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0. Introduction

A. Pfister, in [Pf; 65], showed that if a field has a finite level this level is
a power of 2 and any power of 2 could be realised as the level of a field. For
the quaternion and octonion division algebras, was found 2* and 2¥ + 1 for
all k € N — {0} like values for the level of these algebras( see [Lew; 87|, [La,Ma,
01], [Pu; 05]) and 6 and 7 for the level of the octonion division algebras(see
[O’ Sh; 10]). These values, 6 and 7, remained the only known exact values
for the level of quaternion and octonion division algebras, other than 2* or
2% +1, k € N—{0}. It is still unknown what exact numbers can be realized
as levels and sublevels of quaternion and octonion division algebras. The level
problem for the integral domains was solved in [Da, La, Pe; 80] when Z.D. Dai,
T.Y. Lam, C. K. Peng proved that any positive integer could be realised as the
level of an integral domain.

In this paper, we will show that in the case of level for algebras obtained
by the Cayley-Dickson process the situation is the same like for the integral
domains, proving that for any positive integer n, there is an algebra A, obtained
by the Cayley-Dickson process with the norm form anisotropic over a suitable
field, which has level n.

1. Preliminaries

In this paper, we assume that K is a field, char K # 2 and all the quadratic
forms are nondegenerate. For the basic terminology of quadratic and symmetric
bilinear spaces, the reader is referred to [Sch; 85] .

Let ¢ be a n—dimensional quadratic irreducible form over K, n € N,n >
1, which is not isometric to the hyperbolic plane. We may consider ¢ as a
homogeneous polynomial of degree 2, ¢ (X) = ¢ (X1,..X,,) = > a;; X, X, a;5 €
K*. The functions field of ¢, denoted K (), is the quotient field of the integral
domain K[X7,...,X,]/ (¢ (X1,...., X)) .

A subset P of K is called an ordering of K if P+ P C P,P-PC P,—1¢
P, {x € K /zis asum of squares in K} Cc P,PU—-P=K,PN—-P=0.



A field K with an ordering is called an ordered field. For z,y € K, K an
ordered field, we define x > y if (x —y) € P.

A quadratic semi-ordering (or g-ordering) of a field K is a subset P with the
following properties: P+P C P, K?-PC P, 1€¢ PPU—-P=K,PNn—-P =0.

Obviously, every ordering is a g-ordering [Sch; 85]. Let Py be a g-preordering,
ie. P+ Py C Py,K?-Py C Py, PyNn —Py = 0. Then there is a g-ordering P
such that Py C P or —FPy C P. ([Sch; 85], p.133)

If ¢ =< ay,...,an > is a quadratic form over a formally real field K and P
is an ordering on K, the signature of ¢ at P is

sgn () = {i | ai >p 0} — [{{i | a: <p O}}].

The quadratic form q is indefinite at ordering P if dim ¢ > |sgnyp| .

The Witt index of a quadratic form ¢, denoted by iw (¢), is the dimension
of a maximal totally isotropic subform of ¢. Indeed, if ¢ = @4, Loy, with
pan anisotropic and ¢y hiperbolic, the Witt index of ¢ is %dim @n- The first
Witt index of a quadratic form ¢ is the Witt index of ¢ over its function
field and is denoted by i1 (¢). The essential dimension of ¢ is dim.s (¢) =
dim () — i1 () + 1.

The sublevel of the algebra A, denoted by s(A), is the least integer n such
that 0 is a sum of n + 1 nonzero squares of elements in A. The level of the
algebra A, denoted by s(A), is the least integer n such that —1 is a sum of
n squares in A. If these numbers do not exist, then the level and sublevel are
infinite. Obviously, s(A4) < s(A4).

In the following, we recall shortly the Cayley-Dickson process and the prop-
erties of the obtained algebras.

