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ABSTRACT. We study the transfer of nondegeneracy between Lie triple systems
and their standard Lie algebra envelopes as well as between Kantor pairs,
their associated Lie triple systems and their Lie algebra envelopes. We also
show that simple Kantor pairs and Lie triple systems in characteristic 0 are
nondegenerate.

INTRODUCTION

The local nilpotency of the ideal generated by all absolute zero divisors in a
Lie algebra of characteristic zero, shown by Grishkov [9], implies that simple Lie
algebras in characteristic zero are always nondegenerate, i.e., do not have nonzero
absolute zero divisors. Similarly, Zelmanov in [17] proves that the subalgebra gen-
erated by all absolute zero divisors of a Lie algebra L over a ring of scalars with 1/6
is locally nilpotent. Moreover, if the characteristic of the ring of scalars is different
from 2, 3 and 5, it is easy to show that the subalgebra generated by all absolute
zero divisors of a simple short Z-graded Lie algebra L=L s ®L_ 1P Lo® L1 & Lo
is in fact an ideal, so we also have that “simple implies nondegenerate”.

One of the goals of this paper is to show that simple Lie triple systems and
Kantor pairs are nondegenerate under certain restrictions on the characteristic of
the base field. Due to the close relation of Lie triple systems and Kantor pairs with
Lie algebras, we have chosen to show the transfer of nondegeneracy from Lie triple
systems and Kantor pairs to their standard Lie envelopes.

Any Lie triple system T gives rise to a well-defined Z,-graded Lie algebra L =
[T,T] ® T, the so-called standard Lie envelope of T, and, conversely, given any
Zo-graded Lie algebra L = Lg ® L1, the module L; has the structure of a Lie
triple system. Similarly, the standard Lie envelope of a Kantor pair V is a short
Z-graded Lie algebra Ly = Lo @ L_1 & Ly & Ly & Ly for which V = (L1, L_;);
conversely, for any short Z-graded Lie algebra L = L_o ® L_1 & Lo ® Ly ® Lo,

Date: October 16, 2007.

2000 Mathematics Subject Classification. Primary 17A40; Secondary 17B60, 17B99.

Key words and phrases. Kantor pairs, Lie triple systems, Lie algebras.

The first author was partially supported by the MEC and Fondos FEDER, MTM2004-06580-
C02-01 and MTM2007-62390, and by the Plan de Investigacién del Principado de Asturias FICYT-
1B05-017.

The second author was partially supported by the MEC and Fondos FEDER, MTM2004-03845
and MTM2007-61978, by the Plan de Investigacién del Principado de Asturias FICYT-IB05-017,
and by the Junta de Andalucia FQM264.

The third author was partially supported by Natural Sciences and Engineering Research Coun-
cil of Canada Discovery Grant #8836-2006.



2 ESTHER GARCI’A7 MIGUEL GOMEZ LOZANO, AND ERHARD NEHER

the pair of modules (L1, L_1) under the products induced by the Lie bracket is a
Kantor pair. Moreover, any Kantor pair V' gives rise to a polarized Lie triple system
T (V) whose standard Lie envelope is isomorphic to the standard Lie envelope of
V, i.e., EV = ‘CT(V)-

As a consequence of the transfer of nondegeneracy we get a nice characterization
of annihilators of ideals in nondegenerate Lie triple systems and Kantor pairs, which
easily implies the inheritance of nondegeneracy by ideals of Lie triple systems and
Kantor pairs.

Furthermore, Kantor pairs can be regarded as a generalization of Jordan pairs.
Simple 3-graded Lie algebras can be seen as Tits-Kantor-Koecher algebras of Jordan
pairs, but not every classical simple Lie algebra is 3-graded. Nevertheless, they are
all 5-graded and it is their associated Kantor pair who completely characterizes the
Lie algebra through its standard Lie envelope. It is therefore interesting to study
when Kantor pairs are Jordan pairs, and we do so by defining the biggest ideal of
a Kantor pair which is a Jordan pair. For nondegenerate Kantor pairs, this ideal
is essential if and only if the Kantor pair is in fact a Jordan pair.

1. PRELIMINARIES ON LIE TRIPLE SYSTEMS AND KANTOR PAIRS

Throughout this paper we will be dealing with Lie triple systems, Kantor pairs and
Lie algebras over a ring of scalars ® with 1/6 € ®.

1.1. We first recall some concepts for Lie algebras. An absolute zero divisor in
a Lie algebra L is an element = € L satisfying [z, [z, L]] = 0. A Lie algebra is
called nondegenerate if 0 is its only absolute zero divisor. We note that any ideal
of a nondegenerate Lie algebra is again nondegenerate, see [18, Lemma 4]. The
annihilator of an ideal I in a Lie algebra L is defined as Anny(I) = {x € L |
[z, I] = 0}. If L is nondegenerate, one knows [5, 2.5]) that

(a) Amng(I)={xz € L | [z,[I,z]] = 0}.

