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Abstract

The universal multiplication envelope UME(J) of a Jordan system J (algebra, triple, or
pair) encodes information about its linear actions — all of its possible actions by linear trans-
formations on bimodules M (equivalently, on all larger split null extensions J @& M). In this
paper we study all possible actions, linear and nonlinear, on larger systems. This is encoded
in the universal polynomial envelope UPE(J), which is a system containing J and a set X of
indeterminates. Its elements are generic polynomials in X with coefficients in the system J,
and it encodes information about all possible multiplications by J on extensions J D J. The
universal multiplication envelope is recovered as the “linear part”, the elements homogeneous
of degree 1 in some variable z. We are especially interested in generic polynomial identities,
free Jordan polynomials p(z1,...,%n;y1,...,Ym) which vanish for particular a; € J and all
possible z; in all j, i.e., such that the generic polynomial p(x1,...,Zn;a1,...,am) vanishes in
UPE(J). These represent “generic” multiplication relations among elements a;, which will hold
no matter where J is imbedded. This will play a role in the problem of imbedding J in a system
of “fractions” J.

The natural domain for a fraction Q5 'n is the dominion K, = ®n + ®s + Q,V where
the denominator s dominates the numerator n in the sense that Q,,Qn,s are divisible by Q.
on the left and right. We show that by passing to subdomains we can increase the “fractional”
properties of the domain, especially if s generically dominates n in UPE(V).!

Throughout, we consider algebraic systems over an arbitrary ring of scalars ®. We will work
primarily in the context of Jordan pairs, indicating briefly how the pair results must be modified
for Jordan algebras and triple systems. A Jordan pair is a pair ¥V = (V*, V™) of ®-modules with
compositions (x,a) — Qg(a) € V7 for (z,a) € V7 x V77, ¢ = £, which are quadratic in = and
linear in a, and satisfy the following axioms strictly (in all scalar extensions, equivalently, all their
linearizations hold in V itself): for all z,y € V7, a,b € V—°

(JPl) Da:,an = QwDa,m; (JPQ) DQxa,a = Dz,Qa(z)7 (JP3) QQxa = Qa:QaQ:m

where as usual we set Qg = Qz1y — Qz — Qy, which gives the trilinear product {z,a,y} :=
Qz,y(a) =: Dy o(y) with {V7V =7V 7} C V7. Remember that quadratic identities linearize automat-
ically, so it is only identities of degree 3 or more in a variable whose linearizations must be assumed
to hold, and even these hold automatically if the ring of scalars ® has sufficiently many invertible
elements, or if the identities hold in the particular scalar extension V[t] := V ®¢ ®[t] by the scalar
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polynomial ring in one variable. The only linearizations we need to assume in general are?

/

(JP1> Dw,aQLy + Dy,an = Qmey + QQw,ya,x = Qa:,yDa,a: + Qmeya
(IP2)" Dy .y + Dy@ur = Da.yaas  Daeap + Daoba = Dag s
(JP3)I QQma,Ql,ya = QwQaQw,y + Qm,yQaQwa

(JPS‘)H QQma,an'*'Q{x,a,y} = QmQaQy+QyQaQw+Qw,yQaQw,y~

We will try to economize on superscripts and use typography instead, denoting, for a fixed 7 = +,
elements of V7 by z,y, z,w and elements of V=7 by a,b, c. Every Jordan pair V = (V*, V™) has a
dual or opposite pair V = (17+, 17_) for Vo := V=9 and operations Qzd := Q,z, ﬁi,ag] = {a,z,b}
forz=a,y=>b¢ ‘7", G=xeV"C [Loos, p.3]. We could avoid all superscripts by formulating only
positive results for z € V*,a € V', and applying duality for the corresponding negative results, but
we won’t be quite this parsimonious. Since our alphabet and our attention span are finite, we will
use tildes to denote larger systems (#,a) € Vo x V=7 for V D V (containing a homomorphic image of
V, not necessarily V itself) and in §2 we will start to use (?, 5) to denote “incipient” larger elements
(generic elements in the universal polynomial envelope, which can be specialized to elements in any
larger system V D V).

Jordan triples correspond to Jordan pairs where VT =V~ =T, Quoa % = Pa,{z%,a 7,y } =
{z,a,y} = L, (y) satisfying analogues (JT1-3) of (JP1-3), and Jordan algebras are triples with
product U,y and an additional squaring operation z? with linearization {z,y} = V,(y) satisfying
several additional axioms (equivalently, which imbed in unital Jordan algebras ®1 @ J defined by 3
analogous axioms (QJ1),(QJ3) but (JP2) replaced by U; = 1).

We will use [?] as reference bible for all results about Jordan pairs. The following formulas are
used frequently enough in the paper for us to display them:

(011) Dz,aQy + QyDa,r = Q{x,a,y},ya
(012) Dz:A,Qay = D{m,a,y},a - Dy,Qam = Dz,aDy,a - Qm,yQay
DQay,w = Da,{y,a,m} - DQaa:,y = Da,yDa,w - QaQy,wa
( ) QQza,y = Qw,yDa,x - Dy,an = Dw,an,y - QwDa,ya
(0.1.4) Q{x7a7y} + Q0. 0uyy = Q2QaQy + QyQaQsr + Dy o QyDy o,
( ) QQmQQy,Dm)Qy = QmQaQyDa,r + Dm,aQyQan QanDx,b - Dm,aDQT,a,b + DQwQar,b == 07
( ) an+QIa = Ba,x,an = QmBa,a,za QBQ_’IYay = Ba,az,aQyBa,a,ma
(Ba,:r,a = a’1 + aDw,a + Q:L’Qa)a
(017) DQma,wa = Qszme.

The first part of (0.1.5) is (JP22) of [?, p.20]; the second part differs from (JP18) Q,QuDyp —
DQIa,me,a"’_D:c,Qanba but its difference is [Dx,a, DQza,b]+Dm,QaQIb_DQIQaaj,b = <_D{Qma,b,x},a+
va{vamava}) + (_ Dsz1QaI + D{xvanwb}va) + (Dszanm - Dz,{Qam,ac7b}) [by (012)7 (JP2)I]’ Wthh
vanishes since {Qa,b,x} = {z,a,Q,b} by (JP1) and {b, Q.a,a} = {Q.z,x,b} by (JP2).

Recall that each element a=? € V=7 turns V7 into a Jordan algebra, the a-homotope (V")(a),
via

0.2) UWy:=Q.Quy, Vaj(z) =D2.Q.y Vi =D, ., 23 = Q.a, so 1Y) = Q,a™?).
We will have occasion to use the following formulas relating homotopes (V)@ (V=7)(*); to avoid
excessive superscripts, we will abbreviate the powers (™% a(™?) simply by z”,a™, and always
assume n > m > 1.

2We throw (JP2)’ in for future reference, though it holds automatically.



(0.2.1)  (Power Shifting): 2%+l = Q.a*, Quna® =2 TF=1 Qun gmab = 2gnthtm-1
(0.2.2)  (Power to Power):  a(me) = gnk—k+1,

(023) (D Power Shifting): Dwn7ak = Dw7a71+k—1 = Dw71+k‘,—17a,

(024) (Q Power Shifting): anQak = QzQanA»kfl = Q$n+k—1Qa, QIQa1L7a7H = an,zmQa,
(0.2.5)  (Outer Triality):  Dgq,am+2,0 — Dq, am+1,Qey T D@uam.Qu@ya = 0,

(0.2.6)  (Inner Triality):  Dg,q.y,am—1 — DD, ay,am + Dy gm+1 =0,

Damfl,QwQay — Dam,Dx,ay + Dam+1’y =0.

PRrROOF: (1) holds by induction on k; for k = 1 as Quna = (z")? = 22", and for k > 2 as
Quna® = Qun(Qux*1) [by the induction case k — 1 with x,a switched when n = 1] = Uynab~! =
22 th=1 (2) is trivial for n = 1, easy for n = 2 [Q,(a¥) = 2¥*! = x2*=*+1 by (1)], and by induction
xn+27a’“ _ QmQakxn’ak _ Qw (Qakxnk—k-s-l) — Q:p (a2k+(nk—k+1)—1) [by (1)] — Qw (a(n+2)k—k) —
a(+k=k+1 by (1) again]. For (3) when k =1, n = 1 is trivial, for n > 2, Dgn o = V& = @

xn E’In—l

[in Jordan algebras] = D, o 4n-1 = Dy an [by (1)], while for k > 2 Dyn ¢ = Dyn g gh—1 = V(,a)mk,1

a

equals [in Jordan algebras] both V:c(,ac"Jrk*? = D, gn+r—1 and V;ﬁk,l = Dyntr-1 4. Similarly, for (4)
by induction on k for k = 1 we have QunQu = Upn = UpUpn-1 = Q2QuQun—1Qu = Q2Qq, (zn—1)
[by (JP3)] = Q:Qqn [by (1)], and similarly for the bilinear version, while for k& > 2 QunQur =
anQQamk—l by (1)] = QurQaQur-1Qq [by (JP3)] = UpnUyr—1 equals both Upnir—1 = Qunir-1Qq
and UpUpn+i—1 = Q2QaQunrk-1Qq = QrQq, gn+r—1 [by (JP3)] = QzQyn+r. The triality relation (5)
is just the Jordan algebra relation Viy_ye+1 — Viy, 4k o + Vipk+r .2 Tead in the a-homotope, and the

first relation in (6) is Véa)y 1 — ‘Sf;mn + V(‘;)m +1- The second relation follows dually; note that
it cannot be immediately expressed in terms o? an a-homotope, but we will see it is just a relation
in a “dual homotope”. |

For a subpair V C 17, the unital outer multiplication algebra of V on V is denoted by
M(V]V); it is generated over @ by the identity operator 1 and all operators of the form D, 4, Q.
for z,a € V; when V = V we get the full outer multiplication algebra M(V). We now turn to the
abstract or “universal” concept of a multiplication algebra.

