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Abstract. We generalize the concepts of level and sublevel of a compo-
sition algebra to algebras obtained by the Cayley-Dickson process. In 1967, R.
B. Brown constructed, for every t € N, a nonassociative division algebra A; of
dimension 2 over the power-series field K{ X1, X», ..., X;}. This gives us the pos-
sibility to construct a division algebra of dimension 2!and prescribed level and
sublevel 2%, k.t € N* and a division algebra of dimension and prescribed level
and sublevel 2% + 1.t k € N.
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0. Introduction

In [Pf; 65], A. Pfister showed that if a field has a finite level this level is a
power of 2 and any power of 2 could be realised as the level of a field. In the
noncommutative case, the concept of level has many generalisations. The
level of division algebras is defined in the same manner as for fields. In [Lew;
87], D. W. Lewis constructed quaternion division algebras of level 2F and 2% +
1 for all £ € N* and he asked if there exist quaternion division algebras whose
levels are not of this form. These values were recovered for the quaternions by
Laghribi and Mammone in [La,Ma; 01], and for octonion division algebras by
Susanne Pumpliin in [Pu; 05], using function field techniques. In [Hoff; 08],
D. W. Hoffman showed that there are many other values, not of the form 2%
or 2% 4+ 1, which could be realised as level of quaternion division algebras. In
[Kr, Wa; 91], M. Kiiskemper and A. Wadsworth constructed the first example
of a quaternion algebra of sublevel 3. Starting from this construction, in [0’
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Sh; 07(1)], J. O’ Shea proved the existence of an octonion algebra of sublevel
3 and constructed an octonion algebra of sublevel 5 and, in [O” Sh; 07(2)], he
gave the first example of octonion division algebras of level 6 and 7. These
were the first examples of composition algebras whose level is not of the form
2% or 28 + 1 for some k € N* and remained the only known values for the
level and sublevel of quaternion and octonion algebras. The existence of a
quaternion algebra of sublevel 5 was still an open question. Starting from
mentioned works and using Brown’s construction for division algebras, we
give an example of quaternion algebra of level and sublevel 5 in Section 4.

1. Preliminaries

In this paper, we assume that K is a field and char K # 2.

For the basic terminology of quadratic and symmetric bilinear spaces, the
reader is referred to [Sch; 85] or [La, Ma; 01]. In this paper, we assume that
all the quadratic forms are nondegenerate .

A bilinear space (V,b) represents o € K if there is an element = € V, x #
0, with b(z,z) = «. The space is called universal if (V,b) represents all
a € K. Every isotropic bilinear space V', V' # {0}, is universal. (See [Sch;
85, Lemma 4.11., p. 14])

A subset P of K is called an ordering of K if

P+PCPP-PCP—1¢P

{z € K /z is a sum of squares in K} C P,PU—-P=K,PN—P =0.

A quadratic semi-ordering (or g-ordering) of a field K is a subset P with the
following properties:

P+PCPK*-PCP1ePPU-P=KPN-P=0.

Obviously, every ordering is a g-ordering [Sch; 85].
Remark 1.1. ([Sch; 85], p.133) Let Py be a g-preordering, i.e.

P0+pocPo,KQ'P()CPo,Pom—POZO.

Then there is a g-ordering P such that Py C P or —F, C P.
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Let V' be a vector space over an ordered field K. The quadratic form
q:V — K is called positive definite if ¢ (x) > 0 for all x # 0. If ¢(z) < 0
for all z # 0, it is called negative definite. If ¢ ~< aq,...,, >, it is called
indefinite if the elements «; are not all of the same sign and totally indefinite
if for each ordering P of K there are a; and «a; depending on P such that
a; <p0<p Q.

A quadratic form ¢ is called strongly anisotropic if m x ¢ is anisotropic
for all m € N*. If the form ¢ is not strongly anisotropic it is called weakly
150tropic.

The field K is a formally real field if —1 is not a sum of squares in K.
Each formally real field has characteristic zero.

Remark 1.2. ([Sch; 85], p.134) Let K be a formally real field. A
quadratic form ¢ over K is weakly isotropic if and only if ¢ is indefinite
with respect to all g-orderings of K. If ¢ is strongly anisotropic then the set

Py ={a/a=0or «is represented by n x p,n € N* }

is a g—preordering. It follows that there is a g-ordering P such that Fy C P
or —F, C P.

A quadratic form 1 is a subform of the form ¢ if ¢ ~ ¢ L ¢, for some
quadratic form ¢. We denote ¢ < ¢.

Let ¢ be a n—dimensional quadratic form over K, n € N,n > 1, which is
not isometric to the hyperbolic plane. We may consider ¢ as a homogeneous
polynomial of degree 2, p (X) = ¢ (X1,..X,,) = > a;; X; X, a;; € K*. The
functions field of ¢, denoted K (), is the quotient field of the integral domain

K[X1s o Xl / (0 (X1, X)) -

Since (X7, ..., X,,) is a non-trivial zero, ¢ is isotropic over K (y). We re-
mark that ¢ (X) is irreducible. (See [Sch;85])

Proposition 1.3. [Ro; 05] Let ¢ and v be two quadratic forms over a
field K. The form 1) is isotropic over K () if and only if Dy (¢) Dy (¢) C
Dyer () Dyer (1), for every extension K of K, where Dg () is the set of
elements in K* which are represented by .

Proposition 1.4. (Cassels-Pfister Theorem) Let ¢,1¢ = 119" be two
quadratic forms over a field K, charK # 2. If ¢ is anisotropic over K



and pk () 18 hyperbolic, then ar)p < ¢ for each scalar represented by ¢. In
particular, dim ¢ > dim.[La, Ma;01, p.1823, Theorem 1.3.]

For n € N* a n—fold Pfister form over K is a quadratic form of the type
<l,a >®.0<1,a, >, ay,...,a, € K*.
A Pfister form is denoted by < aq, as, ..., a, > .
Remark 1.5. A Pfister form ¢ can be written as
<l,a; > ®.0 <1,a, >=<1,a1,09, ..., 0y, @102, ..., 410203, ..., G1Ao...0y > .

If p =<1>1 ¢, then ¢’ is called the pure subform ofp. A Pfister form
is hyperbolic if and only if is isotropic. This means that a Pfister form is
isotropic if and only if its pure subform is isotropic. ( See [Sch; 85])

Proposition 1.6. [Sch, Lemma 1.3.(ii), p. 143] With the above notations,
we have the relations:

i) < =1, 0,0, >=<1,—1,1,—1,... >~ 0;

i) K 1 ag, .,y >~ 2X K Qg ey Qi >

We recall some definitions and properties for nonassociative algebras.