A Lie algebra L is called prime (respectively semiprime) if for all ideals I,.J of L
we have [I[,J]=0=I=0o0r J =0 (resp. [[,I] =0= 1 =0), and it is called
strongly prime if L is prime and nondegenerate.

1.2. A Lie triple system T is a ®-module with a trilinear product T x T x T — T
satisfying

(LTS1) 0= [z,x,vy],
(LTS2) 0= [x,y,z]Jr[y,z,x] + [vaay]v
(LTS3) [,y [z, w,u]] = [[#,y, 2], w,u] + [z, [z, y, w], u] + [z, w, [z, y, u]].

Amapd: T — T is a derivation of T if d[x,y, z] = [dz,y, 2] + [z, dy, z] + [z, y, dz]
for every z,y,z € T. We denote by Der(T’) the set of all derivations of T'; which is a
Lie subalgebra of End(T)(=). For every z,y € T, the map L(z,y) : T — T defined
by L(z,y)(z) := [z,y, 2] is an (inner) derivation of T. The subalgebra generated by
all inner derivations of T is denoted by L(T,T).

Every Lie algebra L can be viewed as a Lie triple system if we define the product
by: [z,y, 2] := [[z,y], 2] for every x,y,z € L. Thus every submodule T of L such
that [[T,T],T] € T is an example of Lie triple system. In particular, if L is a
Zs-graded Lie algebra, L = Lo @ Ly, then L; with product [z,y, z] := [[z,y], 2] is
a Lie triple system. Note that under our assumptions on ®, a Zs-grading is the
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same as the eigenspace decomposition of an automorphism of L of period 2. In
fact, T is a Lie triple system if and only if there exists a Zs-graded Lie algebra
L =Ly® Ly with T = L;. Indeed, if T is a Lie triple system and D is a Lie
algebra of derivations of T such that L(T,T) C D, then D & T with product
[dy ®x1,da®x2] = [d1,ds]+ L(x1, 22) B (dixe —dax1) is a Lie algebra. In particular,
Lr=L(T, T)®T is a Zs-graded Lie algebra which is called the standard embedding
of T, see for example [10, p. 309] or [15, IV]. The automorphism 0 of L defining
the Zy-grading of L is also called the main involution of Lr.

1.3. An ideal I of a Lie triple system T is a ®-submodule of T satisfying [I,T,T] C
T (note that then [T,I,T]+ [T,T,I] C I by (LTS 1) and (LTS 2)). A Lie triple
system T is simple if it has nontrivial product and contains no nontrivial ideals. An
element in a Lie triple system T is an absolute zero divisor if [x,T,z] = 0. A Lie
triple system without nonzero absolute zero divisors is called nondegenerate. We
will say that a Lie triple system T is semiprime if [I, T, I] # 0 for every nonzero ideal
I of T, and that T is prime if every two nonzero ideals I, J of T give [I,T, J] # 0.
Note that a Lie triple system is prime if and only if it is semiprime and every pair of
nonzero ideals of T have nonzero intersection. If I is an ideal of a Lie triple system
T we define the annihilator of I in T as Annp(I) ={x € T | [z, [,T]=[T,I,z] =
0} =T NAnng, ([T,I1 ® I) where [T,I] & I is the ideal of L7 generated by T'. It
follows that Annp () is an ideal of T. Analogous to the case of Lie algebras, T is
semiprime if and only if I N Annr(I) = 0 for every ideal I of T.

1.4. Concerning the transfer of properties between T and its standard embedding
L, T is (semi)prime if and only if (L7, €) is (semi)prime as algebra with involution,
see [4, 3.1]. It also known [13, Th. 2.13], [15, VI, Th. 2 and Th. 3] that a Lie triple
system is simple if and only if its standard embedding is either simple or a direct sum
of two simple Lie algebras. In particular, this implies that the standard embedding
of a prime Lie triple system need not be simple.

1.5. Recall that a Kantor pair V.= (V*, V) consists of two ®-modules with
trilinear products { , , }: VI x V79 x V7 — V7 ¢ = +, that satisfy

(KPl) [Vx,ya Vz,w] = V{w,y,z},w - Vz,{y,a:,w}a
(KP2) Kk, ey =Ko wVey +VyoKzw

where [A, B] := AB — BA, V, 4z := {z,y,2}, and Koz := {a,2,b} — {b, z,a} [1,
p-533]. Note that the opposite VP := (V~, V) of a Kantor pair is again a Kantor
pair. Also, a Jordan pair is a Kantor pair with K,; = 0 [14, 2.2]. Thus, Kantor
pairs are generalizations of Jordan pairs.