1 The Universal Multiplication Envelope

An elemental or linear specialization ¢ = (67,07) of a Jordan pair V is a homomorphism
V % V(A) of V into a special pair coming from an associative pair or algebra A : 07(Q.a) =
o7 (x)o""(a)o" (x). A multiplication specialization® of a Jordan pair V in A is a pair of maps
w=(q,d) = ((gh,q"),(d"T,d™7)) into a unital associative algebra A with 2 x 2 matriz grad-
ing i.e., a decomposition A = EBT’ae{i} A™7 satisfying the matrix relations A™7 A" C §, ,A™"
[equivalently, with Peirce decomposition A™7 = e"Ae’ relative to et € AT e™ € A™~ where
1 =e" +e7|, where d7° : (z,a) — A% is bilinear in z,a and ¢~ : x — A% 7 is quadratic in
x, strictly satisfying the multiplication specialization relations for all 7 = + z,y € V7, a,b € V7.

3For algebras these were called quadratic specializations [?], but we now adopt the adjective multiplication; linear
and quadratic specializations suggest specializations of linear and quadratic Jordan systems, wheras the real distinction
is between representing the elements of V in an associative algebra, and representing their multiplication operators in
an associative algebra. We will preserve the distinction between specialization (map into an associative algebra) and
representation (map into an associative algebra of linear transformations acting on a space). These multiplication
specializations were called associative representations in [Loos 2.4 p.16-17], leaving out (QS2) since it follows from
(QS4,4*) via dgQ a,a — dz,Quz = (di,a - !IzIIa,a) - (di,a — qz,mqa) = 0. (QS4) in turn usually follows by applying
(QS5) with y, a replaced by m, b, acting on a, and reading the result as an operator on m. But due to the asymmetry
between the pair elements z,y and a,b we cannot derive (QS4) this way and must assume it as an axiom. This

contrasts with the Jordan algebra case [?, p.282] where Uy = 1, [N]UIy = INJxﬁleJx, (7Uzy,z = (796XN/y,m = Vx’yﬁx suffice
to define multiplication specializations.
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For the sake of legibility we promote all subscripts to the main line, writing d(z, a), ¢(x) in place of
dz,a, Gz, and write these relations as

) A7 (zya)gm T (x) = ¢ T (Qua,x) = ¢7 T (2)d” 7T (a, x),
) A7 (2, Q) = d7T(Qa, a),
QS3) ¢ TT(Qua) =q" " (z)g " (a)g" T (2),
) =" (b,z)d™ T (a, ) = dT (b, Qua) + 777 (b,a)g T (2),
QS4)* arr (337 a)dT’T(xﬂ b) = dTﬂ—(Qwaa b) + qT’_T(m)q_Tﬂ— (a7 b),
(QS5)  d™(y,a)q” " (x) +q" " (2)d" " (a,y) = ¢~ 7T ({y, a, 2}, @).

These relations imply
(QS6)  d™"(Qub,a)q” 7 (x) = ¢" 77 (x)d" 77 (b, Qqa),
(QS7)  d™7(Qab,a)d™" (x,b) = q" " (x)q~ "7 (b)d"T (2, a) + d77 (z, QpQza),
(QS8) ¢~ (x,y)d " (a,x) =d"(y,a)q" T (x) + 77T (Qaa, y),
(QS9) ¢~ " (x)g ™" (a,b) +d""(x,{a,z,b}) = d"7(Qzb,a) + d"" (x,a)d" " (x,b).

Here (6),(7),(8) are Lemma 2.6 (4),(5),(2) in [Loos, p.17-18] ; (9) is JP6, which was not derived
for specializations in Lemma 2.6, but is equivalent to (QS4) since (QS9) + (QS4) = (g(z)q(a,b) +
d(z, {a,z,b}) —d(Qub, a) —d(z, a)d(z, b)) + (d(z, a)d(z, b) —d(Qya,b) —q(z)q(b,a)) = d(z,{a,z,b})—
d(Q.b,a) — d(Q.a,b) vanishes as a linearization of (QS2).4

Multiplication specializations p = (p, £) or (u,v) for Jordan triples and algebras are maps into an
ordinary associative triple or algebra A (which can always be enlarged to a unital algebra). The con-
ditions on (p, ¢) for Jordan triples take the same form as pairs, deleting all superscripts. For unital
Jordan algebras [?, Prop 15,p.298] the three relations u(1) = 1, u(U,y) = u(z)u(y)u(z), w(Uyy, ) =
u(x)v(y, z) = v(z,y)u(x) suffice to define multiplication specializations (u, v) (recall that in algebras
v(z,y) = v(z)v(y) — u(z,y) are determined by u,v), but for general nonunital algebras the messier
defining relations in terms of u(z),v(z) are

QA1) v(a?) =v(z,),

(QA2)  v(2?) = v(w,2%) = v(2?, 2),

(QA3)  u(z®,y) = u(z,y)v(z) — v(y)u(z) = v(@)u(z,y) — ulz)v(y),
QA1) u(a®,y) = u(z,y)v(@®) — v(y, v)u(z) = v(@*)u(z,y) — u(z)v(z,y),
(QA5)  u(z?) = u(x)?,

(QAG)  u(a®) = u(x)*.

Multiplication specializations V —— A can be composed with homomorphisms A —— A’ of graded
associative algebras to provide new specializations ¢ o p.

A multiplication representation or bi-representation is a concrete multiplication special-
ization in an associative algebra A = End(M) for a graded module M = (M, M~) with grading
determined by e° = E°, the projection on M? (thus M is the module M = M ™ @ M~ together with
a memory of where it came from, i.e., its decomposition via ET, E~). Multiplication representations
of triples or algebras are multiplication specializations in A = End(M) for some ®-module M. The
archetypal example of a multiplication representation is an outer multiplication representation,

4Similarly, (QS8) is equivalent to (QS5) since (QS8)+(QS5) equals the linearization 2 — x,y in (QS1) q(z)d(a, ) =
q(Qqa,z). Note that (QS1-3) are (JP1-3), (QS4) is (0.1.2), (QS5) is (0.1.1), (QS8) is (0.1.3). The Bimodule Theorem
below shows that (QS8),(QS9) are more directly involved than (QS4),(QS5) in capturing bimodule structure, but we
prefer (QS5) as a basic result (d(z,a) is a Lie struction), and (QS4)*since it is the dual of (QS4).



i.e., a multiplication specialization ¥V — M(V|]~))|M by outer multiplication operators
¢ () = Qe+, d7T(x,a) = Dy a|m-

for M = (M, M ™) a V-invariant subspace of a Jordan pair % 2 V. The regular outer representation
is the outer multiplication representation of V on itself (M = V= V). By restriction we obtain a
multiplication representation on any outer ideal Z C V.

A bimodule for a pair V consists of a pair M = (M ™, M ™) of ®-modules and a bi-representation
of ¥V on M. A bimodule for a triple or algebra J consists of a bi-representation of J in End(M)
for a single ®-module M. Any multiplication specialization V % A becomes, via the left regular
representation A — End(.A), a multiplication representation of V in End(A), and thus turns A into
a V-bimodule M(A,pu) = MT & M~ (M° := Ae™ = A" & A~™7). This bimodule is cyclic with
generator 14 = et @ e~ if u(V) together with e, e generate A as algebra. Thus bimodules are
the same as birepresentations (multiplication representations), which are nearly the same thing as
multiplication specializations.

Every elemental specialization V % V(A) gives rise to a multiplication specialization in A via
q(x) := 0,d(x,a) := o(x)o(a) (or representation on A via q(x) := 0,d(z,a) := Ly(z)Lo(q)) Via the
left regular representation of A (turning A into a “left V-module” M = Ay, via a-m = am, m-a = 0).
In particular, just because @ is invertible on V' ~¢ does not imply it is injective on all bimodules
(only on “unital” bimodules).

In fact, all V-bimodules for Jordan systems arise as invariant subspaces of some Jordan sys-
tem & O V, and all birepresentations ¥V — End(M) are outer multiplication representations
V — M(V|E)|m on a split null extension.

Bimodule Theorem [?, 2.7 p. 18] 1.1 Any V-bimodule M gives rise to a split null extension
E=VOM=VTeM" V=& M), which is a Jordan pair under the operations

éz@m(a @p)=Qa® (Q(x)(p) + d(z, a)(m))v
Daomaep(y ©n) = Dya(y) @ (dz,a)(n) + q(z,y)(p) + d(y, a)(m))

forallz,y e Vo, mne M?, a e V=7 pe M7, and the original birepresentation is the restriction
of the regular outer representation of £ toV and M. [ |

Thus bimodules and birepresentations are essentially the same thing as multiplication representa-
tions. Bimodules are inherently outer modules for V, they have no inner multiplications (Ny (M) =
QnV =0). Thus they can reflect only outer multiplicative properties of a Jordan pair.

By taking homotopes we can convert a Jordan triple or pair into a Jordan algebra, and special-
izations and bimodules for the pair or triple induce specializations and bimodules for the resulting
homotope algebra [?, 13.8 p. 146]. A little-known fact is that each such homotope bimodule has a
strange dark dual homotope (duotope).