Let A be a finite dimensional unitary algebra over a field K, with a scalar
mvolution — : A — A,a — a, i.e. a liniar map satisfying the following
relations: ab=ba,a =a, and a+a, aa € K -1 for all a,b € A. The element @
is called the conjugate of the element a, the linear form t: A — K, t(a) = a+a
and the quadratic form n : A — K, n(a) = aa are called the trace and the
norm of the element a. It results that an algebra A with a scalar involution is
quadratic.

Let v+ € K be a fixed non-zero element. We define the following algebra
multiplication on the vector space A ® A.

(a1,a2) (b1, b2) = (a1by + vbaas, azby + baas) . (1.1.)

We obtain an algebra structure over A @ A, denoted by (A,~) and called the
algebra obtained from A by the Cayley-Dickson process. We have dim (A,~) =
2dim A.

Let z € (A,y),2 = (a1,a2). The map ~ : (A,7) = (4,y), = = T =
(@1, —as), is a scalar involution of the algebra (A,~), extending the involution
~ of the algebra A, therefore the algebra (A, ) is quadratic, with ¢ (z) = ¢(a;)
and n(z) =n(a1) —yn(az) the trace, respectively, the norm of the element
z e (A7) .



If we take A = K and apply this process ¢t times, ¢ > 1, we obtain an
algebra over K, A; = K{ay, ..., a;}. By induction, in this algebra we find a basis
{1, fo, .., fo},q = 2, satisfying the properties: f? = a;1, a; € K,o; # 0, i =
2,.,qand  fif; = —fifi = Bijfr, Biy € K, Bij # 0,0 # j,i,j = 2,..q, Bij
and fr being uniquely determined by f; and f;. We denote (A4;)g = {z € A; |

t(x) = 0}.

q
If ¢ € Ayyx=2114 > x;f;, the quadratic form 7o : Ay — K,
i=2

Toe =< 1,01, a0, —1a9, a3, ..., (— ) (Hal) >=<1,09,..,0, > is called the
trace form and the quadratic form Tp = TC l(A)o: (At)o — K,
Tp =< a1, 9, —a1aa,Qs3, ..., (— ) (Hal) >=< fa,...,fq > is called the pure

trace form of the algebra A;. We remark that Tc =< 1 >1 Tp (the ortho-
gonal sum of two quadratic forms) and the norm n=nc=<1>1 —Tp,

therefore ne=< 1,-a1,-a2, ¥1as, ag, ..., (-1 )tJrl (Hal) >=<1,-82,...-4 >
=1
In general, algebras A; of dimension 2! obtalned by the Cayley-Dickson

process are not division algebras for all ¢ > 1. But, there are at least two
example of fields on which if we apply the Cayley-Dickson process, the obtained
algebras A; are division algebras for all £ > 1. These fields are power-series
field K{X1, Xa, ..., X;} and the rational functions field K (X, X, ..., X;), where
X1, Xo, ..., Xy are t algebraically independent indeterminates over the field K.
First construction was given by R. B. Brown in [Br; 67] in which he built,
for every t, a division algebra A; of dimension 2! over the power-series field
K{X1, Xa,...,Xt}. The second construction are done by C. Flaut in [Fl; 11(2)]
over the rational functions field K (X7, X, ..., X}).

In the folllowing, we briefly present this construction. For every t we con-
struct a division algebra A; over a field F;. Let X5, X, ..., Xy be t algebraically
independent indeterminates over the field K and F; = K (X, X, ..., X;) be
the rational functions field. For ¢ = 1,...,t, we construct the algebra A; over
the rational functions field K (X1, Xs,...,X;) by setting a; = X; for j =
1,2,..., 4. Let Ap = K. By induction over i, assuming that A; 1 is a divi-
sion algebra over the field F;_; = K (X1, X3, ..., X;—1), then the algebra A; is
a division algebra over the field F; = K (X3, Xs, ..., X;).

Indeed, let A}:l =F,®p,_, Ai_1. For a; = X,; we apply the Cayley-Dickson
process to algebra Agl. The obtained algebra, denoted A;, is an algebra over
the field F; and has dimension 2°.

