t, i.e.

~ (e Ga (rew) ) _polw)y
Autp(A) —{ eG I(K/F) | < 0_(77) ) 0’(77) } H7-7b .

Proof. Suppose for instance A = HK (K, 0,1, ). Take the automorphism H ;. By Propo-
sition 26, po(b) = 7(u) and nbo(b) = 7(n). (Note that since p # 0, the element b € K is
determined completely by the action of 7 on u.) Substituting in b = o= (7(pu))o =1 ()"t

and rearranging gives

a(mr(p)o(r(p) = o(r(n))uo(w).
(o)) _ polp)
a(n) a(n)

For Kny(K,o,n,u), K is not contained in any of the nuclei. However, if we assume that

This implies

O

an automorphism of Knq(K,o,n, 1) restricts to an automorphism of K, then it must be of

a similar form to the above automorphisms:

Proposition 29. Suppose H is an automorphism of A = Kny(L,o,n, u) which restricts to
an automorphism T € Autp(K). Then for all (z,y) € A

H((z,y)) = (7(x),07(y))

for some b € K*, such that no=(b)o=2(b) = 7(n) and po(b)o~t(b) = 7(n)b. In particular,
Nig/p(b) = £1 and if p # 0, Ng,p(b) = 1. If n € F* then o~ (b)o—2(b) = 1.

The proof is similar to that of Proposition 26.
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6. ISOMORPHISMS BETWEEN SEMIFIELDS
6.1. If K and L are finite fields and
Sy = Kl[t;0]/K[t; 0] f(t) = L[t; 0] /L[t; 0”]g(t) = S
two isomorphic Jha-Johnson semifields with f € KJt;o] and g € L[t; 0’] both monic, irre-
ducible and not invariant, then

K =L, deg(f)=deg(g) and Fix(c) = Fix(o'),

since isomorphic algebras have the same dimensions, and isomorphic nuclei and center.

Moreover, if G is an automorphism of R = KJt;o], f(t) € R is irreducible and g(t) =
G(f(t)), then G induces an isomorphism Sy = Sy [19, Theorem 7). In the following we focus
on the situation that F =F,, K = Fn, Gal(K/F) = (o) and use

m—1 m—1

) =t" =3 ait’, g(t)y=t" - bt' € K[t;al.
1=0 i=0

[11, Theorems 28 and 29] yield in this setting a generalization of [29, Theorem 4.2 and
5.4] which proved this statement only for m = 2, 3.:

Theorem 30. (i) Supposen > m—1. Then Sy = Sy if and only if there exists T € Gal(K/F)
and k € K* such that

(8) 7(a;) = (ni‘f o' (k) )b
=i

for alli €{0,...,m —1}. Every such T and k yield a unique isomorphism G : Sy — S,
m—1 m—1 i—1
Gru( Y mit’) =7(wo) + > 7(wi) [[ o' (k)"
i=0 i=1 1=0
(i) Suppose n < m — 1. If there exists T € Gal(K/F) and k € K* such that Equation (8)
holds for alli € {0,...,m—1} then Sy = S, with an isomorphism G,y : Sy — Sq as in (i).
As a direct consequence of Theorem 30 we obtain:

Corollary 31. Letn >m — 1.

(i) If Sy =2 Sy then a; =0 if and only if b; =0, for all i € {0,...,m —1}.

(i1) If there exists an i € {0,...,m — 1} such that a; = 0 but b; # 0 or vice versa, then
Sy 25,.

[11, Corollaries 33, 34] yield for instance:

Corollary 32. Suppose n > m — 1 and that one of the following holds:
(i) There exists i € {0,...,m — 1} such that b; # 0 and

NK/F(azbl_l) ¢ FX(Tnfz),

(ii) Nir(ao) # Nk p(bo) in F*/F*™;
(iii) bm—1 # 0 and N p(am-1b,," 1) & F*;
(iv) m=mn, ag € F* and by € K\ F.

Then Sy 2 9.
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Corollary 33. Let n =m, f(t) =t™ —a, g(t) =t™ — b € K[t; 0] where a,b € K\ F.
(i) Sy =2 8y if and only if there exists T € Gal(K/F) and k € K* such that

(ii) If a # ab for all o € F* or if Ni/p(a/b) & F*™ then Sy 2 S,.

