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Abstract: A natural octonion algebra structure on the symmetric el-
ements of trace 0 of central simple associative algebras of degree 3 with
involution of the second kind is obtained.

Introduction

Given a central simple associative algebra of degree 3 with involution of
the second kind (B, %), several constructions in the literature can be viewed
as associating to it an octonion algebra. Our main concern in this paper is
to derive an explicit formula for the multiplication of an octonion algebra
living on the space of symmetric trace 0 element of (B, %) and to relate it to
previous constructions.

The first construction is due independently to Okubo [6] and Faulkner
[2] and yields an eight-dimensional (nonunital) symmetric composition al-
gebra on the elements of trace 0 of a central simple associative algebra A
of degree 3 provided that the base field has characteristic not 2 or 3 and
contains the cube roots of unity. Since, by passing to a principal Albert
isotope (see, for example, [1]), every eight-dimensional composition algebra
determines a unique octonion algebra having the same norm, the Okubo-
Faulkner construction, in a roundabout way, produces an octonion algebra
structure on the elements of trace 0 in A.

Next there is a construction due to Haile, Knus, Rost and Tignol [3]
attaching to any central simple associative algebra (B, *) of degree 3 with
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involution of the second kind a 3-fold Pfister form which reflects important
cohomological invariants of algebraic groups and, in particular, classifies the
involutions of the second kind on a fixed algebra B. We refer to [5, Chapter
V] for a systematic account of the construction. Since 3-fold Pfister forms are
exactly the norm forms of octonion algebras and since an octonion algebra
is determined up to isomorphism by its norm form, the Haile-Knus-Rost-
Tignol construction again produces an octonion algebra structure, this time
determined in a roundabout manner by (B, *).

Our purpose is to make this octonion algebra structure explicit. Rather
than working within the narrow confines of (B, ) itself, we prefer to enlarge
it to a reduced Albert algebra J by means of the Tits process [7,8], allowing
us, via the explicit coordinatization obtained in [11], to identify the pure
octonions of the coordinate algebra of J with certain symmetric elements of
trace 0 in (B, *). An analogous approach had been adopted previously for
the coordinate norm [9,10], leading to an alternate treatment of the 3-fold
Pfister form attached to (B, ) (see also [5, Chapter 40| for related results).
But while the latter approach works in all characteristics, here we have to
exclude characteristics 2 and 3. Finally, we specialize (B,*) to A + A°P
equipped with the exchange involution, A being a central simple associative
algebra of degree 3, and in this way relate our octonion algebra structure to
the symmetric composition algebra obtained by Okubo and Faulkner.

Algebras of degree 3

We start by recalling facts concerning algebras of degree 3. Let (B, )
be a central simple associative algebra with involution over a field k. Then
B is either simple or the direct sum A @& A°P, where A is simple and A°P
denotes the opposite algebra, i.e., a®?b := ba; in this case * is the exchange
involution which permutes the summands. Assume that * is of the second
kind, i.e., is not the identity on the centre of B. Then K, the centre of
B, is either a separable quadratic field extension of k or K = k ® k. Let
H(B,x) = {b € B | b* = b}, the symmetric elements of B. If B = A& AP
then H(B, ) = {(a,a) | a € A} which can be identified with A, at least as a
vector space. We will also identify K with K1 C B.

If B is of degree 3 over its centre then every element satisfies its reduced
characteristic polynomial

z3 — T(z)z? + S(x)xr — N(x), (1)

where T is the reduced trace, N the reduced norm and S a quadratic form,
which we refer to as the quadratic trace. The forms 7', S and N on all of
B take values in K but their restrictions to H (B, %) take values in k. The
quadratic trace S(x) is given by

S(z) = T(a"), (2)



where # is the adjoint, i.e., the numerator of the inversion map,
¥ =22 — T(x)x + S(x). (3)
Recall that for z x y := (z + y)# — 2% — y7#,

ILxy=T(y) —v. (4)

Let
T(a,b) :=T(ab).