Proposition 1.1. [Fl; 11(1)] Let A be an algebra obtained by the Cayley-
Dickson process. The following statements are true:

a) If n € N— {0}, such that n = 2% — 1, for k > 1, then s(A) < n if and
only if <1>1nxTp is isotropic.

b) If —1 is a square in K, then s(A) =s(A) =1.

c) If—=1 ¢ K*2 then s(A) =1 if and only if Tc is isotropic.

Remark 1.2. Using the above proposition, if the algebra A is an algebra



obtained by the Cayley-Dickson process, of dimension greater than 2 and if n¢
is isotropic, then s (A) = s (A) = 1. Indeed, if —1 is a square in K, the statement
results from above. If —1 ¢ K*2 since nc =< 1 >1 —Tp and nc is a Pfister
form, we obtain that —T'p is isotropic, therefore T¢ is isotropic and, from above
proposition, we have that s (4) = s(A) = 1.

Proposition 1.3. [F1; 11(1)] Let A be an algebra obtained by the Cayley-
Dickson process. With above notations, we have:

i) If s(A) <n then —1 is represented by the quadratic form n x T¢.

i) —1 is a sum of n squares of pure elements in A if and only if the
quadratic form n x Tp represents —1.

iii) For n € N—{0}, if the quadratic form <1 >1 nxTp is isotropic over
K, then s(A) < n.

Proposition 1.4. [Hoff; 08, Lemma 2.5.] Let ¢ be a quadratic form over
a formally real field Ko, dim @ > 2, and let P be an ordering on Ky. Then P
extends to Ko (@) if and only if ¢ is indefinite at P. In this situation, if ¥ is
another form over Ky, then dim (wKO(W))an > |sgnp (V) |.

Proposition 1.5. [Hoff; 08, Theorem 2.2.] Let ¢ and ¥ be anisotropic
forms over an arbitary field K. If @iy is isotropic, then dimy — iy (¢) >
dim ) — 4y (¥) and equality holds if and only if g, is isotropic.

2. Main results

Let A; be a division algebra over a field K = Ky(Xj,...,X;) obtained by
the Cayley-Dickson process, of dimension ¢ = 2!, where Kj is a formally real
field, Xj,..., X; algebraically independent indeterminates over the field K,
Tc and Tp are its trace and pure trace forms. Let

o =<1>1InxTp, ¢y, =<1>1mxTg¢,

A (n) = A, ®x K (<1> LnxTp),neN—{0}. (2.1.)

Remark 2.1. i)We denote K, = K (< 1> Ln x Tp), and let n&* be the
norm form of the algebra A;. Since A; is a division algebra, it results that nét

is anisotropic over K and né”(") is anisotropic over K,,. Indeed, let € A; (n),

r=yR1lyec A If 0= ngt(n)(:v) =27 = (y®1)Eol) =ywel =
n& (y) (1 ® 1), it results that nét =0or 1®1 =0, false. The algebra A; (n)
has dimension 2! and is not necessarily division algebra, but, using Remark 1.2.,
this algebra has level greater than 1.

ii) From Proposition 1.3. i) and iii), if 1), is anisotropic and if ,, is isotropic
over K, then s (A (n)) € [m+ 1,n].

Proposition 2.2. i1 (< 1> 1nxTp) =1 for all n € N—{0}, where Tp
1s the pure trace form for the algebra A;.