6.2. The isomorphism classes of nonassociative cyclic algebras of prime degree.
As an example, we count how many nonisomorphic semifields (K/F,o,a) there are for a

given field extension K/F.

Example 34. Let F' =5 and let K = Fy, then we can write
K={0,1,z,1+x}

where 22 + 2 + 1 = 0. Thus for (K/F,c,a) we can either choose a = x or a = 1 + . Both
choices will give a division algebra. We also know that (K/F,c,a) = (K/F,o,b) if and only
if 0(a) = Ng/p(l)b or a = Ng/p(l)b. Ng,p : L* — F* is surjective, so Nk p(l) = 1 for all
I € K*. The statement then reduces to (K/F,0,a) = (K/F,o0,b) if and only if o(a) = b or
a =b. Now
o(z)=2>=1+z.

Therefore (K/F,o,2) = (K/F,0,1 + x), so there is only one nonassociative (quaternion)
algebra up to isomorphism which can be constructed using K/F'. Its automorphism group

consists of inner automorphisms and is isomorphic to (G,) = Z/3Z.
More generally we obtain:

Theorem 35. (i) If m does not divide ¢ — 1 then there are exactly
" —q
m(q—1)
non-isomorphic semifields (K/F,o0,a) of degree m.
(i) If m divides ¢ — 1 and is prime then there are exactly
" —q—(¢—1)(m—1)
m(q—1)

non-isomorphic semifields (K/F,c,a) of degree m.

m—1+4

Proof. Define an equivalence relation on the set K \ F by
a~bif and only if (K/F,0,a) = (K/F,0,b).
For each a € K \ F we have
(K/F,0,a) = (K/F,0,0'(a))
for0<i<m—1and
(K/F,0,a) = (K/F,o,ka)
for k € F*. If the elements ko'(a) for 0 <i <m —1 and k € F* are all distinct, then the

equivalence class of a has m(q — 1) elements. If they are not all distinct then o%(a) = ka for
some 4, i # 0, and some k € F* ([11, Lemma 23]). If 0(a) = ka (i # 0) then k is an mth
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root of unity, k # 1. This happens if and only if m divides ¢ — 1.
(i) If m does not divide ¢ — 1 then from ¢™ — ¢ elements in K \ F' we get
" —q

m(q—1)
equivalence classes.
(ii) If m divides ¢ — 1 then F' contains all primitive mth roots of unity and so K = F(d)
where d is a root of an irreducible polynomial "™ — ¢ € F[t]. By [11, Lemma 23], the only
elements a € K \ F with o%(a) = ka are the elements ¢/, 1 < j < m — 1, and their F-
scalar multiples. Moreover, for each d/, o(d’) = (¥ d’ and (¥ € F, so there are only ¢ — 1
distinct elements in the equivalence class of each d’. Hence the (¢ —1)(m — 1) elements kd’
(ke F* and j € {1,...,m — 1}) form exactly r — 1 equivalence classes. Since these are
all the elements in K \ F which are eigenvectors for the automorphisms o?, the remaining
g™ —q—(qg—1)(m — 1) elements will form

q" —qg—(g—1(m—-1)
m(q—1)

equivalence classes. In total, we obtain
¢"—g—(¢—1)(m—1)
m(q—1)

equivalence classes. O

m—1+

Example 36. Let F =3 and K = Fy, i.e.
K =Flz]/(z* - 2) ={0,1,2, 2,2z, 2 + 1,z + 2,22 + 1,2z + 2}.

There are two non-isomorphic semifields which are nonassociative quaternion algebras with
nucleus K, given by 41 = (K/F,o0,z) and Ay = (K/F,0,2+ 1). Now Autp(A,) = Z/AZ
whereas Autp(Az) has order 8 and is isomorphic to the group of quaternion units, the
smallest dicyclic group Dics, by Theorem 24.

By Corollary 35, these are the only non-isomorphic semifields (K/F, o,a) of order 81.
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