Let A be an algebra of dimension n over K and let fi,..., f,, be a basis
for A over K. The multiplication in the algebra A is given by the relations
fifi = Y- cujpfe, where ayjp € K and 4,j = 1,..n. If K C F is a field

k=1
extension, the algebra Ap = F ® A is called the scalar extension of A to an

algebra over F. The elements of Ap are the forms Y «; ® f; and we denote
i=1

them Y «;fi, a; € F.

Alzl éﬂgebra A over K is called quadratic if A is a unitary algebra and,
for all x € A, there are a,b € K such that 22 = ax + bl, a,b € K. The
subset Ag = {* € A— K | 2 € K1} is a linear subspace of A and
A = K-1®Ag. This decomposition allows us to define a linear form¢ : A — K,
a linear map i : A — A such that x = t(x) - 1 +i(x), for all z € A, a
symmetric bilinear form, (,) : A x A — K, (z,y) = —3t(zy + yz) and
a quadratic form n : A — K, n(z) = (t(x))? + (i (x),i(x)). The element
T =1t(x)-1—1i(x) is called the conjugate of x. The quadratic form n is called
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anisotropic if n(x) = 0 implies « = 0. In this case, the algebra A is called
also anisotropic, otherwise A is isotropic.

We can decompose the algebra A as the form A = Sym(A) & Skew(A),
where Sym(A) ={r € A |z =2}, Skew(A)={x €A |z=—-2}.

A composition algebra is an algebra A with a non-degenerate quadratic
form ¢ : A — K, such that ¢ is multiplicative, i.e. ¢ (zy) = q(z)q (y),Vz,y €
A. A unitary composition algebra is called a Hurwitz algebra. Hurwitz
algebras have dimensions 1, 2,4, 8.

Since over fields, the classical Cayley-Dickson process generates all possi-
ble Hurwitz algebras, in the following, we recall shortly the Cayley-Dickson
process.

Let A be a finite dimensional unitary algebra over a field K with a scalar
involution —: A — A,a — a,where a +a@ and aa € K -1 for all a € A.
Since A is unitary, we identify K with K -1 and we consider K C A.

Let o € K be a fixed non-zero element. We define the following algebra
multiplication on the vector space A & A.

(a1, a2) (b1, b2) = (a1by + absas, asby + beay) . (1.1.)

We obtain an algebra structure over A@® A. This algebra, denoted by (A, «),
is called the algebra obtained from A by the Cayley-Dickson process. A is
canonically isomorphic with a subalgebra of the algebra (A,«) ( denote
(1,0) by 1, this is the identity in (A4, «)) and dim (A, «) = 2dim A. Tak-
ingu=(0,1)e Ad A, v>’ =a-1and (A4,a)= A Au.

We remark that t + 7 =a1 +a7 € K -1 and
TT = a1a7 + aasas € K - 1. The map

(Ao — (Aa), T—T,

is an involution of the algebra (A, «), extending the involution —. If z, y €
(A, «), it follows that 7y = 7 7.

For x € A, we denote t(z)-1=2+4+7 € K, n(z)-1 =127 € K, and these
are called the trace, respectively, the norm of the element x € A . If z €
(A, ), z = x4yu,then z+Z =1t (z)-1 and 2Z =Zz =n(z)-1,where t(z) =
t(r) and n(z) =n(x) —an(y). It follows that (z +2) 2z = 22 + zz=2% +
n(z)-1 and

2 —t(2)z+n(z) =0Vz € (A a),



therefore each algebra obtained by the Cayley-Dickson process is quadratic.
All algebras A obtained by the Cayley-Dickson process are flexible (i.e.
x (yx) = (zy) x,Vo,y € A ) and power-associative (i.e. for each a € A, the
subalgebra of A generated by a is associative). Moreover, the following con-
ditions are fulfilled:

t(zy) =t(yz),t((zy) z) =t(x(y2)),Vo,y,2 € (A, ). (1.2.)

Remark 1.7. If we take A = K and apply this process t times, t > 1, we
obtain an algebra over K, A, = K{aj,...,a;}. By induction, in this algebra
we find a basis {1, fa, ..., f;}, ¢ = 2", satisfying the properties:

ff=a1l, ; € K,0; 20, i =2,...,q.
flfj = _fjfl = 6kfk:7 6k S Ku Bk 7£ 071 #]727‘7 = 27"'q7
Bk and fj being uniquely determined by f; and f;.

As an example, we consider the generalized octonion algebra O(«, 3,7),
with basis {1, fa, ..., fs}, having the multiplication table:

- |1 Ja /3 Ja /5 Jo J7 J8
L1 e J3 Ja Is Je Vit J3
fa fo « Ja —afs fe —afs — f3 afr
fs | fs —fn B B I Js —Bfs —0BFs
fa | fa afs —Bfy —ap /8 —afy Bfs —aBfs
s | s —Jfs —fr = fs Y V[ vf3 v fa
foe | fo afs — 3 afq —fa —ay —vfs  avfs
o | Iz I8 Bfs —Bfe —/f3 vJ1 =By —B1f
fe| Jo& —afr Bfs affs —vfa —avfs Byfe apfy

q q
If € Ay,x=a114 > 2 f;, thenz = 211> x; f; and t(x) = 221, n (x) =
i=2 =2

q
22 — > a;x?. In the above decomposition of z, we call z; the scalar part of x
i=2

q
and 2" = > x; f; the pure part of z. If we compute 2% = 2?2 + 2”2 + 212" =
i=2
t
2% + 0123 + 0nrd — g + aza? — . — (=1)" ([Tau)z2 + 222", the scalar

i=1



part of 22 is represented by the quadratic form

t

Te =<1,00,00, —1ag, 03, ..., (1) ([ Jeu) >=<1,8,,... 8, > (1.3))

i=1
L
and, since 2" = @173 + @23 — cqonr] + azr? — .. — (=1)" ([Jai)z? € K, it
i=1
is represented by the quadratic form
t
t
Tp =< o1, 09, —Q1 0, 3, ..., (—1) (HOQ) >=<I ﬁg, e ﬂq > (14)
i=1

The quadratic form T is called the trace form, and Tp the pure trace form
of the algebra A;. We remark that Tc =< 1 >_1 Tp, and the norm
n=nc =<1>1 —Tp, resulting that
t
ne =< 1, —aq, —g, g, as, ..., (=) ([Jew) >=< 1, =P, ..., —0B, > .
i=1
The trace form ne has the form ng = <1, —a; > ®..8 < 1, —a; > and
it is a Pfister form.
Using the above notation, we have that 22 = ¢ (z)z—n (z) 1 = —n (z) 1+
221 (z1 +2") = 223 —n (x) + 2z,2". Tt results that T (z) = 222 —n (x) , then

Te (z) = % —ne (z). But (¢ (x))? =t (2*) + 2n¢ (z), then
To () = t(; )

2. Brown’s construction of division algebras

In 1967, R. B. Brown constructed, for every ¢, a division algebra A; of
dimension 2! over the power-series field K{ X1, X, ..., X; }. We briefly demon-
strate this construction, using polynomial rings over K and their fields of
fractions (the rational functions field) instead of power-series fields over K
(as it done by R.B. Brown),.