If L is a Z-graded Lie algebra of the form L = L_o®L_1$® Lo® L1 Lo, then the
pair of ®-modules (L1, L_1) with product {z,y, z} := [[z, ], 2], for every =,z € L,
y € L_,, is a Kantor pair. Conversely, it follows from [1] or [3, Th. 4.3 and Cor. 4.6]
that for any Kantor pair V = (V*+, V™) there exists a unique up to isomorphism
5-graded Lie algebra L=L_o® L_1 & Lo @ L1 & Ls with the following properties:
(i) V isomorphic to the Kantor pair (Ly,L_1), (ii) Loy = [Lo, Ls], Lo = [Lo, L—0]
for 0 = £, and (iii) if [x_2 + g + 22, L1 & L_1] = 0 then z_5 + x¢ + 22 = 0.
Thus, after identifying V' = (L1, L_1) the products in L are [[z,z],y] = K, .y,
[z, y], 2] = Vayz and [y, z],2] = —Vyyz for z,2 € L,, y € L_,. We will call
this Lie algebra the standard embedding of V and denote it Ly. In the setting of
what are now called Kantor triple systems, the construction of Ly goes back to the
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fundamental papers [11] and [12] of Kantor. Notice also that V is a Jordan pair if
and only if Ly and L_, in the above construction are both zero. In this case, Ly
is the Tits-Kantor-Koecher algebra of V.

1.6. Let V be a Kantor pair. A pair [ = (I'", 1) of ®-submodules of V is an ideal
of Vif {I7, V=2, Vo} +{V7, 177V} +{V?,V=7,17} C I? for 0 = +. A Kantor
pair V is simple if it has nontrivial product and V contains no nontrivial ideals.
An element z € V7 is an absolute zero divisor of V' if {x, V=7 z} = 0. A Kantor
pair without nonzero absolute zero divisors is called nondegenerate. A Kantor pair
V' is semiprime if every nonzero ideal I = (I't,17) of V has {IT,V~,IT} # 0 or
{I7,V* 17} # 0. We will say that a Kantor pair is prime if for any two ideals T
and Jof V, {I?,V=7,J%} =0, 0 = %, implies I = 0 or J = 0. Note that a Kantor
pair is prime if and only if it is semiprime and every two nonzero ideals of V have
nonzero intersection.

Let V be a Kantor pair and I = (I, 1) and ideal of V. We define the annihi-
lator of I in V as (Anny (I)*, Anny (I)7) with

AHHV(I)U = {(E eve | {ngligax} = {Iav Vigvx} = {xvliga VU}
(Vo I} = {1772, V") = {2,V I7} = 0}
As for Lie triple systems, we have that Anny (I) = (Anny (I)™, Anny (I)7) is an
ideal of V. If 7 is the ideal of Ly generated by I, then Anny (I) =V N Anng, (7).
1.7. By [1, Th. 7] each Kantor pair V gives rise to a Lie triple system T'(V) =
VT @V~ whose product is given by
[t +ayt +y 2" +27 | =

= ({‘T+7y_a Z+} + {‘T+7 z, y+} - {y+7 Z_,$+} - {y+7$_, Z+}) ®

D ({x_,y+,z_} + {l'_,Z+,y_} - {y_,z+,as_} - {y_,x+,z_})
for xt + 27, yT +y~, 2" + 27 € T(V), called the associated Lie triple system.
Moreover, if V' is a Kantor pair and T'(V) its associated Lie triple system, their
standard envelopes Ly and L7y are isomorphic as Lie algebras: if Ly = L 5 ®

L_1® Lo® Ly @ Ly is the standard envelope of V given in (1.5), then Lpwy =
(Lrvy)o @ (Lrvy)r with (Lpvy)o = Lo ® Lo ® Ly and (Lpvy)1 = L1 ® L.

There are close relations between ideals of a Kantor pair V' and ideals of T'(V):

Lemma 1.8. Let V' be a Kantor pair and T(V') its associated Lie triple system.

(1) If T=(I*",1I7) is an ideal V, then It @& I~ is an ideal of T(V).

(2) If I is an ideal of T(V), then INV := (INVT,INV~) and n(I) =
(zt(I), 7 (I)) are ideals of V, where 7% : V* @ V= — V7 denotes the
projection onto V7 along V7.

(3) If I = (I*,I7) is anideal V., Annpo(IT@®I7) = Anny ()" @ Anny (1)~

Proof. (1) is trivial.
(2) That 7(I) is an ideal follows from the following product rules with obvious
notations: 77 ([z,y~7,2%]) = WU({xU,y‘“,z”}@{x“’,z‘ﬂy“’}—{y“’,z",x‘"}) =

{m7(x),y=7, 2%} and, similarly, 7 ([27, y, 27]) = {27, 777 (y), 27} and 77 ([27, y ™7, 2]) =

{z%,y= 7,77 (2)}.