Duotope Theorem 1.2 A multiplication specialization p = (q,d) of a Jordan pairV in a 2 X 2-
graded associative algebra A together with an element a € V™~ induce a homotopic multiplication
specialization p(® = (u(®,v(®) of the homotopic Jordan algebra J := (V*)(®) in the associative
subalgebra AT T via

u(“)(x) = q(z)q(a), v(“)(a:) = d(z,a), v(@ (z,y) := d(z, Quy),

and at the same time induce a multiplication representation p*(® = (u*(“), v*(a)) of J in the opposite
subalgebra A~ ~ wia

w @ (z) == (ul ()" = q(a)q(x), v (2) == (v (2))* = d(a,z),
0@ (2,y) = (0D (y,2))" = d(Qax,y).
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A Jordan bimodule M induces a homotope bimodule (M+)(“) for the homotopic Jordan algebra
J = (V1)@ yig

Ul (m) := q(z)q(a)m, V (m):= {z,a,m}, Vz%) (m) :={z, Quy, m}.

and at the same time a J-bimodule structure (M ~)*(®) in the opposite module M~ via

U*(a)(x)(m) = q(a)g(z)m, Vz*(u) (m) := {a,z,m}, V;,g;a)(m) = {Qaw,y,m}.

If J is a Jordan algebra or triple and z € J, any bimodule M for J, or multiplication specializa-
tion p = (p,€) of J in A, induces homotopic and duotopic bimodules M@ M=) or multiplication
specializations p'?), 1*#) for the Jordan algebra J©) vid®

ulD(z) = ple)p(z), v (@) =Lx,2), WO (@)= p)p(z), V(@) =z ).

PrOOF: The result for x(*) is well-known; in the bimodule case £ = V @& M is again a Jordan
pair, so £ = (V+ @ MT)@ = (VvH) (@ o (M+)@ is a Jordan algebra, and thus (M*)® is a
Jordan algebra bimodule for (V)(@). The dual bimodule situation is a special case of the multipli-
cation specialization case, so we verify only the latter. Omitting all the superscripts on ¢, d (which
are clear from the context z,y € V™ a,b € V7), we check the conditions (QA1-6). (QA1) is
v*(@(22) = d(a, Qra) = d(Quz, ) = v*¥(z,2) by (JP2). (QA2) is v*(@)(2(3)) = d(a, Q. Qux) =

d(Quz,Qra) [= v (z,23)] = d(Q.Qra,z) [= v (x> )] by D-Power Shifting (0.2.2).
(QA3) is u"(@ (2> y) —Q( ) (Qz(a), )equals by (0.1.3) both g(a)(q ( ) (a,2)—d(y, a)q(z)) =
q(a)q(z,y)d(a, )*d )a(x)) by (JP1)] = w*@(z,y)v*@(z) — v*@(y )u*(“)( ) and dually
q(a)(d(z, a) (m y) - y)) = )

—u*(@) (2)v*(@) (y). S1m11arly, the condltlon (QA4) is () (239 ) = ¢(a)q(Q2Quz,y) equals by
(0.1.3) both g(a)(q(, y)d(Quz, z) — d(y, Quw)a(x)) = q(a)q(w,y)d(a, Qza) —d(Qay, x)q(a)q(x) [by
(JP2), (0.1.7)] = w*@ (z,y)v*@ ((22)) — v*@)(y 2)u*(*)(z) and equals also g(a) (d(z, Quz) q(z,y)
—q(2)d(Qaz,y)) = q(a)(d(Qua,a)q(z,y) — q(z)d(Quz,y)) [by (JPQ)] = d(a, Qqa ) ( )a(@,y)
—q(a)q(x)d(Qaz,y) [by (JP1)] = v*() (&) (z, y) —u*®) (2)v* ) (2, y). (QAB) is u*(®) (z(>2) =
¢(a)a(Qza) = q(a)(a(z)q(a)q(x)) [by (IP3)] = (q(a)q(2))* = (@ (2)%, analogously (QAG) is
w (@ (@®9) = q(a)g(QuQu) = q(a)(a(x)g(a)q(z)q(a)g(z)) [by (JP3)] = (q(a)q(x))® = u*()(x)®.
A similar calculation shows that when J is a Jordan algebra or triple, any multiplication spe-
cialization of .J induces one of J(*) as stated; alternately, the multiplication specialization of J in A
induces one of V(J) in My (A) and then of (V*)(*) = J(2) in AT+ = A by the pair result [?, §13.8,
p. 146]. |

Notice that the J-bimodules have duals, but not the Jordan algebra J itself: the definitions
Ul = QuQqz, V) = D, definitely do not yield a quadratic Jordan algebra structure (V=)@ since
in the pair case x € VT but the maps U,V map V™ to V™, and even in Jordan algebras and
triples where V't =V~ = J the axiom (QJ3) = (JP3) fails flagrantly (as is easily seen for special
algebras), though (QJ2) = (JP1) holds.

q( ) q(z,y) — qla) gz d( y) = v @ @) u(z,y)
(a

Example 1.3 If J C AT is a special Jordan system, any J-invariant subspace M of the reqular
A-bimodule becomes a Jordan bimodule for J via the compound-linear multiplication specialization
Uy = LyR,, Vo =L+ Ry, Voo = LoLy+ RyRy of J on M. The maps Lq, R, : Al@ 5 4
are commuting homomorphisms of associative algebras, and hence induce commuting linear special-
izations €(x) := (L o Ly)(x) = Lag, 7(z) := (Ro Ry)(x) = Ry : AW — A — End(A), yielding
a compound-linear multiplication specialization u*(® (x) := £(2)r(x) = Loz Repa = UUy, v*(@(2) =

5The existence of dual bimodules for Jordan algebras and pairs has been a closely guarded secret, and we wish to
thank Deep Throat for permission to reveal their existence.
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() +7(2) = Loz + Rea = Vaz, v (x,y) = £(x)(y) +7r(x)r(y) = LogLay+ReaRyo = Vaza,y. Thus
the dual homotope multiplication specialization and module in this case are have clear associative
backgrounds. [ |

Universal gadgets for multiplication specializations of Jordan algebras and triples are well known.
Jordan pairs too have a universal gadget for multiplication specializations, the universal multi-
plication envelope UME(V) (introduced by Loos [?, §13, pp. 141-143] as U(V), compare [?, p.
289-290] for the algebra case), a unital associative U with 2 x 2 matrix grading, together with a
universal multiplication specialization pu, : V — U, having the universal property that every
multiplication specialization V . A factors through the universal one

% _E A

UME(V)

via a unique homomorphism g of unital 2 x 2-graded associative algebras. This implies, in particular,
that U ME is unique up to isomorphism and is generated by the universal elements e, e~, ¢7 77 (z) €

U™, d"T(z,a) € UTT for & € V7,a € V7. The elements of UME(V) are to be thought of as
generic outer multiplications by V acting linearly on all possible V-bimodules, in particular, on all
extensions V o).

The universal property is always a two-way street: since composing the universal multiplication
specialization j,, of V in UME(V) with any graded homomorphism UME (V) - A yields a multi-
plication specialization V 21 A with @0 flu = , we see that the multiplication specializations y of
V are in 1-1 correspondence with the graded associative homomorphisms ¢ of the universal gadget
UME(V). The universal multiplication specialization i, turns the universal envelope U = UME (V)
into a universal cyclic bimodule M (U, p,,); every cyclic V-bimodule is a homomorphic image of

MU, pi,).
The standard model of UME is F/I for F the free unital associative ®-algebra generated by all
eo (et 45" =1), 77 " (x), d"(z,a) and I is the ideal generated by (¢+)2 = £+ and all elements

needed to make d linear in z,a and § quadratic in z [all Z(ozxqtzzz’, a)— aZ(a:, a)— Z(ac’, a), z(x, aa+
a') — ad(z,a) — d(z,d'), 3(ax) — a®q(z), §lax + 7', a) — aq(z,a) — §(z’,a)], and insure that (QS1-
5), hence also (QS6-9), and their linearizations hold [all elements LHS — RHS in (QS1-5), plus
the z-linearizations of the cubic relations (QS1),(QS6),(QS7) and the quartic relation (QS3)]. The
defining relations (JP1-3), (0.1.1-6) show that if {x;} is a set of graded generators x; € V™) for V,

then the operators q(x;), q(z;,2;), d(x;, x;) is a set of generators for UME(V).

Since the set of generators for both & and I are homogeneous and invariant under the rever-
sal involution [?, 13.2d p. 142] of F (determined by (37 7(x))* := ¢7 " (z), (d"7 (z,a))* =
E*T”T(a, x)), the quotient Y ME inherits the matrix grading and involution. This leads to the Du-
ality Principle [?, Prop. 2.9, p.19]: if a Jordan pair operator m € UMZE(V) is an identity, m = 0
in UME, then its reversal m* is also an identity, m* = 0 in UME. We have tacitly used this reversal
involution in the second part of (0.2.6); alternately, we now can recognize this part when m > 4 as
V@ _y*a + v , which vanishes on the split null extension (V1)@ @ (A=~)*(@

=4 Uyy zm =3 {z,y} zm=2y
of the duotope.

The involution * leads naturally to dual specializations. If A is an associative algebra with 2 x 2
matrix grading, then its opposite algebra A°P has an opposite grading given by (A°P)%7 := A™" 7.
When A = End(M; & M_1) with matrix grading given by e!, e, this opposite grading is that given
by e7* := €77, since €7 op A op €™ =77 op A gpe”T = e TAe”? = A7 7% The involution
on U = UME(V) is an isomorphism U —— U, and since (A77)* = (e“Ae™)* = (e7)*A(e?)* =
e TAe™? = A77 77 this is an isomorphism of graded algebras. Any multiplication specialization
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opposite algebras /P %, A°P. Thus we obtain a dual multiplication specialization (cf. [?,
2.5 p.17]) p* of V in A via the composition U —— UP A7, A%, The dual has the action
(3777 (x)) = q(x), p*(d°(z,a)) = d(a,z), with ¥ = [i° o . In fact, from this action one
verifies directly that p* = (¢*,d*) satisfies the axioms (QS1-5) in A°P. Note that the dual is a
specialization into the opposite matrix-graded algebra. For Jordan triples or algebras, the dual u*
of p= (p,{) or (u,v) has (p*(z),£*(x,y)) = (p(x), {(y, x)) or (u*(x),v*(y)) = (u(x),v(y)) [but note
v*(z,y) = v*(x) 0p v (y) —ut(x,y) = v*(y) - v*(x) —u(z,y) = v(y,z)]. If M is a bimodule for V the
opposite module M°P (M regarded as a right A°’-module with opposite grading (M°P)? := M ~7)
becomes a dual right V-bimodule under the dual representation.