From now on assume that k = H (K, ) is of characteristic not 2 or 3. In this
case, combining (2) and (3),

S(z) = 5 (T(2)* = T(2%)). (5)

We wish to obtain more precise information on the behaviour of the quadratic
form S on H(B, %)y, the symmetric elements of trace 0. For example, (5)
becomes

1

S(z) = —QT(:CQ), z € H(B, *)o, (5)
which linearizes to
S(x,y) = =T(z,y), w,y€ H(B,*)o. (5")
From z## = N(z)r and S(z%) = T(2##) = N(x)T(z), we deduce
S(z?) =0, =€ H(B,x*)o. (6)
Moreover
S(z%,1) =T (2% x 1) = T(T(2?) — %) = 2T (2?).
So, by (5),
S(z?,1) = —45(x). (7)
S(x#) = S(a® + S(x))
= S(2?) + S(x)S(z* 1) + S(x)*S(1)
= S(2?) — 4S(z)* + 3S(z)?
and, by (6),

S(z?) = S(x)?, € H(B,x)o. (8)

Since the characteristic is not 2, there exists an element 6§ € K such
that K = k[0], 6* = —0 and 0 = p € k. Recall that a frame of B is a set of
pairwise orthogonal primitive idempotents whose sum is the unit element of
B. We will need the existence of certain symmetric elements of B.
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Lemma 1. If (B, *) is a central simple associative algebra of degree 3 with
involution of the second kind, then there exists a d € H(B, x) satisfying

T(d)=0 and S(d)#0# N(d). (9)

Proof. If B is a division algebra or B = A 4+ A, with A a division algebra,
then the norm form is anisotropic on H (B, %). Smce H(B,x)=k+H(B,*)o

is an orthogonal splitting with respect to the trace bilinear form T'(z, y) and,
by (5"), S(z,y) = —T(x,y) on H(B,x)p, S(x) is nonsingular on H (B, x)
and we may choose a d € H(B,*)o with S(d) # 0 # N(d). On the other
hand, if H(B, *) contains a frame {ey, e, e3}, one checks that d = e; +e5—2e3
satisfies T'(d) = 0, S(d) = —3 and N(d) = —2. So in all cases there exists a
d € H(B, ) satisfying T'(d) = 0 and S(d) # 0 # N(d). O

Remark. If the base field is infinite, such d’s are Zariski dense.

We wish to recall a few facts concerning Albert algebras [7, 8]. Every
Albert algebra J, central over the field k£, can be obtained from a central
simple associative algebra (B, x*), of degree 3 with involution of the second
kind, using the Tits process. For u € H(B,*) and p € K invertible such
that N(u) = pp*, J = J(B,*,u,u) := H(B,*) ® B, as a vector space. For
(a,b), (r,s) € J(B,*,u, 1), one defines an adjoint #, a norm form N and a
trace form 7" on J which extend those on H(B, %),

(a,b)# : = (a¥ — bub*, p*b**u=t — ab), (10)

N((a,b)) : = N(a) + uN(b) + p*N(b*) — T'(a, bud®), (11)

T((a,b)) : =T(a) (12)
Moreover

S((a,b)) = T((a,b)?) = T(a?” — bub*)

= S(a) — T (bub"), (13)
(a,b) x (r,5) = (a x 7 — bus* — sub*, p*(b* x s*)u™' —as —rb). (10')

Since, for J(B, *,u, pt) to be a division algebra, it is necessary that p ¢

N(B) [7, Th. 5.2], J(B,*,1,1) is not a division algebra. So it is reduced and
contains a frame. We will construct an explicit one. Let

q:%@m wdf:1—q:%@—u (14)

Since T'(e;) = 1 and e;# = 0, e is a primitive idempotent of J. One also
checks that
f*=e. (15)
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For d as in Lemma 1, let

I P
c= 5S4 5. (16)