(3) It is clear that Anny (1) & Anny (I)~ C Annpy)(IT @ I7). Moreover, by
the formulas above, if z € Annpqy (It @ I7), then 77(2) € Anngpy(IT & 17).
Now, Annpyy(IT @ 17) NV C Anny (1)7 implies (iii). O
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The last lemma allows us to relate regularity properties of a Kantor pair with
those of its associated Lie triple system T'(V):

Proposition 1.9. Let V be a Kantor pair and T(V') its associated Lie triple system.
Then

(1) Ewery absolute zero divisor of V' is an absolute zero divisor of T(V). More-
over, if x + 2~ € T(V) is an absolute zero diwvisor of T(V'), then xt and
x~ are absolute zero divisors of V.

(2) V is nondegenerate, semiprime, prime or simple if and only if T(V) is so.

Proof. (1) On the one hand, if [z + 27, VT @&V, 2" + 2] = 0, then, for every
aeVH 0=t +z7 a2 +27] = {at,27,a} — 2{a,xz",27}) & {z7,a,27 },
whence {7, VT, 27} = 0. Similarly, {z7,V~, 27} = 0. On the other hand, if
{27, V=7,2°} =0, then [27, VT & V27 = {27,V 7,27} = 0.

(2) That V is nondegenerate if and only if T'(V) is so, follows from (1). To show
that V' (semi)prime implies (V) (semi)prime, let I, J be two nonzero ideals of T'(V')
(I = J for semiprimeness) and suppose that [I,T(V),.J] = 0. Then 7 (I),n(.J) are
nonzero ideals of V such that {z?(I),V=7,x°(J)} C #°[[,V=°,J] =0, 0 = +,
contradiction.

Conversely, suppose that T'(V) is semiprime but V is not. We claim that there
exists a nonzero ideal I of V' such that

() {IOVOITY = {170V = (VO I =0, o=+,

Indeed, by assumption there exists a nonzero ideal J of V with {J°, V=7 J7} =0,
o= 4. If {V°,J79,V?} = 0, then J satisfies (a). Otherwise, the non-zero
ideal I = ({V*,J-,VT}{V—,JT,V~}) C J of V satisfies (a), since for y € J,
a,b € V=7 and z or z belonging to J? we have, by (KP1),

{3;‘, {a7 Y, b}v Z} = _{ya a, {CL’, b, Z}} + {{y7 a, CL‘}, b, Z} + {:L‘, b, {y7 a, Z}} =0,
and so {J7,{V=7,J7, V= o} V°}=0={Vo {V~2,J°,V=9} J°}. Let now I be
a nonzero ideal of V satisfying (a). Then It @ I~ is a nonzero ideal of T'(V') such
that [IT @& I, T(V), It ®I7] =0 because [I°,VT &V~ ,I°] C{[7,V7,I°} =0
and [I7, VTtV 177 C{I° [ 7, Vo +{Vo, 177, 1°}+{V 9,191} =0 for
o = +. Thus T(V) semiprime implies V' semiprime. If T(V') is prime, then V is
semiprime. Hence to show that in this case V is actually prime, it suffices to prove

that every two nonzero ideals of V' have nonzero intersection. But this is clear,
since it holds in T'(V).

If T(V) is simple, V is simple by (1.8)(1). Conversely, let us suppose that V' is
simple and let T be a nonzero ideal of T(V). Then, by (1.8)(2), (zt(I),7—(I)) is a
nonzero ideal of V', so it is equal to V. It now follows that 0 # {V7, V=7, V7} =
(Vo ,n=o(I),V°} = {V°,1,V°} Cc Vo N I. The ideal I NV is therefore nonzero,

hence equal to V which implies I = T'(V'). O

2. RELATIONS WITH STANDARD LIE ENVELOPES

The main result of this paragraph is the transfer of nondegeneracy between
Lie triple systems and their standard envelopes. As a corollary we then get the
analogous result for Kantor pairs. For the sake of completeness, we also include
results about the transfer of simplicity between Kantor pairs and Lie envelopes,
which are due to Allison and Smirnov.
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In the following lemma, capital letters denote adjoint maps of elements of L, i.e.,
X =ad,, A=ada, for z,a € L.

Lemma 2.1. Let L be a Lie algebra and let x,y € L absolute zero divisors of L.
Then:

(1) [z,y] and, for every a € L, [[x,al,[[z, a],a]] are absolute zero divisors of L.
(2) For every ay,a2,a3 € L and o € S3 we have

([, a1], [[z, az], as]] = [[2, ao(n)]; [[7; ac(2)], ao(3)]]-

Proof. (1) That [z,y] is an absolute zero divisor follows from (XY — Y X)? =
XYXY —XYYX —-YXXY +YXYX =0. Let us consider b = [[z, a], [[z, a], d]].
Then ad; = 9XA2XA2X A2XA2X = 0 by [7, Prop. 1.7(3)], so b is an absolute
zero divisor of L.