We will rapidly get tired of writing ¢~ 7 (x), drr (z,a) for the generators of U and simply write
7(z), E(:z:, a) when the indices are understood, keeping the & to remind us of universality. In fact,
we sometimes omit ~ and just write Q,, D, . in place of their preimages (Q, = /i, (¢(z)), Ds.o =
/LT( (x,a))) under the regular representation (.., and say “in the universal envelope”, “in U”, or just

“universally”.

If V is a subalgebra of V, we denote by UME (V|V) the subalgebra of UME (V) generated by 1 and
all d(z,a), () for z,a € V, and we have natural epimorphisms UME(V) — UMEV|V) — M(V|V)
via d(z,a),q(z) — d(z,a),q(z) — Dma,Qm € End(V). In particular, V becomes a left UME(V)-
module, and we can form m(z) for any m € UME(V) and any & € V. We also have the Action
Principle: If a Jordan pair operator m € UME(V) is zero as a bimodule operator, m = 0 € End(M)
for all V-bimodules M, then m = 0 in UME(V); indeed if m is zero on the universal cyclic module
MU, ) then 0 = m(1y) = fiy(m)1y = m implies m = 0 in U [note that jz, = 13 by uniqueness in
(1.2)].

Another formulation of the Action Principle is that an operator m € U is zero iff it is zero as
an operator in all extensions VOV:iifm=0onV=Va&MU,pu,) then m =0 on MU, pu), s

=0inU. Conversely, if 7 vanishes in U then it vanishes on all m € V since M = M(V|V)i is a
Jordan bimodule, and m = 0 on M implies m = 0 on 7.

2 Universal Polynomial Envelope

Jordan algebras and pairs have linear outer multiplications U, : @ — Uza,Qza and V4, Dy :
y — {x,a,y} which are linear operators, but they also have inner multiplications N, : @ — Qux
mapping V'~ — V77 which are quadratic rather than linear operators. We can interpret these as
mappings on the associated polarized Jordan triple system VP := V't @ V™~ by setting Ny« (V) =
{V?,V?,V} = 0. The full polynomial multiplication algebra PM (V) C Pol(V) is the associative
algebra of polynomial maps in several variables on V generated by the Qu, D 4,N;.% The easiest
approach to these polynomials is through the free product of V with a free pair.

Recall from your subconscious that the free Jordan pair FJ7P4[X] over ® on nonempty sets
X = X1t W X~ of graded generators is the quotient of the free ®-module on the free pair monad
FPMg[X] on the generators X, divided out by the ideal Zg(X) generated by the Jordan pair
identities (JP1-JP3) as well as their linearizations (JP1)’, (JP3)’, (JP3)".” We call it the free Jordan

6Tt is not true that UPE(V) is generated by q(x;), q(z;, x;), d(zs, ), Nz, for generators {z} of V (me,ij ta—
QaQqix; is not directly expressible in terms of these). '

7If we used this collection of relations, it would suffice to consider only those relations where z,y, a are themselves
monomials. The full list of linearizations would involve further linearizing all the quadratic relations: replacing
T — x4+ Ax1 + Aax2 + A3z3, a — a+ Aa1, we would have to add for (JP1) the coefficients of A A2, for (JP2) those
of A1, A4, A1\, and for (JP3) those of A1 A2, A1 A2A3, A, A1 \g, /\%)\4,)\1>\2)\4,)\1)\2)\3>\4. But that’s too steep a price
to pay!



pair ®(X) on the free graded variables X & X~ over ®, using pointy brackets to distinguish it from
the scalar polynomial ring ®[X] in ungraded scalar variables. Here the free pair monad consists of all
pair monomials in the generators, constructed recursively by taking in degree 1 the generators acii,
and if p7,q¢%,a~7 of degrees d, e, f have been constructed, then m? = Q,a, {p,a,q} = {q, a,p} are
monomials of degrees 2d+ f,d+e+ f. The ideal Zs(X) is generated by the relations (JP1-3),(JP1)’,
(JP3)’, (JP3)”. The quotient ®-module FTPo[X] := FPMqg[X]/Zs(X) becomes a Jordan pair by
defining Qx> p, (325 a5) = 225 Qpaj + >y j{pis aj, pi}. We will speak of THE free Jordan pair
®(X) over ® when X7 = {z7,29,...} (1 = £) are both countably infinite sets of indeterminates; its
elements may be thought of as universal Jordan pair polynomials in any (necessarily finite) number
of variables.

The free pair on X is graded by degree in each variable, and agrees with the free monad up
to degree 4 (the lowest-degree Jordan identities are (JP1), (JP2) of degree 5), in particular has a

natural imbedding X In, ®(X). Tt enjoys the usual universal property, that every set-theoretic map

X+ £, VE extends uniquely to a homomorphism ®(X) 2,V of Jordan pairs over ®. The universal
property leads by universal nonsense to the usual properties of the free object and yields a functor
from sets to Jordan pairs over ®.

In defining the generic polynomial envelope we make a further useful but unusual move: since
the generic polynomials are supposed to act on all V D V), in particular all scalar extensions, we will
include in the construction the universal scalar extension Vg by the universal scalars

= (I)[A] = @[jl, ig, . ]

Ls2

for countably many independent indeterminates x;. For the generic Jordan polynomial envelope
for a particular Jordan pair V and set X we will adopt the notation V(X), using pointy brackets
to distinguish it from the scalar polynomial extension V[X] = V ®¢ ®[X]. We construct V(X)
as the free product over & of Vg = V[A] with &(X) to get V(X), the polynomials in the graded

free variables X W X~ and the free scalar variables A with coefficients in V [note that we do not
mention & explicitly in the notation, the variables x; will be tacitly understood]. One advantage of
this convention is that if p(z1,...,2,) = 0 € V(X)) of degree d; in the variables z; then automatically
all its linearizations also vanish [due to the endomorphism of V(X)) sending z; — Z;vﬂ AN+ Nitj
choosing an N > n and N > d; for all {].

There is no transparent way to view this algebra of Jordan polynomials as there is in the cat-
egory of associative algebras, where the elements of A(X) are just linear combinations of strings
agmiaims - - ApMypani1, 1> 0, for nonzero a; € A (allowing ag, a,+1 to be absent) and nontrivial
free noncommutative monomials m; = m;(X) in the free associative algebra ®(X) (with the obvi-
ous multiplication and linearity in the variables a;).” The elements of V(X) can be thought of as
generic polynomials in the sense of Martindale (see, for example, [?, p.111f]): noncommutative
nonassociative Jordan polynomials in indeterminates x; with coefficients from V[A]. In this paper we
will not be concerned with generalized polynomial identities in the sense of Martindale and Amitsur,
nonzero elements of V(X) which vanish on V or related pairs, but rather generic polynomial identi-
ties, the zero elements themselves. These are polynomials p(x1,...%,,a1,...amym) =0 € V(X) where
p(T1, Ty Y1y Ym) 7 0 € (Y W X) is a nontrivial Jordan polynomial which vanishes for the
particular substitutions y; — a; € V and all possible substitutions x; — Ej for all pairs % containing

8While it is not true that every scalar extension Vg is a homomorphic image of V= = V[A], every finite set of

elements of Vg lies in such a homomorphic image, and Vg itself is such an image if Q is countably generated as
P-algebra.

9As pair theorists, we can blithely ignore the complications in the category of unital algebras, where we would
want 1 € A to remain the unit in A(X) and therefore must face the sort of collapse amilmaob — a(mim2)b familiar
from the case of free groups. Indeed, associative ring theory wants the entire center C' of A to remain the center of
A(X), forming the free product over C' instead of ®.
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a homomorphic image of V. In this case we will say p(x1,...2n,a1,...a,) vanishes universally or
generically in the z;, and to emphasize this genericity will write p(Z1,... %, a1,...ay) = 0.

The easiest way to form this free Jordan product is to present V in the most egregious way (take
indeterminates Y7 = V7 and write V = ®(X)/K induced from the natural inclusion Y % V), and

then form V(X) := E)(X WY)/K (dividing out by the ®-relations K in the variables Y defining V),
but no further relations in the variables X other than those Zg (X WY) imposed in the formation

of %(X WY)). There are natural inclusions X 7% V(X), ¥V % V(X). This has the universal
property that any (graded) set-theoretic map X % V7 together with ®-homomorphisms A — €
of ®-algebras and V %, V of Jordan pairs for an Q-algebra V), extends uniquely to a Jordan pair

homomorphism V(X) ) of O-pairs.

When X is countably infinite we call V(X) THE universal polynomial envelope UPE(V) of
VY over ®. The universal property leads by universal nonsense to standard properties of the free
object: it determines a functor from Jordan-pairs-and-sets to Jordan pairs, distinct variables can be
adjoined one-by-one or in one fell swoop,

(2.1) VIX)Y) 2V(XWY),

that a bijection of sets induces an isomorphism of polynomial envelopes

(2.2) X1 2 Xy = V(X;) 2 V(Xy),

in particular that the universal polynomial envelope is indifferent to countable extensions,

(2.3) UPE(V) ZUPEV(Y)) (Y countable).