By (5"), T(¢) =0 and ¢ € H(B, ). We will also need

1 1 1
S(e) = 75(d)728(d%) + ES(d)_ls(dz, D+3
1 2 1
= - —Z8(d)7tS(d) + = b
1 32 @S+ 5 y (7)
_ !
12°
So, for ¢ as in (16), we have

1

T(c)=0 and S(c)= 13- (17)
For arbitrary (a,b) € J, we have
1
el x(a,b):§(T(a)—a—b—b*, TOb")—a—b—-10b"), (18)
(2,-1) x (a,b) = (2T(a) — 2a + b* + b, =T(b*) +b* —2b+a), (19)
(c,c) x (a,b) = (a X ¢ —cb* —be, ¢ x b* —cb— ac), (20)
1 1
#=(cf -2 )= (=, =) 21
(o) = (¢ — o — ) = —(5, 1) (21)

We recall [11, equations (28), (29)] that, for a primitive idempotent e and
an arbitrary element of J,

T(x)=0 and exz=0 < =z € Ji(e), (22)
T(z)=0 and exz=-x = x¢€ Jy(e). (23)
Lemma 2. If (B, ) is a central simple associative algebras of degree 3 with

involution of the second kind, let d be chosen as in Lemma 1 and c as in

equation (16). Then
6125(1,1), 62=(§+c, 6 +¢) and 63:(5—07 —6—0) (24)

form a frame of J(B,x,1,1).

Proof. Since e; = 3f + (c,c) and e5 = 3f — (c,c), we have T(e;) = 1,
e1 + ez +e3 =1 and, by (19) and (21),

S S RO Yo
1 1 1
D= (5 i) =00
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Similarly ef = (0,0) and we have a system of primitive idempotents. Now

T((c,c)) = T(c) =0 and, by (18), e; x (¢,¢) = —(¢,¢). So, by (23), (¢,c) €
Jo(e1). Since f € Jy(er), by (24), e2 and eg are also elements of Jy(eq).
Thus e; L ey, e3 and since ey is a primitive idempotent of JUy = Jy(e1),
f —ea =e3 L es and we have a frame of J. O

An Octonion Structure on H (B, %)y

Let C be an octonion algebra over k£ with norm n and trace t. Since char
k#2,C=k+Cy, Co ={a €C|t(a) =0}, and the multiplication of C is
determined by the product of pure octonions, i.e., elements of Cy.

Theorem. Let (B,x) be a central simple associative algebra of degree 3
with involution of the second kind over a field k of characteristic not 2 or 3.
Write K = k(0), (0* = —0, 02 = p, p € k) for the centre of B and let d be a
fixed element of H(B, )y with S(d) # 0 # N(d). For arbitrary elements a,
b€ H(B,*)oNd*, d*t the orthogonal complement of d* with respect to T,
the product

a-b:=18pT(a,b)S(d)*w
+360(—3[a, b] o d* — 3ad*b + 3bd*a + 2T(b, d)[a, d] (25)
— 2T(a, d)b, d] —4S(d)[a, b] + 2T ([a, b],d)d+ T([a, b],d?)),

where [a,b] = ab—ba, aob = ab+ba and w is a formal unit element, endows
H(B, *)oNd?** with a pure octonion structure with unit element w and norm
form

n(a) := 36pS(d)*S(a).

Proof. We will prove this by embedding H(B,*)q N d?>* in the reduced
Albert algebra J = J(B,*,1,1) and then using the explicit coordinatization
obtained in [11]. Recall that this is done by choosing a frame, fixing a Peirce
space, say Jogz, choosing elements u € Ji2 and v € J31 with S(u) # 0 # S(v)
and defining a product on Jo3 as

a-b:=(wxa)x(uxb), a,be Jo. (26)

This endows Js3 with an octonion algebra structure whose norm and unit
element are

n(a) : = —-Sw)Sw)S(a), a€ Jas (27)
1:=(S(u)S(v)) tu x v. (28)

Let J = key + kes 4+ kes + J12 + Ja3 + J31 be the Peirce decomposition
of J with respect to the frame e;, e2, e3 as in Lemma 2. By (18) and (12),
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H(B, )y embeds in {(a,a) | a € H(B,x)p} an 8-dimensional subspace of
Jo(e1). By (19) and (20), for a € H(B, *)o,

fx(a,a) = (0,0),
(c,c) x (a,a) = =T(a,c)(1,1).