(2) First notice that for any a1, as € L, [[z,a1], [z, a2]] = 0 because
[z, a1], [z, az]] = [[[z, a1}, 7], az] — [2, [az, [z, a1]]] = 0.
Therefore [[z,a1], [[z, az2], as]] = [[z, az2], [[x, a1], ag]]. Moreover,
([, ar], ([, az, as]] = [[z, a1l [[2, as], ag]] + [[x; ar], [, [az, as]]]
= [[z, a1}, [[#, as], as]].
The formulae above prove (2). O

In the following we will use a generalization of the Jordan algebras of Lie algebras
given in [6]. Let L be a Lie subalgebra of a Lie algebra L. We will say that an
element x € L' is a L-Jordan element if ad> L = 0 and [[L, 2], L] C L.

Theorem 2.2. Let L be a Lie subalgebra of a Lie algebra L' and x € L' a L-
Jordan element. Then L with the new product defined by a e b := %[[a,x],b] is a
nonassociative algebra, denoted by L™®), such that:
(1) kerp(z) :={a € L | [x,[z,a]] = 0} is an ideal of L®). ~
(2) L, := L® /Xkerr(z) is a Jordan algebra, with U-operator given by Uzb =
%adi adi b, for all a,b € I, where @ denotes the coset of a with respect to
kery(x). This Jordan algebra is called the generalized Jordan algebra of L
at x.
(3) If L is nondegenerate or strongly prime, so is L.

Proof. The proofs of (1) and (2) are identical to [6, 2.4 (1)(2)], taking into account
that [6, 2.3] can be rewritten under the conditions of this theorem and that the
identities given there are true over L; (3) follows in the same way as [6, 2.15(1)]
and [8, 2.2]. O

We say that a Zo-graded Lie algebra L = Ly @ Ly is graded-nondegenerate if it
has no absolute zero divisors in Lo U L.

Theorem 2.3. Let T be a Lie triple system and L = Lo @ Ly be its standard
envelope. The following conditions are equivalent:

(1) Ly is graded-nondegenerate,

(2) Lr is nondegenerate,

(3) T is nondegenerate.
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Proof. (1)=(2): Let us suppose that there are no nonzero absolute zero divisors of
L7 in Ly U Li. Suppose that xg 4+ x1 is an absolute zero divisor of Lr. Then, for

i=0,1,0 = [zo + 21, [0 + 21, Li]] = [0, [0, Li]] + [zo, [z1, Ls]] + [z1, [xo, Li]] +
[1, [x1, L;]]. Considering homogeneous components,

(a) ad?nO Jrad?c1 =0

(b) adg, ad,, +ady, ady, = 0.

Therefore [zg — 1, [0 — z1, L7]] = [Z0, [T0, LT]] — [T0, [T1, LT]] — [71, [T0, LT]] +
[1,[x1, L7]] = 0 and xo — 27 is an absolute zero divisor of Lr. Now, [zg+ z1, 29 —
x1] = —[®o, z1] + [z1, o] = 2[z1,x0] € L1, which implies [z1, 2] = 0, because, by

(2.1)(1), [xo + @1, x0 — x1] is an absolute zero divisor. Then ad,, ad,, = ad,, ad,,
and by (b)

(c) ad,, ad,, = ad;, adz, = 0.
Finally, we have ad? = —ad? ad,, = 0 and for any z,t € Lr, using (a) and (c),
— 1, [21, 2], [0, 8] = [[0, [0, 2]}, [21, 1]]
= [llzo, [wo, 2]}, 2], 8] + 1, [0, [0, 2], ¢]]
= [a1, [[zo,t], [zo, 2]]] + 21, [0, [[x0, 2], 1]} =
So, for y = [x1, [x1, 2]] we get [y, [x1,t]] = 0 and then

[y, 1] = [y, [[z1, [21, 2]], 2]

(d) = [y, [[z1, 8], [z1, 2)]] + [y, [, [[21, 2],2]] = O
since [y, [[z1, 1], [z12]]] = [([y, [z1,t]]), [21, ] + [[z1, 2], ([y, [x1, 2]])] = 0. If we take
any z € L;, i = 0,1, then y = [x1, [x1,2]] € L; is an absolute zero divisor of L

by (d). By hypothesis, [x1,[r1,2]] = 0 for any z € Ly U Ly, so [z, [z1, L7]] = 0,
which implies that 1 = 0 because L1 has no absolute zero divisors in Li. Then
To + 21 = 29 € Lo is an absolute zero divisor of L7, so it must be zero.

(2)=(3): Let us suppose that Lr is nondegenerate and that there exists x € L;
with [z, [z, L1]] = 0. Then, ad?(Lr) = ad3(Ly) € ad?(L;) = 0. So z is ad-nilpotent
in L of index < 3 and we can consider the Jordan algebra (Lr), of L7 at x as in
(2.2). By hypothesis, [z, [z, L1]] = 0 so we can assume that all elements of (L),
are of the form a + ker,, x, with a € Ly. Now,

[Iv [I7 [[L07I}7LO]H C [JE, [I7 LlH =0

which implies that the Jordan algebra (L), has trivial (Jordan) product and, since
(L1), is nondegenerate by (2.2)(3), (Lr). = 0, i.e., [z,[z,Lr]] = 0. Hence z =0
because Lr is nondegenerate.