Proof. Consider P an arbitrary ordering over K such that B, ..., B, <p 0.
We remark that such an ordering always exists. Indeed, since ¢,, is anisotropic
over K, from Springer’s Theorem, we have that Py = {a | a =0 or a is repre-
sented by ¢y, } is a g—preordering, therefore there is a g—ordering P containing



Py or —PFy. We have |sgng,| = |sgn(<1>1nxTp)| = 2'=1)n -1 <
(28 —1)n + 1 = dimp,. It results that o, is indefinite at P over K, then
P extends to K. Therefore (28 —1)n — 1 > dim((¢n)g, )an, since we have
only one positive coefficient with respect to P. From Proposition 1.4., it results
2'-1)n-1> dim((QOn)Kn)an > |sgnp,| = (28 = 1)n—1, 50 dim((@ﬂ)}(n)an =
(2" —=1)n—1=dimy, —2 and thus i1 (¢,) = 32 = 1.0

Theorem 2.3. With the above notations, we have s(A; (n)) € [n — [3F], n].

Proof. From Proposition 2.2., we have that dimp,, — i1 (p,) = (2" —
n+1—11 (¢n) = (2" — 1)n. For the quadratic form t,,, relation dim ), —
i1 (Ym) = 2'n 4+ 1 — i1 (¢,) holds. The form ¢, and v, are anisotropic over
K = Ky(Xy, ..., Xt), by Springer’s Theorem. Supposing that v, are isotropic
over K,, from Proposition 1.5., we have dim ¢, — i1 (¢,) > dim ,, — i1 () -
It results 2m + 1 — 41 () > (2 — 1)n. Therefore, if

2m + 1 — iy (b)) < (28 — 1)n, (2.2.)

we have 1, is anisotropic over K, so, from Remark 2.1. i), it results s (A; (n)) €
[m+1,n]. We note that iy (¢,,) > 1 and, from relation (2.2.), the highest value
of m such that 1), is isotropic over K, is n — [g7] — 1. Indeed, relation (2.2.)
implies 2'm < (2" —1)n, therefore m < n— 3+ and we obtain m < n—[3] —1.0

Theorem 2.4. With the above notations, we have s(A:(n)) € [n —
[(25=4],n],n € N—{0}.

Proof. Using Proposition 1.3. i), if the quadratic form ¢, = (m+1) xT¢
is anisotropic, then s(A; (n)) > m+1 and if ¢, is isotropic, then s(A¢ (n)) < n.
Using the same arguments like in the proof of Theorem 2.3., if

2 (m+1) — iy (bm) < (2 — 1)n, (2.3.)

we have ¢, is anisotropic over K,, therefore s(A;(n)) € [m + 1,n]. We
note that iy (¢m,) > 1 and, from relation (2.3.), the highest value of m such
that ¢, is isotropic over K,, is n — [%ﬁ_l] — 1. Indeed, relation (2.3.) implies
2t (m+1) — 1 < (2 — 1)n, therefore m < ng;l +4&—1=n-— ”"'5# and we
obtain m <n — [%Z_l] —-1.0

Theorem 2.5. With the above notation, for each n € N — {0} there is an
algebra A; (n) such that s(A¢ (n)) =n and s(A: (n)) € {n —1,n}.

Proof. Let n € N— {0} and m be the least positive integer such that n <
2™, For n = 2™, there are quaternion (A5 (n)) and octonion (As (n)) division
algebras of level n = 2™, (see [La,Ma; 01] and [Pu; 05]). We suppose that n <
2™, For t = m, let A; (n) be algebra of dimension ¢ = 2! given by the relation
(2.1.). From Theorem 2.3., this algebra has level s (4; (n)) € [n — [5:],n] and
sublevel s(A4;(n)) € [n— ["+§:_1], n],n € N—{0}. Since n < 2, it results that
(3] = 0 and [%ﬁ_l] =1, therefore s(A4;(n)) =n and s(4;(n)) € {n—1,n}.0

Remark. 2.6. Theorem 2.5. gives a positive partial answer to the question
that any number n € N— {0} can be realised as a level of composition algebras.




The answer becomes positive if we replace ”composition algebras” with ”alge-
bras obtained by the Cayley-Dickson process”, therefore, we can say that any
number n € N — {0} can be realised as a level of an algebra obtained by the
Cayley-Dickson process over a suitable field.
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