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Abstract. The theory of the generic minimum polynomial, norm and trace is developed
for quadratic Jordan algebras which are finitely generated and projective modules over an
arbitrary commutative base ring, using scheme-theoretic methods. We recover, with new
proofs, most of the classical theory over fields, and also obtain a number of results which
are new even in the classical setting.

Introduction

The theory of the generic minimum polynomial, norm and trace for linear and
quadratic Jordan algebras of finite dimension over a field is well-known [14, 16, 26].
In this paper, we extend the theory to quadratic Jordan algebras which are finitely
generated and projective modules over an arbitrary commutative base ring. With
an appropriate definition of generically algebraic algebra, we are able to recover
most of the results of the classical theory. Our methods involve scheme theory in
an essential way. They yield new proofs of classical results as well as new ones
even in the classical setting. The theory developed here applies to associative or
alternative algebras by considering the associated Jordan algebra with quadratic
operators U,y = xyx. The results seem to be new even in this case.

Let k be an arbitrary commutative ring with unity, let J be a quadratic Jordan
algebra which is finitely generated and projective as a k-module, and denote by A
the algebra of polynomial laws on J. For a polynomial f(t) in the indeterminate
t with coefficients in A and an element x in a base ring extension J ®; R of J, we
denote by f(t;z) € R[t] the polynomial obtained by evaluating the coefficients of
f at x. We say J is generically algebraic (see 2.2) if there exists a locally monic
polynomial m(t) € A[t] such that

(i) for all  in all base ring extensions, substitution of = for t in m(t;z) and
tm(t; x) yields zero,

(ii) for every prime ideal p of k, the base change of m(t) from & to the quotient
field k(p) of k/p is the classical generic minimum polynomial of J®j, k(p).

These conditions are natural for the following reasons: (i) just says that every x
satisfies its own generic minimum polynomial m(t;z). (Note that the condition
m(x;x) = 0 is sufficient in (i) provided J = B* is the Jordan algebra associated
to an associative or alternative algebra B). Condition (ii) is forced upon us if we
wish the definition to be invariant under base change and consistent with that over
fields. A polynomial m(t) satisfying (i) and (ii) is unique (Prop. 2.7); it is called
the generic minimum polynomial of J.

The question then arises which finitely generated and projective Jordan algebras
are generically algebraic in this sense. It turns out that there always exist polyno-
mials satisfying (i), for instance, det(t*Id — U,). The well-known constructions of
Jordan algebras from quadratic forms with base point and from cubic norm struc-
tures yield examples of polynomials of degree 2 and 3 satisfying (i) [22, 30, 20].
Condition (ii) is much more restrictive, and there are many examples of finitely
generated and projective Jordan algebras which are not generically algebraic. On
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the other hand, the obvious analogues over rings of the simple finite-dimensional
algebras over algebraically closed fields are all generically algebraic in this sense.

We now give a more detailed account of the contents. After a preliminary
section collecting facts on locally monic polynomials, schemes and pure submodules,
section 1 deals with algebraic elements. Let J be a quadratic Jordan algebra which
is finitely generated and projective as a k-module. Ignoring for the moment the
difficulties arising from the lack of power-associativity of quadratic Jordan algebras,
we define an element a € J to be algebraic if the subalgebra k[a] generated by a
is a direct summand of J. (The actual definition in 1.4 is more involved and
makes sense even without assumptions on the k-module structure of J). This is
a much more stringent condition than that a be integral, i.e., that it satisfy some
monic polynomial. Algebraic elements have well-defined minimum polynomials
which behave well under base change. The functor of algebraic elements is a finitely
presented quasi-affine k-scheme (Prop. 1.14).

In section 2, we develop the general theory of generically algebraic algebras,
establish results on ascent and descent, and prove the uniqueness and the basic
properties of the generic minimum polynomial (Prop. 2.7, Th. 2.11). An important
tool is the fact that the primitive elements, i.e., the algebraic elements of highest
degree, form an open dense subscheme (Lemma 2.6).