(3)=(1): Let us suppose that T is nondegenerate, and take an absolute zero
divisor x € Ly U Ly of L7. By nondegeneracy of T, we can suppose that x € Lyg.
For any y,y’ € L1 and any A € ®, we have by (2.1)(1) that

[,y + My'] [z, + M)y + M)

is an absolute zero divisor of L1 contained in L;. It is therefore zero since T is
nondegenerate. Linearizing and using (2.1)(2)

0 =[[[z,y + ], [z, y + X,y + M']] = ([, 9], [z, y], y]] + 3\ [z, 4], [[=, 9], ¥']]
+ 30 3([z, ), [z, o], 1] + NP, o), [, '] o)
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Evaluating this for A = 1,2,3 € ®, shows 0 = [[z,y], [[z,y],?]] for any v’ € Ly,
ie., [z,y] € T is an absolute zero divisor, whence [z,y] = 0. Now = = 0 follows
because the map Ly — ad Lo|L; is injective. Thus L7 is graded-nondegenerate. [

Since the standard envelope of a Kantor pair V' is isomorphic as a Lie algebra
to the standard envelope of T(V') and since by (1.9)(2) V is nondegenerate if and
only if T(V') is nondegenerate, we get:

Corollary 2.4. A Kantor pair V is nondegenerate if and only if its standard en-
velope Ly is a nondegenerate Lie algebra.

Proposition 2.5. (Allison-Smirnov [2]) Let V' be a Kantor pair and let Ly =
Lo® L1 ®Lo® L_1® L_5 be its standard envelope.
(1) For any ideal (IT,I7) of V, the ideal of Ly generated by IT U I~ is
ide, [TUT ) =TT L@ It (I, L]+ L, [7])® I &I, L]
(2) La® Lo ® L_o does not contain nonzero ideals of Ly .
(3) If Ly is graded-semiprime, every nonzero ideal I of Ly contains a nonzero
graded ideal. In particular, T has nonzero intersection with L1 @& L_1.
(4) Ly is (semi)prime if and only if Ly is graded-(semi)prime.

Proof. (1) and (2) can easily be checked by the reader.

(3) Let 0 #£ x € Z< Ly and write x = x9 + x1 + o + -1 + z_2 with z; € L;.
Let ip be the maximal index such that z;, # 0. The Lie algebra Ly = Lyv/T
is pregraded in the sense of [16], i.e., denoting by L; C Ly the canonical images
of L; we have Ly = Zf:_Q L; and [L;,L;] C L;;. Note that ;, € B(Ly) =
22:72 (L N>, Li). By [16, 2.1], B(Ly) is a nilpotent ideal. In particular,
idz, (Z;,) is nilpotent in Ly, i.e., there exists m € N such that (id,, (z3,))™ C T.
Moreover, since Ly is graded-semiprime and idg,, (x;,) is graded, (idg, (2;,))™
is a nonzero graded ideal contained in Z. That Z has nonzero intersection with
L ® L_1 now follows from (1). (4) is immediate from (3). O

Proposition 2.6. Let V be a Kantor pair and let Ly be its standard envelope.
(1) If V is semiprime, then Ly is semiprime.
(2) V is prime if and only if Ly is prime and V is semiprime.
(3) (Allison-Smirnov [2]) Ly is a simple Lie algebra if and only if V is a simple
Kantor pair.

Proof. (1) and (2). Since by (2.5)(2) graded ideals of Ly have a nonzero intersec-
tion with V', it follows that V' (semi)prime implies £y graded-(semi)prime, hence
(semi)prime by (2.5)(3).

Conversely, if V' is semiprime, Ly is prime and [ = (I*,17) and J = (JT,J")
are nonzero ideals of V', it suffices to show that INJ # 0. Let K := [idz,, (I),idz,, (J)]
which is a nonzero graded ideal of Ly . So it has nonzero intersection with L; G L_;.
One can check that KN Ly = (I, Ly],J |+ I, [JV,L_q]] + [IT,[J, L4]] +
(I L), JTI+ L, L), JT]+ [[J T, La],I7] C IT N JT, and similarly KN L_; C
I—nJ-.

(3) If Ly is simple and (I, ™) is a nonzero ideal of V, then idz,, (ITUI™) = Ly,
so by (2.5)(1) (IT,I7) = V. Conversely, let T be a nonzero ideal of Ly. If V is
simple, then V' is semiprime, so by (1) and (2.5)(3) 0 # (ZNLy,INL_1)<V.
Simplicity of V' implies (ZN L;,ZNL_1) = V. Since V generates Ly as algebra,
Z=~Ly. (]
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3. SOME CONSEQUENCES

Theorem 3.1. (1) A simple Kantor pair over a ring of scalars ® containing
1/2,1/3,1/5 is nondegenerate.
(2) A simple Lie triple system over a field of characteristic zero is nondegen-
erate.