We have the Action Principle that p = 0 in V(X) iff the map induced by p vanishes on
all Jordan algebras V with homomorphism (not necessarily an imbedding) V 2. V. Certainly if

p(z1,...,z,) = 0 in V(X) then for any b,...b, €V and o(z;) = b we have 0 = (p,0)(p) =

p(b1,...,b,) and p vanishes on V. Conversely, if p vanishes on all pairs V it certainly vanishes on
the pair V(X)) itself, so p = (i, 0y)(p) = 0.

Any generic polynomial envelope V(X) is again X-graded, with the elements in degree 0 being
precisely V. We have a graded decomposition V(X) = V@@, x V. ® V2 into homogeneous parts of
degree 0,1, and > 2. Importantly, the homogeneous polynomials of degree 1 are naturally isomorphic
to the universal multiplications of the universal multiplication envelope.

Quadratic Envelope Imbedding 2.4 Fiz an even and odd variable x(jf € X%, set xg:= xa' Dy .
Then the cyclic V-sub-bimodule M = M(V)xo = Vg OV, © V(X) is naturally isomorphic to the

universal cyclic bimodule MU, ) = U(1y) = U via the inverse linear maps U M given by m —
evaly, (m) = m(zo) and M 2% U by p(xo) — p(ly). Under this isomorphism UME (V) = Vg ®Vyr
and UME(V)ET = Vyr as spaces.

PROOF: We have a multiplication representation ¥V — M(V|V,,), so by the universal property of
U this induces an algebra homomorphism & — M (V|V,, ), which can be followed by the evaluation
map evaly,. Since evaluation is a V-bimodule map, the resulting composite ) : m ﬁz(mo) is a
homomorphism of cyclic V-bimodules.

The recursive construction shows the polynomials in V,, have the form p(z¢) = m(zg) for a
multiplication operator m: in degree 1 there is just g = e (x), if true for degrees less than n then
in degree n any homogeneous degree 1 monomial must be @,q (where p must be constant and by
recursion ¢ = m(xo) for a multiplication operator m) or {p,q,7} (where we must have two constant
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factors and one an operator on xy by recursion) so {p,q, m(xo)} = (D, 4m)(z0) or {p,m(xo),r} =
(Qp.rm)(x0). The specializations z; — 0,z — 1y (i.e., 27 — e?) induce a homomorphism V(X) £
V @& M sending f(xo,x1,...,2n) — f(1u,0,...,0) by the universal property, which restricts to a
V-bimodule homomorphism V,, ~% U1y = U sending p(zo) — p(ly) = p.

These two homomorphisms are inverses since (g o 1)(m) = wo(m(zo)) = m(ly) = m and
(¥ 0 o) (m(zo)) = Y(m(ly)) = ¥(m) = m(xg). Thus the two bimodules are isomorphic. It is clear
that under this bimodule isomorphism UME(V)?T = e?UME(V)eT = e? Me™ corresponds to €7 V,»
and UME(V)E™ to Vyp as spaces. [ |

We remark that V(X) has no involution corresponding to the powerful reversal involution on
UME (V). Nevertheless some traces of duality remain. For example, making our first use of the

notation ~ for generic variables, if 575,5,3 are distinct free variables and for some elements
z,y € VT, a,b,c € V= the quadratic polynomial D;GQ;—Q;Q~C vanishes generically in z (in

all V over V, equivalently in V(Z,a)), then its linearization Df Q*Qb Q =C vanishes generi-
cally as a bilinear function of 7,7 in v@,Z,E,?) = V(Z,a)(y, §>7 SO ( I’GQJQ;D%C)Z =0 in
V(Z, §>Z, and under the isomorphism D;GQ;Q;D%C =0 in UME(V(Z,a))tt. But ,then its re-
verse Dc_ng_ Q) D, , also vanishes in UME(V(z, Z})L’f, leading (via the isomorphism, this time of

UME(V)E~ with V(Z,a)=~) to D}Q;Q;‘D;w(z) =0in V(Z,a,y, Z> and hence (via the homomor-

S

phism V(Z, d, Z,?) — V(Z,d) induced by ¥ — 2,5 — 0,2 — a,b — @) to an unexpected relation
D~.Q, Q" (y){a,z, a} = 0 back in V(Z,a). Notice that vanishing of a function of %,y has led to
c,T

vanishing of a function of 7, a (which is exactly what happens in the universal multiplication enve-
lope, where a relation like d(z,a) = 0 as a universal map on z in modules M? leads to d(a,z) = 0
universally on @ in M ~7). One suspects that vanishing of the original quadratic function of 2 implies
some “dual” quadratic function vanishes, but I have been unable to find examples. At any rate,
universal vanishing of a generic Jordan pair polynomial has powerful unexpected consequences.

In the construction of algebras of fractions [?], [?], [?] it is important to know whether cer-
tain multiplicative relations, such as a multiplication operator 1" being a structural transformation
Qr.(y) =TQ.T = (y), hold generically on all extensions J rather than just on J itself.

Injection Question 2.5 If J is a subsystem of J, or more generally if J —=— J is injective, is
UPE(J )u(w UPE(J ) also injective? -

Though no counterexamples seem to be known, one expects the answer to be negative. It is rea-
sonable to assume that if V is obtained from V by adjoining some inverses s~!, but in such a way
that no elements of V die under the imbedding, there still might be some polynomlalb m € UPE(V)
which vanish on V itself, but not in some extension V', yet vanish on all extensions V' of V due to
the restriction imposed by invertibility of s™1 € V.

3 Dominions

An inner ideal I77 <;, V7 is a subspace closed under inner multiplication, Q;--V? C 177,
then V(I7?) := (I79,V7) forms a subpair of V. By (JP3) and (0.1.6), every element s7° € V¢
determine closed and open principal inner ideals K77 = ®s+ Q;V? and I;7 := Q,V7. In the
theory of Jordan fractions an important role is played by a sesqui-principal inner ideal determined
by a dominating pair. We say that an element s dominates the element n, written s > n, if there
are pairs N ,, = (N7, N7), S;,, = (S77,57) of globally-defined operators M™ € End(V7), 7 = +,
such that
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(3.1) (Domination): Q,=N"7Qs =Q;N°7, Qns =577Qs = Qs5°.

Such pairs arise in the consideration of Jordan fractions Q7 'n with “reduced” numerator n and
denominator s. In practice (see 3.4.12 below, [2]) both S and N can be built from multiplica-
tions entirely within the original pair V. We say the domination is inner if for ¢ = +7 both
57 € Dyo y-o, N7 € QyoQy-o are given as multiplications, and is generic (or that s generically
dominates n, s >4, n) if S7 € dyoy-o CUME(V)?? and N7 € qyoqy-- € UME(V)77 are
given as generic multiplication operators with S~ = (ST)*, N~ = (N*1)* and (3.1) holding generi-
cally in UPE(V). In both cases N7, 57 act on V as inner multiplications. Note that s automatically
generically dominates all n = as+ Qsa in the principal inner ideal K by (0.1.6), (JP1). In fact, any
n dominated by s is already halfway in K, because such a pair (s,n) of dominator and dominatee
determines an inner ideal which is almost principal.

Dominion Theorem 3.2 If the element s dominates n, then the dominion

(3.2.1) K% =®n+ ®s+ Q,V°

sn
is an inner ideal satisfying

(3.2.2) Q-2 VI CQVI =177 CK7 C K.,
The elements x := yn + as + Qsa, y := as + Qsa, z := Qsa of the dominion have Q-operators
which can be “divided by Q”,

(32.3) Qn=N77Qs=QsN7,
( ) Qn,s = SiaQs = stga
( ) Qz = QsQaQ37
(326) Qy,=B°Qs=QsB° (B °=DBysa, B° =Baus),
( ) Qn,z = Ma_ng = QsMg, (M;U:S_UDs,a_Dn,av Mg:(M_g)*%
( ) Qn,y =G7Qs = Q:G° (GT =aS" + M(;r)v
(329) Qu=X"7Qs=Q:X7 (X7 =7>N"+~G7 +B7)
where T = *o. _ N
n+ s+ QSXN/J 1s likewise
son, and (3.2.3-9) hold in

If s dominates n generically, then the generic dominion Iz(;fn =
an inner ideal in UPE(V) satisfying Q; (Vo) C Qu (V) = I;7 C

—0o
sn

UME(V) for generic 5,a € & and & € ‘707 with T=7 = (T?)* for allT = N,S,B,M,,G, X.

Proor: We will omit all indices in the following arguments, since they are clear by context
from the statements in the theorem. (2) will show that the dominion as defined in (1) is indeed
an inner ideal, and (2) will follow from (9) since Q,V? = QsX°V? C Q,V°. So all that remains
is to establish the formulas (3)-(9). (3),(4) are the definition (3.1) of domination s > n. The
formula (5) is just (JP3), the Bergmann formula (6) is (0.1.6). For (7), we have Q. = Qn.Q.a =
DsaQsn — QsDan [by (0.1.3)] = DS,a(QsSU) —QsDapn by (3.1)] = Qs(M7) [by (JP1)] = Qs My,
and duauy Qn,Qsa = Qs,nDa,s - Dn,aQs = S_UQsDa,s - Dn,aQs = M(I_UQS = Ma_UQs' Then (8)
follows immediately from (3.1),(4),(7) since Qny = aQn,s + Qn -, and (9) follows similarly from
(3)7(8)’(6) since Q; = Q'yn-l-y = ’72Qn + VQn,y + Qy

In the case of generic domination, (3.1) holds generically in UME(V); then M7, 57, G exist in
UME(V) (B already does), and satisfy (3.2.3-9) for z = Q.a, y = as+z, © = yn+y € UPE(V). By
definition of generic dominations we have N=7 = (N?)*, 577 = (S7)*, and automatically B~7 =
(B?)*, so the recipes in (3.7-9) guarantee that T-7 = (T9)* for T = M,, G, X too. [ |
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This inner ideal K., is not bi-principal, since the formulas indicate that n is already “half in
K", so a fraction Q;n is really of degree —1 in s, not —2. The operator G provides important
“glue” binding the two structural transformations N and B into a new structural X [?].