In Theorem 3.1 of section 3 we show that generically algebraic Jordan algebras
are stable under isotopy and compute the generic minimum polynomial of an iso-
tope. For algebras over fields, this is due to N. Jacobson [12] in the linear case,
and to K. McCrimmon [26] in the quadratic case. For central separable algebras
over rings containing %, it was proved by R. Bix [2] by a case-by-case verification.
McCrimmon’s proof made use of the composition law N(U,y) = N (z)?N(y) for the
generic norm. Our proof is actually a simplification of McCrimmon’s and yields the
composition law as a corollary. Let us point out here that the classical proof of the
composition law relies on the factoriality of the polynomial ring in several variables
over a field and therefore does not carry over to base rings. We then prove the sym-
metry property of the coefficients of the generic minimum polynomial of an isotope
and the fact that these coefficients are polynomial laws on J x J (Theorem 3.5).
We finally derive in 3.11 explicit formulas for these coefficients which are new even
for algebras over fields.

It is a curious phenomenon of quadratic Jordan algebras that they may contain
elements which are not power-associative in the sense that the subalgebra generated
by such an element is not special. As mentioned above, this brings complications
in the definition of algebraic element. In section 4, we study this phenomenon in
more detail and show in particular that algebraic elements of degree <3 are au-
tomatically power-associative (Prop. 4.5). As a consequence, generically algebraic
Jordan algebras of degree <3 over fields are strictly power-associative (Cor. 4.4).
This gives a partial answer to a question raised by K. McCrimmon in [23].

Finally, in section 5 we prove that a module isomorphism between generically
algebraic Jordan algebras of degree 3 which preserves squares, traces and unit
elements, is already an algebra isomorphism (Th. 5.1). As a consequence, the auto-
morphism group of the exceptional Jordan algebra in characteristic 2 is isomorphic,
by restriction, to the automorphism group of the 2-Lie algebra of its space of trace
zero elements, and a similar result holds for derivations (Cor. 5.4).
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0. Preliminaries

0.1. Notations and conventions. Throughout, k denotes an arbitrary commu-
tative ring. Spec(k) is the set of prime ideals of k, with the Zariski topology, and
for a ring homomorphism p: k — k', Spec(p): Spec(k’) — Spec(k) is the continuous
map ¢ — o '(q). The quotient field of k/p (p € Spec(k)) is written x(p). We de-
note by k-alg the category of commutative associative k-algebras. Unsubscripted
tensor products are understood over k. For R € k-alg and X a k-module, we
often abbreviate Xgp = X ® R; for x € X we put zg := z ® 1g € Xg, and for a
homomorphism h: X — Y of k-modules, we denote by hr: Xrp — Yg the R-linear
extension of h; i.e., hr(x @ 1) = h(z) @, for all x € X, r € R. Thus we have
hR(.’L'R) = h(l‘)R

By a Jordan algebra J over k we always mean a unital quadratic Jordan algebra,
unless otherwise specified. The unit element is written 1; or simply 1, the set
of invertible elements is J*. For an alternative (or associative) algebra B, the
associated Jordan algebra with quadratic operators U,y = zyz is denoted B™.

0.2. Vanishing sets. Let M be a k-module and z € M. With = we associate the
ideals

a:=Amn(z)={Ne€k: Az =0} and b:=(z,M")={(z,8):0€ M"}
of k, where M* is the dual module and (, ): M x M* — k is the canonical pairing.
Clearly, a- b =0.

Now let M be finitely generated and projective. In geometric terms, M may
then be considered as a vector bundle over the affine scheme S = Spec(k) and x as
a section of this bundle. To carry this a bit further, let z(p) := 2 ® 1,5y € M(p) :=
M ® k(p), for all p € S. Thus M(p) is the fibre of M and z(p) is the value of the
section x at the point p. We claim that

z(p)=0 <= bCyp. (1)
Indeed, M(p) being a vector space over (p), we have z(p) = 0 if and only if
(x(p),a) = 0, for all a € (M(p))* Since M is finitely generated and projective,
the canonical homomorphism M* ® R — (M ® R)* is an isomorphism, for all
R € k-alg [4, 11, §4.2, Prop. 2(ii)]. Thus
z(p)=0 <<= (2,8)®@1gy) =0 forall e M*
— (z,p)ep forall Be M*
<~ bCp.
We may express (1) by
z~1(0) = V(b), (2)
where V(b) = {p € S : p D b} is the vanishing set of b, cf. [3, II, §4.3].