Proof. (1) The standard enveloping algebra L = Ly is simple by (2.6)(3). The
span K7 (L) of all absolute zero divisors of L is invariant under all automorphisms,
hence in particular under all inner automorphism expadz, ¢ € L;, i € {£1,+2}
(note that under our assumptions on ® these maps are indeed automorphisms). It
follows that K7(L) is an ideal. Since it is locally nilpotent by [17], it must be zero,
i.e., Ly is nondegenerate, whence V' is nondegenerate by (2.4).

(2) By (2.4) it suffices to show that the standard embedding L of a simple Lie
triple system is nondegenerate. As mentioned in (1.4) L is either simple or a direct
sum of two simple ideals. Hence, it suffices to show that a simple Lie algebra defined
over a field of characteristic 0 is nondegenerate. But this follows as in (1) since by
[9] the ideal generated by all absolute zero divisors is locally nilpotent. (I

Recall from (1.1)(a) that the annihilator of an ideal I of a nondegenerate Lie
algebra L is given by Ann;(L) = {x € L | [z, ][I, z]] = 0}. The following two results
give analogs of this fact for Lie triple systems and for Kantor pairs.

Theorem 3.2. Let T be a nondegenerate Lie triple system and I an ideal of T.
Then Annp(I) ={z €T | [z,I,z] = 0}.

Proof. The inclusion from left to right being obvious, let us consider x € T satisfying
[,I,2] = 0 and put Z := [T,I] @ I, the ideal of L generated by I. Then for
y,y' € I andt € T we have [z, [z, [z, [y, t|+y']]] = [z, [z, [z, [y, t]]] = [z, [z, [[=, y], t] -
[[z,t],9]]] € [z, ]z, I]] =0, i.e., z is an Z-Jordan element in L. We can therefore
consider the generalized Jordan algebra Z, of Z at x. Because L is nondegenerate
by (2.3), so is Z by (1.1). Hence Z, is a nondegenerate Jordan algebra (2.2)(3).
Moreover, since 7 is a Zs-graded Lie algebra and z is homogeneous, kerz(z) = {a €
T | [z,[x,a]] = 0} is Za-graded and so is then 7, = Z/kerz(x). By definition of
the Jordan algebra product, (Z,)o ={a | a € I} and (Z,); = {a | a € [T, I]}. But
kerz(xz) NI = I by assumption, so that (Z,)o = 0. By nondegeneracy we then get
Z, = 0, which says Z = kerz(x). Hence x € TN Anng, (Z) = Annp(1). O

From (3.2) and (1.8)(3) we now get:

Corollary 3.3. Let V be a nondegenerate Kantor pair and I = (I*,17) an ideal
of V. Then Anny (I)° ={zx € V° | {z,I,x2} = 0}.

An easy consequence of (3.2) and (3.3) is:

Corollary 3.4. FEvery ideal of a nondegenerate Kantor pair or Lie triple system is
also nondegenerate.

The remaining two results deal with Kantor pairs. First, we show that nonzero
ideals in nondegenerate Kantor pairs cannot have a zero side:

Proposition 3.5. Let V be a nondegenerate Kantor pair and let I = (I, 17) be
an ideal of V or VOP. If I =0, then I7°% = 0. In particular, if x € V7 satisfies
{V=9,2,V=9} =0, then © = 0.



10 ESTHER GARCI’A7 MIGUEL GOMEZ LOZANO, AND ERHARD NEHER

Proof. Let us suppose I = (IT,{0}). From (2.4) we know that Ly is a non-
degenerate Lie algebra. By (2.5)(1), the ideal of Ly generated by [ is 7 :=
VH It @ It ® [V, IT] C Ly ® Ly & Ly. Since Z is nondegenerate by (1.1
I*=0andsoI=0.

O |

Lemma 3.6. Let V be a Kantor pair and I° a submodule of V°. Then I =
(I7,{V=9,1°,V=9}) is an ideal of V or V° if and only if {I7,V=7,V7} +
{ve,v—o 1°} c I°.

Proof. The condition {I7,V=9,Vo} 4+ {Vo, V=2, I°} C I° is obviously neces-
sary for I to be an ideal. Conversely, if it is fulfilled, it suffices to verify that
{V=o,Vvo I} +{I9,VoO,V=°} C I7% and {V?,177,V?} C I°. These three
conditions are established below, where a,c,u,v € V=7 b,d € V?, and y € 1?:

{a,b,{u,y,v}} = {{a,b,u},y,v} —{u,{b;a,y}, v} +{u,y,{a,b,v}}
e{V—,I1°, v}y =17,

{{u,y,0},b,a} = {u,y,{v,b,a}} + {v,{y,u,b},a} — {v,b,{u,y,a}}
e{V=oI°, Vo +{V OV {VTI IV~ }}
c{v=,I1°,v=—er=17,

{b,{u,y,v},d} = —{y,u,{b,v,d}} + {{y,u,b},v,d} + {b,v, {y,u,d}} € I°.