Note that T'= N, S, M,, G, X are not uniquely determined by (3.4.3-9), though the T are unique
if Qs is injective and T'~7 are unique if Q)5 is surjective or (), is generically injective and s generically
dominates n. At the opposite extreme, if Qs = @Q,, = Qs = 0 then any N, 57 will work, and
need not satisfy any reasonable relation (see (3.3.1) below). Domination is thus a rather impersonal
relation. A much closer relation, for forming properly “reduced” fractions [?],[?] is that of tight
domination: we say s tightly dominates n if

(3.3.1a) Qn=N"7Qs; = QsN? for an inner multiplication N € Qv Qv

(3.3.1b) Qns =577Qs = QsS7 for S € Dyy an inner Lie struction, i.e.,
Qs’(w),w = STQw + QwS_T fO’f’ allw € VT,

(3.3.2)  there are qa2,q3 € V7 so that s1:=8, s2 :=n, 3 := Qsq2, 84 := Qsq3 € V7 satisfy
(Power Shifting): S™7(s;) = 28,41, N79(8;) = siv2, N9(qi) = qiyo,
(3.3.3) (Two N): (S79)2=2N"°+ D, (59)*>=2N°+ D, ;.
Multiplying (3.3.3) on the right and left by @ yields, via (3.3.1) and (JP1), the consequence

(334) (TWO Q) Sngs,n = ZQn + Qs&s == Qs,nsg-

These conditions insure that when % € ® the domination is completely determined by the Lie

struction S. We have the obvious notion of generic tight domination.

Life improves the smaller our dominions get. It is easy to construct more tightly dominated
subdominions inside a given dominion K. ,,.

Subdominion Theorem 3.4 If s dominates n in V7, then for any ¢ € V7 the element s’ :== Q¢
more tightly dominates n' := Q,Q.n, inducing a subdominion

(3.4.1) K0, =00 + 85+ QuV7 = Qy(Pc+ Qc(Pn + Q,V7)) C Q.KY.
(1) If we set
2= Qya=QsQ.Qsa, Y :=as +2 =Qs(ac+ Q.Qsa)),
' i=an' +y = Qs(YQen + ac + QcQsa) € K;Z,, C I,
¢ = N°(c), ¢4 := N(Qcn), qrr1:= N(cF™) eV (k>1),
si=¢, sh=n/, sh:=QsQcQnc, sk :=Quq), = Q¥ € Kyy s (k> 1),

(3.4.2)

then all elements ' of the subdominion have Q-operators which can be divided by Qg

) Qn’ = QS’N/U = N/_GQSH (ZV/_[7 = QSQCN_Ja N'7 .= NUQCQS))
E 3 gn’,s’ ZQCS’SC;U = S/_UQS’ (S/_U = DS,S(C)_D’IL,C7 57 = DS(C),S_DC,’I’L>7
(3'4'6) Qy/ = Qs/BZ,a,s/ = B(;Z/,QQSH
(BA4T) Qu=M,"7Qy =QuM;7, (M, :=QsQ:M;7, M) :=MJQ.Qs),
(348) Quy =G 7Qs =Q,G” G'7i=aS"+ M)
( ) Qz’ — QS/X/O' — X/—O'QS/ X'T .= 72N/T +,YG/T + B/T)'

Whenever s dominates n generically, any generic ¢ induces a generic n' := QSQin and a corre-

sponding generic subdomain K7 , = ®&n' + &5’ + Qs/\z/_f satisfying (3.4.3-9) generically.
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(I1) Automatically S’, N’ of the derived dominion satisfy

e S € Dyy CUME(V) is an inner Lie struction (3.3.1b);
e Power Shifting (3.3.2) holds;
o Two @ (3.3.4) holds.

(III)  Whenever S is already a Lie struction, the above operators M for the subdominion
coincide generically with those guaranteed by (3.2.5),

M= = Q,QM;° =5 Dy o—Dpa, MY :=MQQs=DyayS° — Dy in UME(V).

(IV) Whenever S is already a Lie struction satisfying Power Shifting (3.3.2) and Two @ (3.3.4),
and in addition satisfies the weak “gluing” identities

(3.4.10) NQ:+ QN7 +57Q.577 = Qso(c) + Qno(e),er
(3.4.11a) A := Dy no(e) — Dy so(c) + Dss,e = 0,
(3.4.116) A*:= D]\]a(w),S - Dsa(w) n+ Dy =0 forallw = C(2k_1’s)a

then s’ tightly dominates n' in the new subdominion K7 ,: besides (3.3.1b), (3.3.2) it satisfies Two

N (3.3.3) and innernress (3.3.1a) since the new N’ is inner in Qv Qv (though perhaps The Innner
Multiplication from the Black Lagoon!):

N'77 = QchJFng,ch - QS,RQS”(c),c+QSQS(c)+QSQN”(c),c
(3.4.12) € Qan+os+oN - (s)+057 (5) Qoctras—7(c)+N-7(c) S Q-7 Qve SUME(V),
N'7 = Qch"‘QcQse”s - QSU(C),CQS71’L+QS(C)QS+QNU(C),CQS € QV”QK;;’n~

Moreover, in this case (3.4.10-11) for S, N',s',n’ are inherited from S, N taking the same ¢’ = c.
(IV) In particular, in the presence of (3.4.10-11) and (3.3.4) the element s’ := Qg c always

tightly dominates n' := Qg Qcn' and the sub-subdominion K. is tight satisfying (3.4.10-11).

Proor: (I): (1) follows from (3.2.1) and the definitions of &', n’. (3) follows from (JP3), (3.1) by

Qn’ = QQSQCn = QchQchQs = QSQC(QSN_T)QCQS = Qs’ (N_TQcQs)y so N'°7 = N_TQcQsa
and dually N'™ = Q;Q.N 7. For (4) we first note that generically we have

ST = Ds,S(c) _Dn,c7 S = DS(c)s_Dc,n

(34.13) satisfy DnoQs=QuS'7, QaDen=S5'""Q, in UME(V)

since in UME(V) the element S(c) satisfies QsDey + D cQs = Q3,5 DY (0.1.1)] = Qo 5¢0),
[by (3~1)} = QsDS(c),s = Ds,S(c)Qs [(by (JPl)]' Then Qn/,s’ = QQchn,Qsc = QsQan,cQs =
Qs (Qch,c)Qs = QsQcQsS5 T [by (JPl) and (13)] =QyS"77 [by (JP3)]5 and dually, yielding (4)
generically.

Once (3-4) hold we know s’ = n’ and by (3.2.3-9) that (3-9) hold for operators B, M,, G, X. By
the above, (4) holds generically, and (5), (6) clearly hold generically by (JP3), (0.1.6).

For the operators M/ of (7), we compute Qn/.Q.a = QQ.0.n.Q.0.Q.a = Q@sQcQn,@.aQcQs =
Q:Qe(QM;7)QuQs [y (3.2.7)] = Qu (M;7QeQ.) = QuM!—", and dually. As in (3.2), (8) follows
immediately from (3),(7) and (9) from (3),(7),(6).

If the domination is generic, all the formulas (3.4.1-9) thake place in UME(V).

(II) By (3.4.4) and (0.1.1), automatically S’ € Dy y is inner Lie structural as in (3.3.1b), and
Power Shifting (3.3.2) automatically follows: for k& > 1 the elements ¢;_,, s}, of (2) satisfy the
relations

(3.4.14) s’ 70(52) = 232+17 leg(sk) = 5%+27 N,U(Q;§+1) = QI;+37 5;c+2 = QS/(q;c—i-l)'
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Indeed, 5'(s}) = (S'Qo)ck™ = (QuDpo)c®™™ by (13)] = Q. V™M (chm) = Q,2ck+1m) —
25501 and N'(s1) = (QuQeN)(s1) = QQN(Quc®™™) = Q,Q.Qu(cm) = QUM (ch:m) =
QuelH ) =i 1y ON VY wo v N/ (g y) = (NQQIN (o) = N(QuQuelh) = NGt
i13- We have the alternate expression s),_ , = QscF 21 = Q,Q.Qnc™™ = Q,Q.Q,N(c*™)) =
Qs Gy, Here s = Qs = Quc = &, s = QP = Q.Qun = 1/, and sh = QB =

Qchan-w
Furthermore, V" automatically satisfies Two Q (3.3.4) since Qg ' = QQ.c,0.0.n = QsQc,0.nQs =

QsQcDp Qs by (JP3), (JP1), s0 S'Qs s = S'QsQcDpncQs = (QsDen)RQcDn Qs [by (13)] =
QSQCD%CQS = QSQC I:DQ”C7C + QQch] Qs = 2QSQCQHQCQS + QSQQCQ”C7CQS [by (012>7 (JPl)]
= QQQSQCn + QQSQCQn,c,QSc = QQn/ + ng,s [by (JPB)L and duauy Qs’,n’ S = 2Qn’ + ng,s~

If AV is already an inner multiplication, so is N/. In case A is already principal, so is N': if

N7 = Qqu (With Qsq = TL) then N' 77 = Qch(Qqu) = QQSch = Qs’Qqa and dually.