0.3. Unimodular elements. An element z of a k-module M is said to be unimod-
ular if k- z is a free k-module of rank 1 and a direct summand of M, equivalently, if
there exists an element 5 € M* such that (x,5) =1, i.e., b = k. Thus 0.2.1 yields,
in case M is finitely generated and projective,

x is unimodular <=  xz(p)#0 forallpeS. (1)

Let J be a Jordan algebra over k, finitely generated and projective as a k-module,
with unit element 1;. We claim that

J is a faithful k-module <= 1; is unimodular. (2)

Indeed, J = 0 if and only if 1; = 0, and the unit element is compatible with base
change: 15, = (1)g, for all R € k-alg. By general facts on finitely generated and
projective modules, J is faithful if and only if J(p) # 0, for all p € S. Now (2)
follows from (1).



22 November 2005

0.4. Lemma. Let M be a finitely generated and projective k-module and x € M.
Then the following conditions are equivalent:

(i) 271(0) is open in S = Spec(k),
(ii) there exists an idempotent € € k such that b=k - ¢,
(iil) k- is a direct summand of M.

If these conditions hold, ¢ is uniquely determined and is called the support idem-
potent of z. The annihilator of x is thena =k - (1 —¢).

Proof. (i) = (ii) follows from well-known facts about the correspondence be-
tween open and closed subsets of S and idempotents of k [3, I, §4.3, Prop. 15].

(ii) = (iii): Choose 8 € M* with (x,3) = €. Then we have z = ex: Indeed,
(1—=¢e)x,M*y=(1—¢)b=(1—¢)e-k=0. Since the canonical map M — M** is
injective, it follows that (1 — &)z = 0. Now one checks easily that 7(y) := (y, B)x
defines a projection of M with image k - x.

(ili) = (i): Since M is finitely generated and projective so is k - z. Hence the
rank function of k - z is continuous on S, which implies that z71(0) = {p € S :
rky (k- ) = 0} is open.

Uniqueness of € follows from the fact that it is the unit element of b. Finally,
0 = ab = ea implies a C k-(1—¢), and the reverse inclusion follows from (1—¢)z = 0.

0.5. Lemma. Let J be a not necessarily unital Jordan algebra over k which is
finitely generated and projective as a k-module, and let e € J be an idempotent of
J. Then e satisfies the equivalent conditions of 0.4.

Proof. Consider the Peirce decomposition J = Ja(e) @ Ji(e) & Jo(e) of J with
respect to e. Then the J;(e), being direct summands of J, are finitely generated
and projective. Moreover, Peirce decomposition is compatible with base change:
For all R € k-alg, we have (Jg);(e) = J;(e) ® R. Finally, e = 0 if and only if
Ja(e) = 0. Hence

e(p) =0 <= Ja(e) @ k(p) =0 < rk, Jo(e) = 0.
Since the rank function of J2(e) is continuous on S, it follows that e~1(0) is open.

0.6. Lemma. Let X be a k-module, let x1,...,x, € X and let N be the k-span of
T1,...,Tn. Then the following conditions are equivalent:

(i) N is free with basis x1,...,2T, and a direct summand of X,
(i) y:=z1 A+ Az is unimodular in \" X.

If X is finitely generated and projective these conditions are equivalent to
(iii) z1(p),...,zn(p) are linearly independent over k(p), for all p € Spec(k).

If these conditions hold, we have
reN <<= yAz=0, (1)

forallz e X.

Proof. (i) = (ii): Let X = N@®P and define linear forms o;; € X* by (z;, ;) =
di; and {(a;, P) = 0. Let 8 € (/\n X)’F be the image of a1 A -+ A a,, under the
canonical homomorphism A"(X*) — (A" X)". Then (8,y) = det({a;, z;)) = 1.

(ii) = (i): Define o; € X* by
(,q;) :={xy N ANzi_i AT ANTip1 A ANy, B).
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Then (x;,a;) = 6;5. This clearly implies that N is free with basis z1,...,z,.
Furthermore, X = N @ P where P = (!, Ker(q;), so N is a direct summand of
X.

(ii) <= (iii): Since exterior powers commute with base change, we have
y(p) = 21(p) A -+ Azp(p), so the assertion follows from 0.3.1. Finally, (1) follows
from [4, III, §7.9, Prop. 13].

0.7. k-functors and schemes. Following [6], we will consider schemes over k as
special functors from k-alg to the category of sets, also called k-functors. Mor-
phisms between functors are natural transformations. To fix notations, we give
some examples.

(a) Let A € k-alg. The affine scheme defined by A is the k-functor Spec(A)
given by
Spec(A)(R) = Homy.alg(4, R).

Note the following special cases: For A = {0} we obtain the “empty functor”,
mapping R to () if R # {0} and to a one-point set (consisting of the unique homo-
morphism {0} — {0}) if R = {0}.