O

In the following result we characterize when Kantor pairs are Jordan pairs by
building the biggest Jordan ideal of a Kantor pair. We recall that an ideal of a
Kantor pair (or of any algebraic structure for that matter) is called essential if
it has nonzero intersection with any nonzero ideal. In a prime Kantor pair, any
non-zero ideal is essential.

Proposition 3.7. Let V be a nondegenerate Kantor pair and define for c = + and
o=—

I ={xeV? | Kyca=0=Kypz, YceV? abecV 7}

(1) Then I := (I'",I7) is the biggest ideal of V which is a Jordan pair with
respect to the given triple product. Moreover, for 0 = + and o = —,

I°={2e€V? | K;.=0 VceVo} (a)

(2) V is a Jordan pair if and only if I is an essential ideal, in which case V =1.
In particular, if V' # 0 is also prime, then V is a Jordan pair if and only if
I#0.

Proof. (1) We first show that (I7,{V 7,17, V~7}), 0 = =+, are ideals of V (this
does not need the assumption that V is nondegenerate). By (3.6) and the definition
of I° it suffices to show that {V, V=7 19} C I°. Thus, let x € I?, a,d € V? and
b,c,e € V=7. Then
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{{a,b,z},¢,d} = {a,b,{x,c,d}} + {z,{b,a,c},d} — {z,c,{a,b,d}}
={a,b,{d,c,x}} +{d,{b,a,c},z} — {{a,b,d}, c,x}
={{a,b,d},c,x} —{d,{b,a,c},z} + {d,c,{a,b,x}}

+{d,{b,a,c},z} — {{a,b,d},c,x} = {d,c,{a,b,x}},

{c,{a,b,x},e} —{e,{a,b,x},c} = K. Vopr = Vi oK et + K, apr =0,

so {Vo, V=9, 1°} C I°. In particular, J = (J*,J7) = (I*,{V~,I",V~}) is an
ideal of V. By (2.5)(1),
J =" VeJte(J,VI]+ VT, J)eJ o[J ,V]

is the ideal generated by JtUJ  in Ly = L = L_o® L_{ ® Ly ® L1 & Ly.
Now, giveny € J*, x € V't and z € V—, we have [y, z], 2] = [[y, 2], z] — [[z, 2], 9] =
K, »z =0, which implies that 0 = [J*, V] = m3(J) where 7; denotes the canonical
projection onto the L;-component of L. Since Ly is nondegenerate by (2.3), 0 =
T_o(J)=1[J", V7], ile, K;- y-VT = 0. Moreover, Ly C Anng, (J) by (1.1)(a)
because J is 3-graded. Hence [[VT,VT],J7] =0, i.e., Ky+ y+J~ = 0. Therefore,
{V=,I",V~=} =J~ C I~ which implies that I = (I",I7) is an ideal of V. Now
J CL_1®Ly® Ly, and every ideal K of V' that generates in Ly an ideal contained
in L1 & Lo ® L_; necessarily has K C I. Hence (a) holds.

To prove that I is the biggest ideal which is a Jordan pair, let K = (K+, K™)
be an ideal of V' such that K is a Jordan pair. Again by (2.5)(1),

Ki=[K" Ve KT e [KT VI + [V K e K™ oK, V]
is the ideal of Ly generated by K. We know that K is a nondegenerate Lie algebra.
Applying (2.5)(1) one more time, it follows that the ideal of K generated by KUK ~
is
K=Kt K"|oKTo[K" K |oeK o[K ,K|.

Now, since K’ is nondegenerate and [[K?, K?], K~?] = 0 (recall that K is a Jordan
pair) we have that [[K?, K?],K'] = 0. So [K?,K?] = 0 by nondegeneracy of X',
and this implies, viewing [K?, K] as elements of Ly, that [[K7,K?], V7] =0
and K, ,b = 0 for every y,y € K? and b € V~?. Moreover, [K?,K°] = 0
implies that K’ is 3-graded and then by (1.1)(a) that [V7, K] C Anng(K’). In
particular, K, .y = 0 for every y € K%, a € V? and y’ € K~7. Finally, for every
ye Koy e K%, a€V? and b € V=7 we have:

{Ky,ab’ y/, Ky,ab} = VKy,a,b-,y/Ky,ab = _Ky,aVyHKy,abb + KKy,ay’yK b =10

and, since ' is nondegenerate, K, ,b =0 for every y € K7, a € V7 and be V7.
Thus, by (1), K C I.

(2)Let T =It@ ([T, V7] + [V, I7]) ® I~ be the ideal of Ly generated by
I UI~, and notice that LyUL_s C Anng, (Z) =0and Z C L1 ® Lo L_;. Now,
I is an essential ideal of V if and only if 7 is an essential ideal of Ly . Since the
annihilator of an essential ideal is zero, we get Ly = 0 = L_5. The converse is
obvious. ]

y,a
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