First of all, we remark that if an algebra A is finite-dimensional, then it is
a division algebra if and only if A does not contain zero divisors (See [Sc;66]).
For every t we construct a division algebra A; over a field F}. Let X1, X», ..., X;
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be t algebraically independent indeterminates over the field K and F; =
K (X1, X, ..., X¢) be the rational functions field. For i = 1, ..., ¢, we construct
the algebra A; over the rational functions field K (Xi, Xs, ..., X;) by setting
a; = X; for j = 1,2,..., 4. Let Ay = K. By induction over 7, assuming
that A; ; is a division algebra over the field F; ; = K (X1, Xs, ..., X;_1),
we may prove that the algebra A; is a division algebra over the field F; =
K (X1, Xo, ..., X5).

Let Agl = F, ®p_, Ai1. For a; = X; we apply the Cayley-Dickson
process to algebra A"F_Z_l. The obtained algebra, denoted A;, is an algebra
over the field F; and has dimension 2°.

Let

r=a+bv, y=c+dv,,

be nonzero elements in A; such that zy = 0, where v? = ;. Since
zy = ac + X;db + (be + da)v; = 0,

we obtain B
and
bc + da = 0. (2.2.)

But, the elements a,b,c,d € AE_I are different from zero. Indeed, we have:
i) If a=0and b#0, thenc=d=0=y =0, false;
ii)[fb=0and a # 0, then d = ¢ =0 =y = 0, false;

iii) If c=0and d # 0, then a =b =0 =z = 0, false;
iv) Ifd =0and ¢ # 0, then a = b =0 = = = 0, false.

This implies that b # 0,a # 0,d # 0,¢ # 0. If {1, fo,..., foi-r} is a

21'—1 21—1 /

.. g;
basis in A;_q,then a = Y ¢;(1® f;) = > 9;f5,9; € Fi,9; = g—f,,gg»,g;’ €

=1 A j=1 i
KXy, ., X, ¢f #0,j=1,2,..27", where K[X\,..., X;] is the polynomial
ring. Let ap be the less common multiple of g7, ....gJ;_,, then we can write

. b
a = i, where a; € A% a; # 0. Analogously, b = ! ,C = a ,d =
as @ b2 Co

d .
d—l,bl,cl,dl € Agl — {0} and ay, by, ¢, dy € K[X1, ..., Xi] — {0}.
2



If we replace in the relations (2.1.) and (2.2.), we obtain
a101d2b2 + Xij1b1a262 =0 (23)

and
b]_é]_d2a2 + dlaleCQ = 0. (24)

. If we denote as = albg,bg = bla2,03 = Cldg,dg = d1€2, Clg,bg,Cg,dg €
At — {0}, the relations (2.3.) and (2.4.) become

ascs + Xicigbg =0 (25)

and
bgég + d3a3 =0. (26)
Since the algebra Agl = F, ®p,_, A;—1 is an algebra over F;_; with ba-
sis X'® f;, i € Nand j = 1,2,..2"7", we can write ag, bs, ¢3, ds under
the form a3 = > z; X/, b5 = > y; X/, c3 = > %X/, ds = Y w;X], where

jzm jzn Jjzp jzr
Tj,Yj, 2, W € A1, T, Yn, 2p, Wy # 0. Since A;_; is a division algebra, we
have z,,2, # 0,w,yn # 0, Ynz, # 0, w,x, # 0. Using relations (2.5.) and
(2.6.), we have that 2m +p+r = 2n + p+ r + 1, which is false. Therefore,
the algebra A; is a division algebra over the field F; = K (X1, X5, ..., X;) of

dimension 2°.

3. A division algebra of dimension 2! and prescribed level and
sublevel 2¢ t k € N*

In his paper [O’ Sh; 07(1)], J. O’Shea gives a classification of the levels
of quaternion and octonion algebras. Now we extend some of these results
to the algebras obtained by the Cayley-Dickson process.

The level of the algebra, Adenoted by s(A), is the
least integer n such that —1 is a sum of n squares in A. The sublevel of the
algebra A, denoted by s(A), is the least integer n such that 0 is a sum of
n 4 1 nonzero squares of elements in A. If these numbers do not exist, then
the level and sublevel are infinite.



Obviously, s(A) < s(A). We remark that, if in the Cayley-Dickson pro-
cess, the quaternion algebra A, and the octonion algebra are split, then
s(Az) = s(As) = 1. (See [Pu, 05, Lemma 2.3.])

Let A be an algebra over a field K obtained by the Cayley-Dickson pro-
cess, of dimension ¢ = 2!, T and Tp be its trace and pure trace forms.

Proposition 3.1. If s(A) < n then -1 is represented by the quadratic
form n x T¢.

Proof. Let y € A,y = 1422 fot+... 42, f,, x; € K foralli € {1,2,....q}.
Using the notations given in the Introduction, we get y* = 22 + Box3 + ... +
ﬂqxg + 221y, where ¢ = xafs + ... + x,f,. If —1 is a sum of n squares
in A, then —1 = yi + ... +y2 = (23, + Boaly + ... + Bgai, + 20119)) + ... +
(22, + Baxly + ... + B2, + 22myy) - Then we have
1= 23+ B> x4+ ...+ ﬁqufq and

i=1 i=1 i=1

n n
Y xaTin = Y TTiz... = = Y T Ty = 0, then n x T represents —1.00

In Proposition 3.1, we remark that the quadratic form <1 >1 n x T¢ is
isotropic.

Proposition 3.2. For n € N*| if the quadratic form <1 >1n xTp is
isotropic over K, then s(A) < n.