For A =k, Spec(k) is the “one-point” functor because Homy_aig(k, R) consists
of the unique homomorphism k£ — R making R a k-algebra.

For A = k' where I is a finite set, we obtain a functor denoted by I, and
called the constant k-functor defined by I, although “locally constant” would be
more apt. It can be described as follows: For each R € k-alg, I;(R) is the set
of complete families of orthogonal idempotents (¢;);c; in R. By the well-known
relation between idempotents and open and closed subsets of Spec(R), I;;(R) can
also be considered as the set of continuous (= locally constant) maps Spec(R) — I,
where I has the discrete topology.

(b) A k-scheme X is a local k-functor for which there exist open affine sub-
schemes U; covering X [6, I, §1, 3.11]. Refer to [6, I, §1, 3.6, §2, 4.1] for the notion
of an open (closed) subfunctor. “Covering” means that X(K) = |JU;(K) for all
fields K € k-alg. The union need not be disjoint, and when R is not a field, X(R)
may be strictly bigger than the union of the U;(R).

(c) The example k! of (a) generalizes in the obvious way to the case of an
arbitrary set I, where now an element of I (R) is a family (e;) as before with only
finitely many e; # 0. This corresponds to the fact that Spec(R) is quasicompact,
and hence a continuous map to the discrete space I can take only finitely many
values. If [ is infinite, I} is still a scheme but no longer affine.

(d) Let X; (i € I) be a family of k-functors with the property that X;({0})
is a one-point set. We define [];.; X; to be the functor X given as follows: The
elements of X(R) are the pairs (e, ) where € = (&;)ier € Ix(R), and x = (;)er €
[Lic; Xi(eiR). If the X; are local, this means that X is the local functor associated
to the functor R — Uie] X;(R). There is a unique morphism deg: [[,.; X; — I
such that X; = deg™'({i}1), given by (¢, ) — €.

i€l

0.8. Locally monic polynomials. Let t be an indeterminate. A polynomial
f(t) € k[t] is called locally monic if it satisfies the following equivalent conditions:

(i) For all p € S = Spec(k), the localizations f(t), € k,[t] are monic,

(ii) there exists a finite subset D of N and a family (¢4)4ep of orthogonal
idempotents of & with sum 1 such that f(t) = > ;. pcafa(t) where fq(t)
is monic of degree d.

If these conditions hold, the function deg f: S — N, p — deg f(t),, is locally
constant and called the degree of f(t). It is given by
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(deg f)(p)=d <= e4=1modp. (1)

(i) = (ii): Write f(t) = 37 o A;t/ where \; € k and let Sy C S be the set of
p such that deg f(t), = d, for d € D :={0,...,n}. Then

Sa={peS:(Ng)p=1 and (N\j)y,=0for j=d+1,...,n}

which shows that the S; are open in S, being finite intersections of open sets.
Here we use the following general fact: If M is any k-module and = € M then
{p € S : 2z, = 0} is the complement of the support of the monogenous k-module
k -z and hence open in S, cf. [3, II, §4.4, Prop. 17]. By our assumption (i),
S = UdeD Sq. Hence the (S4)aep form a decomposition of S into open and closed
subsets, corresponding to a family (e4)4ep of orthogonal idempotents with sum 1
via

peS; <= e4=1modp. (2)

Let fq(t) = eqf(t). Then f(t) = > ,cpeafa(t) and fu(t), = {(J)"’(t)p EE i gj }

In particular, f4(t), is monic of degree d for all p € S4. By standard facts on
localization [3, II, §3.3, Cor. 2 of Th. 1], this implies that fg(t) is monic of degree
d. Moreover, deg f is constant equal to d on S; and hence locally constant on .S,
and (1) follows from (2).

(ii) = (i): Let Sq := Spec(keq). Then the Sy define a decomposition of S into
open and closed subsets, and for p € Sy and d # d’ we have fg (t), = 0. Hence
f(t)p = fa(t), is monic for all p € S.

Remark. The set D can be chosen as any finite subset of N containing the range of
the function deg f. In particular, by reducing D to the range of deg f, all £; are non-
zero and, correspondingly, the Sy non-empty. However, it would be inconvenient
to require this condition, see, e.g., 1.8. To be consistent, we then must consider the
unique element of the polynomial ring over the zero ring as monic.