(III): To help the reader through the labyrinth of verifications of the for some of the following
formulas, we indicate the migration of terms via numeric-alphabetic superscripts;'! a superscript
A,V e & denotes a term which about to die, cancelled out by its evil twin. If S is Lie-structural,
then the two versions of M7 agree, since

S~ Dy o — Do = [D) ;( )y~ D2 Dg.ca — Dg)Qan :
= D, 5(0)[Ds.c D8 — QoQU2] — Dy [ Dy, D — QuQR)] — [Ds.g.n DS — Q1Q5"). ]
[by (0.1.2) on (1), (2), (3)]
= (M3 + QuQS( ] Do — Qa.5(0.5Q4) — [PV, + QnsQP™® | Dy + D cQuQE
—Dy DS + Qngfn,a [by (0.1.2) on (1a),(2a), (JP1) on (1b)]
= DG e+ Qs[STORUEY + QST D, — Qg (0)sQ) — DG Daa — Qn sQE Dy
+Dn7CQSQ£72§) - Ds,anDSg) + QSngv)w [by (3.1) on (1al),(1b), Lie struction on (1a2)]

= [D{gl% ¢ DSZJ’?‘]DS ot Qs nQCD“‘”“” +Q Qe S—T(Mb)'Ds,a — QuD. QU

D»Ef‘(l;c) Qs nQ02a2)' s a — Ds ,Qcn + Q Q en,a
[by (JPQ) (lal) ( 1) on (1a2a), (0.1.1) on (1b/2b)]

= —Q.[QLY* £ Q.DUY™] + Q.QEN +Q,Q.577 DI [by (0.1.2) on (1b/2b)]
= Qch [S_O-Dg,l(lzﬁb) - DS:Z/%Q)] - QSQCMG_U =: M/_G

as claimed. The result for M, " follows by a dual argument [or by the involution in the generic case,

in which case the equalities hold generically].

(IV): Now assume S is Lie-structural and Two @ (3.3.2,4), (3.4.10) hold; innerness (12) of N=¢
follows from N'~7 = QQ.N "7 = Qs[QcN "7+ NQ.] — QnQc by (3.1)] = Q5[ — SQcS + Qs(e) +
QN(e),e] = QnQe [by (10)] = Qs [SQc — Qs(e).c] + QsQs(c) + QsQ@N(e),c — @n@Qe [by (3.1) and Lie
StruCturahty of S] = [QQn + ng,s] Qc - Qs,nQS(c),c + QSQS(C) + QsQN(c),c - Qch [by (334)]
=QnQc + Qs;5,sQc — Qs,nQS(c),e + QsQS(c) + QsQN(c),ca and dually for N7.

If also triality (11) holds (in addition to (10), (3.3.4), and Lie structionality), then Two N (3.3.3)

10Note that we have not required Sty
been unable to establish it here (not even S’(¢}) = 2¢4). The missing ingredient is a formula S'“N? = N D¢ pn,
which holds in the case of fractions.

HThese serve much the same function as ear-tags to track migrating wildlife.

) = 2q,, Lo inour definition of Power Shifting, primarily because we have
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holds for S’, N’ as well: for —o we have

S/ —ogl—o _ [QN/ -0 4 -Ds’ q/] = [DS,S(C) } [ 5,5(c) — ] _ [QQ QCN70 + DQSC,NU(C)]
—_(pM® (2)y2 (3) (4) (8)
= (D, 5(0)> + (Dne)® = DD g o) = Dss(e) Dije — 2Qs [~ NOY-5Q¥W s+ S(C)+QN(C),C]
9) (10)
B [ B DQ N(c),c + Ds {e,s N(c)}] [by (3410), (JP?)']

_ rn(la) (1b)a (2a) (2b)
= [Dg %5500 T 2Q5Qg1y | + [Qine.c +2QnQc ]
—[-Dp sy D +D. L 4Q0QC ] = [~Dasie DS+ DY) +Qns Q50
n,S(c)Hs;c n,{S(c)s,c} n,5% ¢, S(c) n,S(c)Hs;c {s,S(¢),n},c n,5% S(c),c
+2QnQE” +2Q,,1QeS® = 2Q.Q5) = 2[Dy n(oy DI = DG\ (o). + Digee = DIBL L o
[by (0.1.2) on (1),(2),(8); linearized (0.1.2) on (3),(4); (3.1) on (5),(6),(9)]
[D(la):) S(c) + anz c + 2Qch2b) + 2Dn (e )D(Sa/4a)v 2Qs nQ(36/4c - ng)ns(c)}c

[ D(Sbl) + D(3b,.23)5(c) T DS:i)c S c)] + QQ”QC +20s, nQCS(G)

5,Q5(c),cM
(8al)v (8a2) (8b) 9) (10a)« (100)
-2 [Dn ,S(c) Dsa,c ]Ds,c + 2DQ c,c + Dan,c - I:DS,DS(C)yn(C) - DS,DCTS3 (c)]

[by (3.1) on (1a), (JP2)" on (3b); (3.4.11a,b) for w = ¢ on (8a),(10); (3.1) on (8)]
4Dé22ac/sib/9) + 40,02 _ 20, n[ngsd) L Q£3c2)AS] B 2D(4b/3£(20) +20, LQOng
a2a a2b b
+2[DE00 + QG Q] +200),
[by Lie structurality on (3c), (0.1.2) on (8a2); (3.1) on (1a),(3b3)]

_ 4p2a/sb/9< 4Qan2b/5)v B 2[2Q£L3cla)v " Qgiﬁb)A}Qc B 2[D§Z“l‘c ps)> 1

Qne,c Qs3, s(e),
+2D2 N 190, Q8P =0 [by (3.3.4) on (3cl),(4b); (JP2)’ on (8a2a),(10Db)).

A dual argument [or the involution in the generic case] establishes the case o.
Tt is not trivial to show that the conditions (10-11) are inherited by a subdominon. For (10) we
use (10-11), (3.3.4) for the original dominion to compute (using the same ¢’ = ¢)

N'Qc+ Q:N' + S'QcS' —Qs/(c) — Qnr(e)e
= (NQ.Q:)QY + QP (Q.Q.N) + [Ds(e),s — Deyn] QY [Ds.5(c) — Dhn.c]
Q{S(c),s }—2Q.n QNQ Quc.c
= NQQ.QM™Y + QY QuQeN) + D) sQs DG +em QDY
*DS(C),chD(‘?C)D\/*Dc chngzc —Q(s(c),s, C}DS(L),éQcDgg)‘ —4Q.Qy (4b)’+2Q§‘?857576},Q6n
Q0 me.e T Q500010 ~ ch;r) Qu0) Qgiﬁ{czé e

using (JP3) on (4b), (3.1) on (5a).

We now expand out certain of these terms marked by a 4/, indicating by A, «,» etc. where they
cancel out terms above or in other expansions. We have from (0.1.4)

o (3a1)0 (3a2)0 (3a3)A (3a4) <
(8a)° = -Qs@:RQT ~ QeQuQSE + QD o + Qe g

and similarly DenQcDnc = —2Q0)Q,Qc~Qem.c; +Qarane.c=—2Q.QnR@e + 4QqQ.n + QQ.Q,c.c 80



17

(30)°  =Qb ¢,cct2Q:Q,QF.
We have
JAN _ ° » oo
(5b) = Q{S(c),s Qen}ic +Q{S(C),n,QCS},c _QQQchc,c _QQCQS3,5C75
A _ ° [Y)
(5d) - _Q{S(c),n,Qus},c +QQCQS3,SC7C
since for (5b) Q5Q.Q.nee = QS(e).Quncictc — RQ.5Quc,e [y Lie struction] = Qs(c),s,Qon}.c

+Q(5(c)m.Qestic — 20Q.Quee — QQ.Qu, ceoc [by (JP2)’, (3.3.4)], while for (5b) we have (elevating
subscripts Q.4 to Q(c,d))

—Qc Qo niw@ie = —Q(¢, [De s D (e),s¢ = Deg.n(e)€]) [by (0.1.2)]
= Q(¢, [ = De,s(Ds(e)n — Desy )¢ + Deg,ec]) [by (3.4.11b) for w = ¢, (3.1)]
= Q(¢, [ = De,sDenS(c) + (Dqos,ss + QeQsy,5¢) + 2QcQnc]) [by (0.1.2)]
= Qe, [~ (Dgusn + QcQs,n)S(€) + Dg.s ¢ + QeQsy s¢ + 2QcQuc]) [by (0.1.2)]
= Q(c, [~ {5(c),n, Qes} — Qe (2Q5, + Q25 J]) e+ Dq.s,s5¢ + QcQis ¢+ 2Q.Qhc] ) [by (3.3.4)].