Proof. Case 1. If —1 € K*2, then s(A) = 1.

Case 2. —1 ¢ K*2. Since the quadratic form < 1 >_1 n x T is isotropic
then it is universal. It results that < 1 >1 n x Tp represent —1. Then,
we have the elements & € K and p; € Skew(A), i = 1,...,n, such that

—1=a*+ 5221%22 +..+ ﬁqprq , and not all of them are zero.
i) If «=0, then —1 = 622@2 + ..+ BqZplq It results

—1 = (Boply + oo+ Bypiy) +oo (@pnz + - + ﬁqpnq) Denoting u; = pia fo+
..+ pigf4, We have that ¢ (u;) = 0 and u? n( ) = Bop + ... + 6qplq, for
all i €{1,2,...,n}. We obtain —1 = u? + ... + u2

ii) Ifa#0,then 1 +a?#0and 0 = 1 +a® + ﬂgzlpgg + ...+ 5qu?q~
i i=1

Multiplying this relation with 14«2 | it follows that 0 = (1+a?)?+ 3> 15+
i=1
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ot ﬁqizzlr?q. Therefore —1 = 52izzlrg + ...+ ﬁqizzlrg, where 7, = 7;;(1 +
)™t 5 €42,3,...,q} and we apply case i). Therefore s(A) < n.0J

Lemma 3.3.[Sch; 85, p. 151] Let n = 2% and ay,...a,, by, ...,b, € K.
Then there are elements co, ...,c, € K such that

(@ + .. +a®) B+ ...+ 1) = (arhy + ...anbp)’ + E + ... + 2.

Now we can state and prove some generalizations of J. O’Shea’s results
(Lemma 3.9, Proposition 3.2. and Proposition 3.3., Lemma 3.4., Theorem
3.5., Corollary 3.10. and Theorem 3.11. from [O’Sh; 07(1)]):

Proposition 3.4. If n € N*, n = 2% — 1 such that s(K) > 2%, then
s(A) <nif and only if <1>1nxTp is isotropic.

Proof. From Proposition 3.1, supposing that s(A) < n, we have —1 =
S Dh + o> ph + - + B4y p;, such that
i=1 i=1 i=1

n n n
Zpilpm = Zpilpiii == Zpilpiq =0.
i=1 i=1 i=1

Since s(K) > 2% it results that —1+ > p? # 0. Putting pos; = 1 and pory =
i=1

Dok3 = ... Pokg = 0, we have
n+1 n+1 n+1
0= "ph+5> pht..+6,> p (3.1)
i=1 i=1 i=1
n+1 n+1 n+1 ) ) n+1
and > papie = Y. paPis = ... = »_Pitbig = 0. Multiplying (3.1.) by ST pA,
i=1 i=1 i=1 =1

n+1 2
since (Z p?l) is a square and using Lemma 3.3. for the products
i=1

n+1 ) n+1 ) n+1 ) n+1 )
D D D Dits s Piq > p3, we obtain
i=1 =1 ] i=1

=1 %

n+1 2 n+1 n+l
0= (Zp§1> + B Tt B Th, (3.2)
=1 =1 =1
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n+1 n+1
where 7, .1 € K, n+1 = 2k g = Zpilpi2 =0,r3 = Zpilpi?) =

i=1 =1
n+1 n+1 n+1
0,...,71g = >, PirPig = 0. Therefore, in the sums Y 73, ..., Y77, we have n
i=1 i=1 i=1

factors. From (3.2), we get that < 1 >_1 n x Tp is isotropic..]
Proposition 3.6. If s(K) > 2k then the quadratic form 2% x Tg is
isotropic if and only if <1 >1 28 x Tp is isotropic.

Proof. Since the form < 1 >_1 2% x Tp is a subform of the form 2* x T¢,
if the form < 1 >_1 2% x Tp is isotropic, we have that 2% x Ty is isotropic.
For the converse, supposing that 2% x T is isotropic, then we get

2k 2k 2k
S PIA B pht ot B _piy =0, (3.3)
i=1 i=1 i=1

where p;, pi; € K,i=1,...,2% j € 2,...,q and some of the elements p; and p;;
are nonzero.
If p;=0,Vi=1,...,2% then 2¥xTp is isotropic, therefore < 1 >_1 2¥xTp
is isotropic.
2k 2k
If >"p? # 0, then, multiplying relation (3.3) with >_p? and using Lemma
- 2k ok 2k ok -
3.3. for the products Zp?2;p?,..., . pfq;p?, we obtain

i=1 i =1

ok ok

2k
O 0+ By i+ B,y ri =0,
i=1

i=1 i=1
then < 1 >_1 2¥ x Tp is isotropic.

2k
Since s(K) > 2% the relation > p? = 0, for some p; # 0, does not work.

i=1
2k

Indeed, supposing that p; # 0, we obtain —1 = > (p;p; *)?, false.]
i=2

Proposition 3.6. Let n =28 —1 and s(K) > 2*. Then s(A) < n if and
only if< 1 >1 (n x Tp) is isotropic or (n+ 1) x Tp is isotropic.

Proof. Since s(A) < s(A4),if <1 >1 (n x Tp) is isotropic, then, from
Proposition 3.4, we have s(A) < n. If (n + 1) x Tp is isotropic, then there are

12



the elements pij € K,1= 1 .,2% 5 €2, ..., q, some of them are nonzero, such

that 3 Zplz ot ﬁqszq = 0. We obtain 0 = (Bop?, + ... + Bp3,) + ... +

(6217112 + .+ ﬁqpnq) Denotlng u; = piafa + ... + pigfy, we have t(u;) = 0
and u? = —n(u?) = Boph + ... + ﬁquq, for all i € {1,2,...,n}. Therefore
0= u% + ... + u2. It results that s(A) < n.

Conversely, if s(A) < n, then there are the elements yy,...,ynt1 € A,
some of them must be nonzero, such that 0 = y7 + ... + y2,,. As in the

n+tl n+1 n+1
proof of Proposition 3.1., we obtain 0 = 3 273 + B2 > a3 + ... + > 77,
~ ~ ~
n+1 n+1 n+1 ‘ ’ ’
and inlain = Zl’ﬂxi:;... = Z.Q?ill‘in = 0. If all Ti1 = 0, then (n+ 1) X
i=1 i=1 i=1
n+1

Tp is isotropic. If > a3 # 0, then (n+ 1) x T¢ is isotropic, or multiply-
i=1

2k
ing the last relation with Y 2% and using Lemma 3.3. for the products
2k 2k 2k -
ZJZ‘ZQZxﬂ,.. lequﬂ, we obtain that < 1 >1 (n x Tp) is isotropic.