Locally monic polynomials behave well under base change: Let R € k-alg and
0: k — R the homomorphism making R a k-algebra. Then f(t)r € R][t], obtained
by applying ¢ to the coefficients of f(t), is locally monic and the degree functions
are related by

(deg fr)(q) = (deg f)(o™"(q)), 3)

i.e., the diagram

Spec(R) deg Jn N

SPeC(Q\ deg f (4)

Spec(k)

commutes. This follows easily from (ii) above because the (¢(g4))qep form a com-
plete system of orthogonal idempotents in R.

We also note that the property of being locally monic descends from faithfully
flat base extensions: If R € k-alg is faithfully flat over k and f(t) € k[t] has f(t)r
locally monic then f(t) is locally monic. Indeed, for every p € Spec(k) there exists
q € Spec(R) such that o7'(q) = p, and R, is faithfully flat over k,. Since the
localization of f(t)r at q is monic and may be identified with the base extension
of f(t), from k, to Ry, it follows by faithfully flat descent that f(t), is monic.
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0.9. The copolynomial. Let §: Spec(k) — N be a locally constant function, cor-
responding to a family of orthogonal idempotents (£4)4ep with sum 1 in &k via
d(p) =d <= p € Spec(keyq). For example, § = deg f could be the degree function
of a locally monic polynomial. For R € k-alg and r € R, we define

rd .= Z eqr® and §-r= Z eqdr. (1)

deD deD

Now let f(t) be locally monic and let f(t) = >, peafa(t) as in (ii) of 0.8. The
copolynomial of f(t) is defined by

Ft) =98l (671 = eatfa(t ™). (2)

deD

Clearly, f(O) = > 4ep€d = 1, so the copolynomial is comonic. We define the
coefficients ¢; of f in descending order by the following ascending expansion of
f(t):

fo) =) (1) eit’. 3)

€N

Of course, co = 1 and ¢; = 0 for i > maxdeg f. We can reconstruct f(t) from f(t)
and deg f by the formula

fl&) =4l fe7h), (4)
which yields the expansion
F6) = Y1t @507 = 37 2y 3 (<1 e, )
ieN deD  j=0

This also shows why it is more convenient to define the coefficients of f in the
roundabout manner using f rather than f. We finally remark that

f(0)ek* = f(0)~'f(t) is locally monic of degree deg(f). (6)

Indeed, this is easily reduced to the case where deg(f) = d is constant. Then
ft) = Z?ZO(—l)icitd_i and hence f(0)~'f(t) = Z?:O(—l)d_icicglti.

0.10. Example: Characteristic polynomials. Let M be a finitely generated
and projective k-module and let g € End(M). We refer to [1] for the notion of the
determinant of g. The characteristic polynomial of g is defined by

Xg(t) == det(tldar — g). 1)

This is locally monic, has degree deg x, = rk M, and the associated copolynomial
is

Xo(t) = det(Idar —tg) = Y (=1)'ci(g)t’, (2)
i€N

where the coefficients are given by ¢;(g) = trace /\ig. (Note that in [1], A¢(g) =
Xg(—t) is called the characteristic polynomial of g.)

The following lemma is probably well known but we give a proof for lack of a
convenient reference.
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0.11. Lemma. The map associating with a polynomial f € k[t] the quotient E =
k[t]/(f) induces a bijection between the set of locally monic polynomials in k[t] and
the set of quotient algebras of k[t] which are finitely generated and projective as
k-modules. The inverse map is given by E +— xr)(t), where z := can(t) € £ and
L(z) is multiplication by z in the algebra E. The degree of f equals the rank of E
(as functions on Spec(k)), and f is monic of degree d if and only if E is free with
basis 1,z,..., 241

Proof. (a) Let f(t) be locally monic. After decomposing 1, = >, €q as in
0.8, we may assume that f(t) is monic of (constant) degree d. Then it follows from
the usual division algorithm in k[t] that F is free of rank d with basis 2°,..., 2971
Now a standard computation shows that det(tIdg — L(z2)) = f(t).

(b) Conversely, let 9t be an ideal in k[t], let E = k[t]/91 be finitely generated
and projective and let f(t) := x(.)(t). Then f(t) is locally monic of degree rk E,
and by the Cayley-Hamilton Theorem [1, Th. 1.4], 0 = f(L(2)) - 1g = can(f(t))
where can: k[t] — FE is the canonical map. Thus f(t) € 91, so there exists a
surjective homomorphism u: E' := k[t]/(f(t)) — E. By what we proved in (a), E’
is finitely generated and projective, and rk B’ = deg f = rk E/. By standard facts
on finitely generated and projective modules [3, I1, §3.3, Th. 1 and Cor. 5 of Th. 1],
u is an isomorphism.