By far the most complicated are the expansions of terms (1) and (2):

(1) + (3a1) ( d) =Q.QnQc + Dch'g,,ch + QQCan,c - Dc,nQ{S(c),s,c},c
(2) + (3a2) + (3¢) = QcQnQc + QcDs guss + Qe.Q.Que — R1S(c).s,c},cPne
(D7 + @27 + (3a1)7 + (3a2)7 + (3¢)7 + 3D = 2Q.Qu QY — QT . 0unte — 2QT5(0) 0.0} 0un

For the expansion of (1), the three terms become

= [NQC - QS(C)]Q Q ] - D, nQCDs,S(c)
= [-QNW - Q(2)5+Q§3)C) JQ:Qe = DenQ(Y() yc + DenDsesQF by (3.4.10),(0.1.1)]
_ ) (30) ( b) @)
- _Qch SQ Qs ch + [Dc sD (c),s - c7Q5N(c)]QC - Dc,nQ{s(c))s7c})c
+Dc,nDS(c),ch [by (JP3) on ( ) (3 1) (2)7 (012) on (3)3]
= —Qe@nQ — Qs(0).cQsn QY + Qe(5Qun) QY + Do o [D§) — DEIP] Q.
Do, Q) = Den@Y s oy.o + Do Dsier s
[by Lie struction on (2), (3.4.11b) for w = ¢ on (3a), (3.1) on (3b)]
= —Qc@nQ + Qe2Q7"Y + Q'P*)Q. — [DEY +Q.QU Q.
(3al) (5) (2a)7(6) (3b) (4)
+[De,s Doy + DenDgiy o = Qs(e),e@sin’ | Qe = Q40,00 — DenQis(e),s.ehe
[by (3.3.4) on (2b), (0.1.2) on (3a2), (JP1) on (3b)]
o /(2b1) 3a2a (6) (3b) (4)
+Q Q’ﬂ QLS SaQC [ c QS,"S(C)] Qc - QQCQnCaC o DC’nQ{S(C)’S)C}vc
[by linearized (0.1.2) on (6)]
_ (1)/(201) _ py(3a2a) (6a) (60) (30) (4)
- QCQ"QC st s;;QC [2Dc Qnc + DC,Q537,gC} QC - QQCQ”C7C - DcvnQ{S(c),s,c},c
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[by (3.3.4) on (6)]
= Q@@ — Doy Q) 420570, 0o+ Doy @ = Q4L e = Den@(2(0) 0000

[by (JP1) on (6a)]
— 0.0,0W/@N | p C§S,SQ(3a2a/Gb) . ngé;:cc B ch{S(C) o

[by (JP2) on (3a2a),(6b)] as claimed. A dual argument establishes the expansion of (2). Adding
the two together yields the combined expansion of (1)+(2) since
2b1 3a2a,/6b) (3b/6a
[Q QnQC /@) + D Qcs3,8 é / + QQ é}nc)c - D, "Q{S (¢),s,c},c ]
+[Qe@uQM M + QDTS + QUL . = Qustersey.Dit]
_ (1)/(2b1) (3a2a/6b) (3b/6a) (4a) (4b)
- 2Q0QnQC + Q{Q0537S,C},C + QQQ Qnec,c QDL n{c s S(C)}7 Q{S(C)VS’C}’D"vC(C)
[by (0.1.1) on (3a2a/6b), (4)]
o (1)/(2b1) (3a2a/6b) (3b/6a) (4b) (4al) (4a2)
= 2Q:QnQe + Qotmenye T 220 nee ~ 221500010 ~ [Q@ins.si).e + Qaln us(er]
[by (0.1.2) on (4a), (JP1) on (3a2a/6b)]

o (1)/(2b1) (3a2a/6b)e (3b/6a)ee (4b) (4al)
= 2QcQnQc + Q QcQsy,sCC + QQQCQnC,C - 2Q{S (¢),s,c},Qcn) Q{an,s,S(c)},c

(4a2a)ee 4a2)e
[QQQ Qn)CC Qé} Q)S3 S](c),c] [by (334) on (4&2)]
_ (1)/(20b1) (4b) (4al)
= 2QCQ7LQC 2Q{S(c s c} an) Q{an s S(C)}7

as claimed. In view of these expansions of (3a), (3b), (5b), (5d), (1)+(2)+(3al)+(3a2)+(3c)+(3d),
all the terms in our expansion of the new (3.4.10) cancel, and the identity holds.

The verification that the subdominion inherits (11) is also quite involved. For the new A’ we
compute, for an arbitrary w € V7,

A" = Dy Ni(uw) = Dt 57w + Dy

= Dq.c.NQ.Q.(w) ~ D@.qun.s'(w) + DQ.Q.Qnew
= (= D.NQ.q.(w).c + Ds {es,¥Qeq.(w)}) + (DQ.5/(w).Qen = D {Qenus,5'(w)})

+ (= D@ (),Q.@ne + D {Q.Que,su}) [by (0.1.2)]

so that we have an expression
A" = Dy A w) — Da2(y)  for
Ar(w) = {e,8, N(QcQsw)} — {Qcn, 5, 5" (w)} + {QcQne, 5,0},
A2(y) = D@,q.y.c — Db, y,Qen + Dy,0.0,c (Y= Qsw)

[using (13) QsS'(w) = D, Qs(w) = Dy, cy]. A completely dual calculation (this is one reason we
have kept w arbitrary, since it plays different roles in A and A*),

A = DAl(w),s - A; (y)

where Aj(w) takes the alternate form {N(Q.Qs(w),s,c} — {9 (w),s,Qcn} + {w, s, Q.Qnc} and
A = Deq,q.oy — Doon,Dncy + D.Quey With y := Qsw again is precisely the dual of Ay in
UMEV). But Aqg(y) = A%(y) = 0 for arbitrary y (hence arbitrary w) by m = 2 in Inner Triality
(0.2.6) [replacing z,a — n,c|.
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We have reduced the vanishing (11a) of A’ for the element w = ¢ to the vanishing of A;(c),'?
and the vanishing of A* for all odd powers w’ = ¢(2"~15") to the vanishing of A;(w) for all such w';
but by Power Shifting (0.2.1) w’ = (™) = ¢(mQs¢) = c(ms*) — (2m=1.5) remains an odd s-power
of ¢, as does ¢ = ¢(1¥), thus it will suffice to prove A;(w) = 0 for all odd s-powers of c.
At this point we establish two further formulas before proceeding. The first formula holds auto-
matically for all w,

(3.4.15) {e,s,8'(w)} ={Qcn, s, w} + 5(Q.Qsw),

{¢,s,58" (w)} ={¢,s{S(c),s,w}} —{¢, s,{c,n, w}} [by definition (4)]
= ({¢,Qs5(c), w} + Qs(0),Qsw) — ({Qs;n, w} + QeQs nw) [by (0.1.2)]
= {6, Qs.n(c);w} = {Qes,n, w} + (S(QeQsw) + QeSQAw) — QeQs nwh [by Lie struction]
={Qn, s, w}+ S(Q.Qsw). [by (JP2)']

The second formula also holds for all w, but depends on (11a):

(3.4.16) S{n,c, Qsw) = {s3,¢,Qsw} + Qnic, s, w}},
since
S({n,c, Qsw}) = {S(n),c, Qsw} V) +n,c, S(st)(2) —{n, S(c), Qsw}® [by Lie struction]

= 2{s3,¢,Quuw}M + {n,c, {n,w,s}}* — [DPY | + DE]Qw
[by (3.1) on (1), (14) on (2), (11a) in (3)]
_ {83, c, st}(l/Bb) 4 {an)w7 S}(Za)A + Qch7w3(2b) _ {QSN(C),U}, 8}(3a)A
[by (0.1.2) on (2), (JP1) on (3a)]
= {53, ¢,Qsw} "/ + Q Qs

With these out of the way, we can attack A; for all w = ¢(27=1:5) .

Ai(w) = {N(QecQsw), s,c}M) — {8 (w), 5,Qen}®) + {w, s, QcQnc}®)
= [{5(Q.Qsw),n, e} —{QcQsw, 53,c} ] — [{{S(w), s, ¢}, n, ¢}V — QeQn 68" (w) ]

+Hw, 5,Q.Qnc}® [by (11b) on (1) for w’ = Q.Qsc®"~1%) = ¢2n+1) (0.1.2) on (2)]
= {S(Qcst),n,c}(la)A - QAQsw,c, 53}(1b) _ [{(S(Qcst)7n,C}(2a1)A + {{w7s,an},n,c}(2“2)]
+Q.(SQs)S (W) + {w,s,Q.Qnc}® [by (JP1) on (1b), (15) on (2a), (3.1) on (2b)]

= —QAQsw, c, 5331 — D {w, s,Qcn}?®? + Q.S (Dy cQsw)®) + {QcQpe, s, w}®

12A careful examination of the proof reveals that in (11a) we only need that A vanish on 2V =7 and QsV?;
the vanishing of Dy a,()@s = QQ@.a;,s is automatic since QsA1 = {QsN(QcQsw), ¢, s} — {QsS'(w), Qen, s} +
{Qsw, QcQne, s} [by (JP1)] = [Dg,Quy,c — Dp,, cy,Qen + Dy .0.q,c)(s) by (13) with y := Qsw] vanishes by Inner
Triality (0.2.6) with m = 2, z,a — n,c. However, we couldn’t derive 2A1(c) = 0 and more easily than A;(c) = 0.

Similarly, we only need the vanishing (11b) of A* on the space ®c+ Q.V ~7, but that didn’t simplify matters either.
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[by (13) on (2b)]

= —Q.{Qsw,c,s3}10) — [QCQn{c, s, w}(?229) L LQ.Q,c, s,w}(2“2b)'] +QcS({n, ¢, Qow})@)
+{QQne, 5, W} [by (0.1.5) on (2a2) with z,a,b — ¢,n, s acting on w]
=—Qc[{s3.c, Q.w} M + Q,{c, s,w}?32®) — S({n,c, st})@b)] =0. [by (16)]

(IV): Thus the presence of (3.3.2,4) and (10-11) guarantees that S’, N’ are both inner as in
(3.3.1), Squaring (3.3.3) holds, and (3.3.2) still holds, so s’ tightly dominates n’. For any S, N
satisfying (10-11),(3.3.4) we know that S’ is inner and (10-11),(3.3.2,4) still hold for S’, N’; applying
these results to S’, N’ we see S”, N" are both inner as in (3.3.1), (3.3.2,4) always holds, and now
(3.3.3) holds in addition, so s” is tight over n”. |

Remark 3.5 It is not hard to check that if we take ¢ = qo then with relations such as those in
Example 3.4, the resulting subdominion has N'7 = Qq,Qn, N' =7 = QnQq, a principal struction.
However, in the theory of fractions we want only injective denominators, and s’ = Q,qo 15 usually
not injective, so we must take some other c. The derived N',S" of (3.4) have more cohesion. |
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