=1 =1
n+1

Since s(K) > 2%, the relation . z2 = 0 for some z;; # 0 is false. [J
i=1
Proposition 3.7. If —1 ¢ K*?, then s(A) =1 if and only if either Tc
or 2 X Tp 1s isotropic.

Proof. We apply Proposition 3.6 for £ = 1.[J

Proposition 3.8. Let A be an algebra obtained by the Cayley-Dickson
process. The following statements are true:

a) If —1 s a square in K, then s(A) =s(A)=1.

b) If -1 ¢ K*2, then s(A) =1 if and only if Tc is isotropic.

Proof. a) If -1 =a® € K C A, then s(A) = s(A4) = 1.

b) If —1 ¢ K*? and s(A) = 1, then, there is an element y € A such
that —1 = ¢? with y = v1 + yafa + ... + yofy- Since y> + 1 = 0, then
y1 = t(y) = 0 and so n(y) = 1. Since 27T¢ (y) = t (y*) = —2n(y) = —2, we
obtain T¢ (y) = —1, then

y' = —1= 3oy + ... + Beyz,

therefore 0 = 1+ Boy3 + ... + [ey7. It results that Tt is isotropic.

13



Conversely, if Ty is isotropic, then there is y € A,y # 0, such that
To(y) = 0 = y? + Boys + ... + ﬁqyg. If y, = 0, then Te (y) = Tp (y) = 0,

2
so y = 0, which is false. If y; # 0, then —1 = ((Z%) fato (z_;;) fq) ’
obtaining s (A) = 1.0

Remark 3.9. Using the above notations, if the algebra A is an algebra
obtained by the Cayley-Dickson process, of dimension greater than 2 and if
ne is isotropic, then s (A) = s(A) = 1. Indeed, if —1 is a square in K, the
statement results from Proposition 3.8.a). If —1 ¢ K*?, since nc =< 1 >1
—Tp and ne is a Pfister form, we obtain that —7Tp is isotropic, therefore T
is isotropic. Using Proposition 3.8., we have that s (4) = s (A4) = 1.

Proposition 3.10. Let A be an algebra over a field K obtained by the
Cayley-Dickson process, of dimension q¢ = 2, Tc and Tp be its trace and
pure trace forms. If t > 2 and 2% x Tp is isotropic over K, k > 0, then
(14 [22%)) x Tp is isotropic over K.

Proof. If 2% x Tp is isotropic then 2¥ x —Tp is isotropic. Since 2¥ x
ne = 28 x (< 1 > L —Tp) and n¢ is a Pfister form, from Proposition
1.6.(ii), we have 2% x n¢ is a Pfister form. Since 2% x —Tp is a subform of
2% X ne, it results that 2% x ne is isotropic, then it is hyperbolic. Therefore
28 x ng ~< 1,1,...,1,—1, ..., —1 >(there are 2*7=! of —1 and 2FF~1 of 1).
Multiplying by —1, we have that 2% x (< —1 > L Tp) is hyperbolic, then has
a totally isotropic subspace of dimension 2**~1. It results that each subform
of the form 2% x (< —1 > 1Tp) of dimension greater or equal to 281 is
isotropic. Since (2f — 1)(1 + [32F]) > (2f —1)(32*%) > 2/712F = 2FF1 then
(14 [22%]) x Tp is isotropic over K.O

Proposition 3.11. Let A be an algebra over a field K obtained by the
Cayley-Dickson process, of dimension q¢ = 2. Tc and Tp be its trace and
pure trace forms. Let n = 2F — 1, s(K) > 28 If t > 2 and k > 1 then
s(A) <28 —1if and only if < 1> L(2% — 1) x Tp is isotropic.

Proof. We use Proposition 3.6. and we have that s(A) < 2% — 1 if and
only if <1 >1 (n x Tp) is isotropic or (n + 1) x Tp is isotropic. In this case,
we prove that 2¥ x Tp is isotropic implies < 1 > 1 (2% — 1) x T is isotropic.
If 2¥ x Tp isotropic over K then (1 + [22¥]) x T is isotropic over K, from
Proposition 3.10. If %k > 2, then (1 + [%2"7]) < 28 — 1 and we have that
(14 [22%]) x Tp is an isotropic subform of the form < 1> 1 (2% —1) x Tp.0

Proposition 3.12. Let K be a field such that s(K) > 2.

14



i) If k> 2, then s(A) < 2% —1if and only if s(A) <2F—1.
i) If s(A) =n and k > 2 such that 2"~ <n < 2% then s(A) <2F—1.
iii) If s(A) =1 then s(A) <2.

Proof. i) For k > 2, then s(A) < 2F — 1 if and only if < 1 >1
((2¥ — 1) x Tp) is isotropic. This is equivalent with s (A) < 2% — 1.

i) If n <2k k> 2, it results n < 2% —1, and we apply i).

iii) We have that s(A) = 1 if and only if < 1 >1 Tp =T is isotropic or
2 x Tp is isotropic. If 2 x Tp is isotropic, then it is universal and represents
—1. Therefore s(A) < 2. If T¢ is isotropic, then Tp is isotropic, then is
universal and represents —1. We obtain s (A) = 1.00

Proposition 3.13. With the above notations, we have:

i) For k> 2, if s(A)=2%—1 then s(A)=2F—1.

i) For k > 2, if s(A)=2% then s(A)=2"

iii) For k> 1, if s(A)=2"+1 then s(A)=2"+1 or s(A)=2"

Proof. i) From Proposition 3.12., if s(A) = 2F —1 then s (A) <2~ — 1.
Since s(A) < s(A), therefore s (A) = 2% — 1.

i) If s(A) <2F —1 we have s(A) <2F—1, false.

iii) For k > 1, if s(A) = 2F + 1, since s(A) < s(A), we obtain that
s(A) <28 +1.If s(A) <28 — 1, then s (A) < 2% — 1, false.0]

In the following, we give an example of division algebra of dimension 2¢
and prescribed level 2F.

Theorem 3.14 . Let K be a field such that s(K) = 2%, X be an
algebraically independent indeterminate over K, D be a finite-dimensional
division K —algebra with scalar involution — such that s (D) = s (K), Dy =
K(X)®g D and B = (D1,X). Then B is a division algebra over K(X)
such that s (B) = s (K).