So, by (22), {(a,a) |
of Joz. For a € H(B
only if T'(a,d?) =
(19) and (20),

a,c) = 0} is a 7-dimensional subspace
*)o, T(a,c) = 35(d)"'T(a,d?) and T(a,c) = 0 if and
0

é(z ~1) % (0,68) = (0,0),

(c,c) x (0,0) = (Bc — cl, —01 x ¢ —6c) = (0,0)
and (0,0) € Ja3. So

Jaz3 = k(0,0) ® {(a,a) | a € H(B, )9, T(a,c) =0}. (29)

Moreover S((0,0)) = T(6%) = 3p # 0.

To define an octonion structure on .Jo3 we need not determine Ji5 and
J31 but we only need to find an element of each of these spaces whose
quadratic trace is nonzero. For this we will need

cd = %S(d)—ldi” + %d = %S(d)—l(—S(d)d+ N(d)) + %d

1o, s 1
= 55(d) ' N(d) — =d (30)
and

S(c,d) = —T(c,d) = —T(cd) = —%S(d)‘lN(d). (31)

Let u = (0,6d). Using (19), (20), (30) and (31), we have f x u = —u,
(c;¢) xu=(0,—0(cxd+cd)) = (0,—60(3cd+ S(c,d)) = 2u. So e x u = —u,
ez x u =0 and u € Ji5. Moreover S(u) = T(u#) = T(6%d?) = —2pS(d) # 0.
Let v = (2d, —d). Again using (19), (20), (30) and (31), we have f x v = —uv,
(c;c) x v = (6cd + 25(c,d), —3cd — S(c,d)) = —4v. Hence ex X v = —v,
e3xv=0and v € Js. Also S((2d, —d)) = T(4d?# — d?) = 45(d) +2S(d) =
65(d) and u x v =25(d)(0, 6).

Ifz,y € Jos,

x-y:=((2d,—d) x z) x ((0,0d) x y)
defines an octonion stucture on Jy3 with norm form
n(x) = 12pS(d)*S(x),
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and unit element (S(u)S(v))lu x v = (=2pS(d)6S(d))~125(d)(0,0) =
—+p71S(d)71(0,6). By (13) and (5'), for a € H(B,*)o, S((a,a)) = 35(a).
So for a € H(B, %) N d?+,

n(a) = 36pS(d)*S(a). (27"

Using (10'), (0,01) x (a,a) = (0,0) and the decomposition in (29) is orthog-
onal with respect to S and hence with respect to n. Since the octonion unit
element is a scalar multiple of (0, 01), the pure octonions, i.e., the octonions
of trace 0, correspond to H (B, *)g N d>*.

For a, b € H(B,*)o N d*+,

(2d, —d) x (a, a) = (2a x d+ da + ad, —a X d — 2da + ad)
= (3aod—2T(a, d), T(a, d) — 3da).
while
(0, 6d) x (b, b) = (—60db+ bbd, —6b x d — bod)
= (0[b, d], 0(T(b,d) — 2bd — db))

If we cross the two expressions above, we get

((2d, —d) x (a, a)) x ((0, 6d) x (b, b))
= 0((3a0d— 2T(a,d)) x [b, d] + (T(a,d) — 3da)(T(b,d) — 2db — bd)
— (T(b,d) — 2bd — db)(T(a,d) — 3ad),
— (T(a,d) — 3ad) x (T(b,d) — 2db — bd) (32)
— (3aod — 2T(a,d))(T(b,d) — 2bd — db) — [b, d|(T(a,d) — 3da)).