Proof. By straightforward calculations, using the same arguments like in
Brown’s construction, see Section 2, we obtain that B is a division algebra.

For the second part, since s(B) < s(K) = n = 2*, we suppose that
s(B) < n — 1. It results that —1 = 32 + ... + y2_;, where y; € B, y; =
a1 + apu, u?* = X, a;1,a;n € Dy, some of y; are nonzero. We have y? =
a? + X@pnap + (ain@n + apai)u,i € {1,2,..n — 1}. Tt follows that

n—1 n—1
—1 =Y a} + X > Gas, where 1) = 1@ is involution in Dy, (x) = z. We
i=1 i=1

15



o piin (X)

remark that a;pa,9 € K(X), 1 E {1, vy N— 1} If a;; = Z ® bj,

=1 @i (X)
i1 (X . 4
with b € D, P gy e 1o n— 1) je {12, m}.
gji1 (X)
™ rjig (X) - 7ji2 (X)
g = S —9230) o g with d; € D, —3237) ¢ (X)),
’ a; wjip (X) 7 ’ wjiz (X) &
ie{l,2,..,n—1}, j €{1,2,...,m}, it results
m n—1 m m
p]ll X 2 sz X Tji2 X
; X
ZZ T O A © ZWX
i=1 j= 1 i=1 j=1 Jj=1

After clearing denominators, we obtain

ijl]. ®bj)2+Xi(Z7“}iz (X)®d;) (ZT}m@Ej), (3.4.)

i=1 j=1 i=1 j=1 j=1

n—1

where v (X) = lem{q;in (X),wjie (X)},i € {1,2,....n —1},5 € {1,2,....,m}
and - pl;; (X) = v (X) pjir (X) ;750 (X) = 0 (X) 752 (X)),
ied{l,..., n—1},j€{1,2,...,m}. We can write

0(X) = 0, X4 0,1 X 4 vy € K vy #0, (3.5.)

Zp;.“ (X)®bj =, X" + ap X"+ ) @y ity s € Doy, # 0,

D i (X)®d; = B X5+ B 1 X 4 By, Bayrs - € D, By, #0, (3.7)

Y P @d; =B, X%+ B, X 4 B, By € DB, #0. (38)

j=1

By (3.4.),if s= min s;, r = min r;, in the left side the minimum degree
i=1,n—1 i=1,n—1

is 2¢q (q possible zero) in the right side, the first sum has the minimum degree
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2r (r possible zero) and the second term has the minimum degree 2s+1. It re-
sults ¢ = r and 2r < 2s+1. Replacing the relations (3.5.), (3.6.), (3.7.) , (3.8.)
in the relation (3.4.), if 7 > 0, we divide relation (3.4.) by X?", such that,
in the new obtained relation the minimum degree in the both sides is zero.
Putting X = 0 in this new relation, we have

2 2

—v, =) ., a, €D.

We obtain

It follows that s (D) < n — 1, false.

Corollary 3.15. Let K be a field such that s(K) > 2¥ X be an
algebraically independent indeterminate over K, D be a finite-dimensional
division K—algebra with scalar involution ~— such that s(D) < oo, Dy =
K (X)®k D and B = (Dy,X). Then:

i) B is a diwvision algebra.

ii) s(B) =s(D).

iii) s(B) = s(D).

Proof. i) and ii) result from Theorem 3.14.

iii) We prove that s(B) = s(D). Since s(B) < s(B) = s(D), then

s(B) < s(D)=m < 2¥we suppose that s(B) <m — 1.
It results 0= y?+...+y2,where y; € B. Using the same notations like

m 1
in Theorem 3.14, after straightforward calculations, we obtain 0= _ (> _pj;; (X)®
i=1 j=1

b;)? +XZ(ZTJZ2( )® )(ZTJQ@d ). Itresults 0 = a2, a,, € D, there-

i=1 j= i=1
fore s (D) <m — 1, false. Then s(B)=s(D).0

Remark 3.16. Using Example 4.2. from [O’ Sh; 07(1)], we have that,
if Ky is a formally real field, then the field Fy = Ko((Zk +1) x < 1>) has
the level 28 If D = Ay = Fy, K = Fy, Dy = K(X)) ®k Ay, from Brown’s
construction and Theorem 3.14., the K (X;)—algebra B, obtained by appli-
cation of the Cayley-Dickson process with a = X to the K (X;) —algebra
Dy, is a division algebra of dimension 2 and level 2.
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By induction, supposing that D = A; ; is a division algebra of dimension
2171 and level 2% over the field K = Fy(Xy,..., X; 1), then, if D = A; 4,
Dy = K(X;)®k A;—1 and B is the K (X;) —algebra obtained by application
of the Cayley-Dickson process with o = X, to the K (X;) —algebra D;, then
B is a division algebra of dimension 2! and level 2*.

Looking to the field Fy like as an Fy—algebra, then the field F; has the
same level and sublevel. Using above proposition, we have that s(B) = s (B)
— 2%, This is an example of a division algebra of level and sublevel 2% and
dimension 2!, ¢, k € N*.

4. Algebras of sublevels 2* + 1,k € N* obtained by the Cayley-
Dickson process

Let Fy be a formally real field. In their paper [La, Ma; 01|, Laghribi
and Mammone proved that the quaternion algebras Q(m) = (X—If) ®RF K
are division algebras of level m, where m = 28 + 1,k > 0, F = Fy(X,Y),

K=F (< 1>1mx Tg) , Q= (%) is a quaternion algebra over F' and

T 1? its pure trace form over F' and in her paper [Pu; 05], S. Pumpluen proved
that O(m) = (X’IZ’Z ) ®p K are octonion division algebras of level m, where
m=2"4+1k>0,F=FR(X,Y,2),K=F(<1>1mxTg),0 = (¥3%)
is an octonion algebra over F and TS its pure trace form over F.

In his paper [O’Sh; 07(1)], Proposition 4.7., J. O’Shea proved that the
octonion algebra O(5) is a division algebra of sublevel 5 and, in [O’Sh; 07(2)],

he conjectured that the relations

s (Q(m)) = 5(Q(m)) =m (4.1.)

and

s (0 (m)) = 5(0 (m)) = m. (4.2.)

are true, but he proved them only for m = 2¥, k € N and m < 7 for the
octonions and m = 2*, k € N and m < 3 for the quaternions.

Starting from some ideas given in the mentioned works, especially in the
Proposition 4.7. from [O’Sh; 07(1)] and in the proof of Theorem 3.3. from
[O’Sh; 07(2)], in the following, we prove that the quaternion algebra Q(5)
has sublevel 5., and finally, we prove that, for n = 2¥ + 1,k € N, relations
(4.1) and (4.2.) hold.