Expanding the first component of (32), we get

30((aod)o b, d+dla, bld+ 2[dad, b]
+T(b,d)[a, d —T(a,d)[b, d —T(aod,[bd))
= 30([a, dbd] — [b, dad)] + 2d[a, bld — ad®b + bd*a
+T(b,d)[a, d —T(a,d)[b, d —T([a, b],d?)),

since the trace is invariant under cyclic permutations. In a Jordan algebra
of degree 3,
zzr = 2U, = T(z,x)x — 27 X 2.

For an element z of trace 0,

dzd = T(z,d)d — d* o z + S(d)z — S(z,d"),
= —zod® = S(d)z + T(2,d)d+ T(z,d*). (33)
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Using this, the above expression can be transformed into

30(—3[a, b] o d* — 3ad*b + 3bd*a + 2T(b, d)[a, d]
— 2T (a, d)[b, d] —4S(d)[a, b + 2T ([a, b],d)d + T([a, b],d?)). (32")

This is the pure octonion component of the product. We could ob-
tain the appropriate multiple of the unit element by considering the second
component of (32) but we choose to use the norm form. In an octonion
algebra x = %t(_m)l + z0 = 3n(z, 1)1 + xo, where g is of trace 0. By (27'),
n(ab,1) = n(a,b) = —n(a,b) = —36pS(d)?S(a,b) and the coefficient of the
unit element in the product of a, b is —18p5(d)%S(a, b). O

Corollary. Up to isomorphism, the octonion algebra structure on H (B, %)
obtained above is independent of the choice of d. Moreover if K is split then
so is the corresponding octonion algebra.

Proof. Choosing a different d may yield a different frame on J(B,x*,1,1).
However the coordinate algebras relative to different frames are isomorphic
by the Albert-Jacobson Theorem [5, chapter IX, Theorem 1].

If K is split then B = A®A°P and J(B, %, 1, 1) is a first Tits construction
[7, Theorem 3.5] which must be split since it is reduced [4, chapter IX,
Theorem 20]. O

Remarks. 1. The converse of the last statement of the Corollary is false
since a second Tits construction can also be a first Tits construction [8,
Theorem 5.2].

2. As pointed out by Faulkner [2], the octonion algebra arising from his
construction is split. Since, in our case, it corresponds to K split, so is the
octonion algebra of our theorem. L
3. The isometry class of the norm form obtained above corresponds to the
mod 2 invariant f3(J(B,x*,1,1)) of J(B,x*,1,1) [5, section 40; 9].

Let us finally recall the construction of Haile, Knus, Rost and Tignol [3,
5 section 19. B]. Denote by << a1, s, ..., a, >> the n-fold Pfister form

<l,—a1 >0 <1l,—aa>Q - <1, —ay >.
On H(B,*) as above, the quadratic form
Qu(z) =T} ~<1,1,1 >1<2> - << p>> -q,,
where ¢, is a 3-dimensional quadratic form of determinant 1. Since g, is of
determinant 1, the form 7, = << p >> -q. L << p >> is a 3-fold Pfister
form which determines the involution * of B up to conjugacy [5, Theorem

19.6] and yields a cohomological invariant f5(B, ) [5, Theorem 30.21].
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Proposition. Let (B,x*) be a central simple associative algebra of degree
3 over K with involution of the second kind, K = k(0), 0* = —0, 62 = p,
k a field of characteristic not 2 or 3 and n the unique octonion norm form
corresponding to (B, ). The 3-fold Pfister forms m, and n are isometric and
hence the corresponding octonion algebras are isomorphic.

Proof. By [5, Theorem 40.2, (2)], the invariant f3(J(B,x,1,1)) is the fs-
invariant of the involution * of B. U

Remark. Since the fs-invariant of the involution * of B is an invariant of
(B, *) this provides another proof of the Corollary.
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