18



Proposition 4.1. Let z be a transcendental element over K,V a vector
space over K, dimV > 3. Let q:V — K be a reqular quadratic irreducible
form. We have that K (q) (z) = K (z) (q) , where K (q) is the functions field
of q over K and K (z)(q) is the functions field of q over K (x).

Proof. Suppose that ¢ has the diagonal representation < aq, as, ..., a, >.
The function field of g over K is the quotient field of K|z, ..., ,]/ (a1 + a2x3 + ... + a,z2) .
This field is K (22, ..., 2n—1) (v/—), where @ = a,,* (a1 + a223 + ... + ap_122_;) .
Since q is irreducible over K (), its functions field over K (x) is the quotient
field of

K (2) [2, ..., zn)/ (a1 + a2zl + ... + apzl) .
This field is K (z) (22, ..., To—1) (vV/—a), where @ = a;' (a1 + @223 + ... + ap_122_,) .
Since K (z) (w9, ..., Tp_1) (V—0) = K (23, ..., x_1) (/=) () , it results that
K (q) (z) = K (2) (q) .1
Theorem 4.2. Let F = Fy(X,Y),K = F << 1> 15x Tf;?) . With

the above notations, let Zbe an algebraically independent element over F.
Let Q= Q(5) @k K (Z) and Of = (Q%, Z). Then the following statements
are true:

i) The algebra O is a division algebra of level and sublevel 5.

i1) The algebra @Q (5) is a division algebra of level and sublevel 5.

Proof. i) Denoting ¢ =< 1> 15xTF, where T¢ ~< XY, - XY >,
from the above proposition, it results that

K(Z):F<<1>L5><T§> (2) = F(2) <<1>L5><T§>.
Therefore K (Z) = F (¢) (Z) = F(Z) (). Since the algebra Q(5) has the

level 5, using Proposition 3.16., we obtain that the algebra Of is a division
algebra and has level 5. We prove that the algebra Of has sublevel 5. Suppose

s( Of ) < 4. Then
5
> ad+> =0 (4.1.)
i=1 :

and
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where ¢; € F'(Z) (¢), pi € P,P the F(Z) (¢)-vector space spanned by the
pure octonions.

Case 1. ¢; =0, forall i € {1,2,...,5}. From (4.1.), it results that 5 x TS
is isotropic over F (Z) (p).

Case 2. If thereis at least an element 7 such that ¢; # 0, relation (4.2.)
implies that we get a 4-dimensional F'(Z) (¢)- vector subspace V of P, con-
taining py, pa, P3, P4, Ps- Let B:V — F(Z) (), 3 (p) = p. Therefore 3 is a
4 dimensional subform of TS ~< XY, - XY, Z, —~XZ - XY,-YZ, XY 7 >
and, from (4.1.), the form v = 5x(< 1 >1 f3) is isotropic over F' (Z) (¢) . We
denote 6 =< 1 >1 (3. Repeated applications of Springer’s Theorem implies
that 5 x TS , v and 8 x (< —1 > T§) are anisotropic over F (7).

To prove that s( Of ) £ 4 it is sufficient to show that 5 x T and v are
anisotropic over F (Z) (¢) .

If 5xTE is isotropic over F (Z)(p), since the form 8 x (< —1 >1
TS) is a Pfister form, then becomes hyperbolic over F (Z) (). For each
a € Dz (8x (< =1>LTF)) ayp is a subform of 8 x (< —1 >1 TR),
from Cassels-Pfister Theorem. Since X € Dp(z) (8 X (<—=1>1 TIQ)) , using
Lemma 3.7., p.8, from [Sch; 85], it results that

Xoo< X >15x < 1L,XY, Y, XZ,~2,-XYZ,YZ >

is a subform of 8 x (< —1 >1 T§), therefore 5x < 1 > is a subform of
8 x (< —1>1T9), false. Hence 5 x TS is anisotropic over F (Z) ().
If 7 is isotropic over F (Z) (¢), from Proposition 1.3., we have

Dpz) (¢) Drzy (¢) € Dpz) (7) Drz) () -

Since Tg ~< XY, XY >, it results that XY, —XY € Dp(z) (¢). There-
fore X, Y, —=XY € Dr(z) (¢) Dr(z) (¢) , hence X, Y, =XY € Dp(z) () Dr(z) (7) -
We prove that < X >, <Y >, < —XY > are subforms of 3. If < X > is
not a subform of 3, then we find a multiple of X in Dp(z) (v) Dpz) (7) of

the form —X> A? A; € F(Z) .(For example, if 3 ~< Y, -XY,Z, - X7 >,
i=1

7

it results Y, —XY, Z, —XZ € DF(Z) (’}/) y then —XY2 S DF(Z) (")/) DF(Z) ("}/))
From Springer’s Theorem, we have that -y is anisotropic over F' (Z) . From the
same Theorem, it results that m x § is anisotropic over F' (Z) for all m € N*,
therefore ¢ is strongly anisotropic over F'(Z). From Remark 1.1., we have
that Dpz) (v) C Py = {a/a =0 or « is represented by n x §,n € N* } B
is a g-preordering and there is a g-ordering P such that Py C P or —F, C P.

20



5
Therefore Dpz) (7) Dpz) (v) C P- P C P. If X is positive, then —X_ A?
i=1

is negative and if X is negative, then —X ZAQ is positive, false.

In the same way, we prove that <Y > < — XY > are subforms of [,
therefore X,Y, —XY € Dp(z (7). Since 1 € Dp(z) (7), we have that 1 €
Py C P, therefore XY, — XY are positive, false. We obtain v is anisotropic

over F'(Z) () .1t results that s( Of ) = 5.
ii) From 1), using Corollary 3.15., we have s( Q(5) ) =s( Of ) = 5.0

Theorem 4.3. Let F' = Fy(X,Y) and Q = ( ) be a quaternion
algebra over F. Let K = F << 1>1mx TQ> . The quaternion algebra

Q(m) = (XY) ®p K is a quaternion division algebra of level and sublevel m,
where m = 2F + 1,k >0, and Tg its pure trace form over F.

Proof. Since for £ < 1 the result is proved in [O’ Sh; 07(2)] and for
k = 2 we prove the result in the above proposition, in the following, we
suppose that & > 3. We denote ¢ =< 1 > J_(2k+1) X Tg, where

T]? ~< X, Y, —XY > . Let Zs, ..., Z;11 be algebraic independent elements
over ' = Fy (X, Y),K = F << 1>1(2F+1) x Tg) . From Proposition
4.1., it results that

K (Zs, o Zosn) = F << 1> 1(2F+1) x T,?) (Zsy oo, Zpyr) =

= F(ZgZin) (< 1> L (2 41) x TF)

= Fy(Z1, e Zist) << 1> 1 (2F+1) x Tﬁ) .

Let @), = Q(m) ®x K (Z3) and O), = (Q’,, Z3) be an octonion algebra
as in Brown’s construction. Then the algebra O/, is a division algebra of
dimension 2% and of level m. We repeat this construction until we obtain a
division algebra A; of dimension 2!, t = k+1, like in the Brown’s construction.
Let Tj.f‘t its pure trace form. From Corollary 3.15., the algebra A; has level
m. We suppose that the sublevel is at most m — 1 = 2*.

Then
dE+) pi=0 (4.3)



and
m

i=1
where ¢; € Fo (Z1, ..., Zk1) (@), =< 1> L (2”C + 1) x Th', p; € P,P the
Fo (Zy, ..., Zki1) (@)-vector space spanned by the pure elements in Ay.

Case 1. ¢; =0, for all i € {1,2,...,m — 1}. From (4.3.), it results that
(2F+1) x T is isotropic over Fy (Z, ..., Zis1) () -

Case 2. If there is at least an element i such that ¢; # 0, relation (4.4.)
implies that we get a m — 1-dimensional Fy (71, ..., Zx11) (¢)- vector subspace
V of P, containing p1,pa, ..., pm- Let BV — Fo(Z1, ..., Zyy1) (0), B (p) =
p?. Therefore 3 is a m — 1 dimensional subform of Tj.flt and, from (4.4.), the
form v = (28 + 1) x (< 1 >L ) is isotropic over Fy (Z1, ..., Zi41) (p) . We
denote 6 =< 1 >1 (3. Repeated applications of Springer’s Theorem implies
that (284 1) x 75" , v and 2¥! x (< —1 >1 T}") are anisotropic over
F() (Zl, ceny Zk—l—l) .

To prove that s( A; ) £ m — 1 it is sufficient to show that (2% + 1) x T}"
and 7 are anisotropic over Fy (Z, ..., Zki1) () .

If (2’“ + 1) X Tj.f‘t is isotropic over Fy (Z1, ..., Zk+1) (@), since the form
2kl % (< —1 > TH") is a Pfister form, then this form becomes hyperbolic
over Fy (Z1, ..., Zr41) (@) . Forany a € Dz, (2 x (< =1 > L THY))
ayp is a subform of 251 x (< —1 > T}"), from Cassels-Pfister Theorem.

-----

Xo~< X >Lx(2841) <1, >

is a subform of 2¥*! x (< —1 >1 Tj"), therefore (2P+1)x <1>1isa
subform of 21 x (< —1 >1 T4*), false. Hence (28 4+ 1) x T} is anisotropic
over FO (Zl, ey Zk+1) (QD) .

If 7 is isotropic over Fy (Z1, ..., Zki1) (@), from Proposition 1.3.; we have

X7 }/7 _XY S DFQ(Z1 ..... ZkJrl) (()0) DFO(Z1 ..... Zk+1) (SO) .

We prove that < X >, <Y >, < —XY > are subforms of . If < X > is
not a subform of 3, then we find a multiple of X in Dg (z,.....z,..) (V) Dryz1,... 20,0) (7)
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of the form —X> A? A; € Fy(Zy,..., Zxy1) . From Springer’s Theorem, we
i=1

have that ~ is anisotropic over Fg (Z1, ..., Zk+1) . From the same Theorem, it
results that m x ¢ is anisotropic over Fy (Z1, ..., Zy41) for all m € N*| therefore
J is strongly anisotropic over Fy (Z, ..., Zg+1). From Remark 1.1., we have
that Dgy(z,,..2e.1) (7) C Po = {a/a = 0 or « is represented by n x §,n € N*
}, Py is a g-preordering and there is a g-ordering P such that Py, C P or
—Py C P. Therefore Dgy(z,...2.,,) (V) Dryz1,.z0) (7) CP-P CP. If X
is positive, then —X > A? is negative and if X is negative, then —X > A? is

=1 =1
positive, false.

In the same way, we prove that < Y >, < —XY > are subforms of
3, therefore X,Y, —=XY € Dpyz,,..z..,) (7) - Since 1 € Dgy(z,...z,.,) (7), we
have that Py C P, therefore X,Y, —XY are positive, false. We obtain 7 is
anisotropic over Fy (21, ..., Zr+1) (@) -

It results that s( A; ) = 2% + 1, therefore, using Corollary 3.15., we have
s(Q(m) ) =m,m=2"+10

Theorem 4.4. Let F' = [, (X,Y,Z) and O = (£5Z) an octonion
algebra over F.

The octonion algebra O(m) = (X’;:’Z) ®p K s an octonion division alge-
bras of level and sublevel m, where m = 2841,k >0, , K = F (< 1> 1m x TIQ) ,
and TS is its pure trace form over F

Proof. The case k < 2 is proved in [0’ Sh; 07(2)], in the following we
suppose that k > 3. We denote o =<1> L (2" +1) xTF, where TF ~
XY, -XY. Z —XZ,-YZ XYZ > . Let Zy, ..., Z;.1be algebraic indepen-
dent elements over F = Fy(X,Y,Z), K = F << 1> 1 (2’g + 1) X Tg) )
Proposition 4.1. implies that

K(Ziys Zpp1) = F << 1> 1 (2F+1) x T,?) (Zsy oo, Zpsr) =
= FZio Zin) (< 1> L (2 41) x TF) =
= Fy(Z1y oy Zin) (< 1> 1(2F+1) x Tg) ,

where X = Z,,Y = 75,7 = Z3. Let O], = O,, ®x K (Z;) and S/, =
(O, Z4) be the sedenion algebra as in Brown’s construction. Then S/ is a
division algebra of dimension 2* and of level m. We repeat this construction

23



until we obtain a division algebra A; of dimension 2¢,¢ = k+1, like in Brown’s
construction. Let Tﬁt be its pure trace form. By Corollary 3.15., this algebra
has level m. Using the same arguments like in the above proposition, the
sublevel of algebra A; is 2% + 1, therefore s( O(m) ) = m,m = 2F + 1.0
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