0.12. Schemes defined by modules. With any k-module M, we associate func-
tors M, and M, defined by
Ma(R) =M ® R, Mu(R) = {z € Ma(R) : z unimodular}.

If M =k, then k, is just the functor of units, i.e., ky(R) = R*, so ky = G,,, the
multiplicative group (over k). Now suppose M is finitely generated and projective.
Then M, 2= Spec(A) is an affine, smooth and finitely presented k-scheme with
connected fibres over k, where A = O(M), the symmetric algebra over the dual
module M* of M [6, II, §1, 2.1]. Moreover, A is faithfully flat over k, so, denoting
by ¢: k — A the canonical homomorphism,

Spec(t): Spec(A) — Spec(k) is open and surjective, (1)
cf. [10, Th. 2.4.6]. Also, M, is open in M,, quasi-affine (but in general no longer
affine) and also smooth, finitely presented and with connected fibres. Indeed, choose
a generating set aq, ..., a, for M*. Then M, is the union of the open subschemes
of M, defined by oy, ..., ay, i.e., x € My(R) if and only if the ideal of R generated
by ai(z),...,a,(z) is all of R.

Note that A = O(M) is compatible with base ring extension: For all R €
k-alg there is a canonical isomorphism Ap = O(Mpg) which will be treated as
an identification. This comes from the canonical isomorphism (Mpg)* = (M*)gr
(because M is finitely generated and projective) and the fact that the symmetric
algebra commutes with base ring extension.

We may identify A with the algebra of k-valued polynomial laws on M in the
sense of [31]. Thus if g € A, then for all x € M we have g(x) € R, and for all k-
algebra homomorphisms g: R — S, we have o(g(z)) = g((Idyps®p)(x)). Usually, this
will be simply written as g(z)s = g(xs). Also, A = @, .y An is a graded algebra,
where A, is the n-th symmetric power of M™, corresponding to the homogeneous
polynomial laws of degree n. In particular, Ag = k, Ay = M* and A, is naturally
identified with the quadratic forms on M. We claim that

an idempotent € of A belongs to 4g = k. (2)
Indeed, decompose € = o + €4 where g9 € Ap and €4 € Zi21 A;. Assume €4 # 0,
and let n > 1 be maximal with the property that ¢, € @i>n A;. Then &2 =
e3+2e0e4 +e2 =eg+ey yields e = gg and e = 2epe4 +€2, or (1—2e0)ey = €%,
Now (1 —2e9)? =1 and hence e} = (1 — 2¢¢)e? € D=2, Ai, contradiction.
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0.13. Locally monic polynomials, continued. We keep the notations and con-
ventions introduced in 0.12. Consider a polynomial f(t) = 3,5, git" € A[t] and
an element x € Mp. By evaluating the coefficients of f at x we obtain a polynomial
in R[t], written
Zgz tl € R[t (1)
20
Conversely, specifying an element in A[t] amounts to specifying a polynomial f(t; x)
€ R[t] for all x € My and all R € k-alg, varying functorially with R, i.e., such that
f(t;2)s = f(t;zg) for all R-algebras S. Note also that, for f(t) € A[t] and any
R € k-alg,
fr=f(t)r = f(t) @k 1 = Z(gi)R t' € Aglt] (2)
>0
is a polynomial with coefficients in Ag.

Now let f(t) € A[t] be locally monic, with degree function deg f: Spec(4) — N,
and let f(t) = > ;cpeafa(t) as in 0.8, where (e4)qep is a complete system of
orthogonal idempotents of A and f4(t) is monic of degree d. By 0.12.2, the g4
belong to k. Let R € k-alg and let p: Kk — R be the homomorphism making R a
k-algebra. Then the p(g4) = €4 ® 1 form a family of orthogonal idempotents with
sum 1g, and f(t)r = > 4cp(ea®1R) - fa(t) ® 1 g shows that f(t)r is locally monic.

Let P € Spec(A) and p: = kNP = Spec(¢)(P) € Spec(k). Then

(deg fYP)=d <<= e4=1modP (by 0.8.1)
< gg=1lmodp (by 0.12.2).

Thus there exists a unique locally constant function deg f: Spec(k) — N making

the diagram
deg f

Spec\ /d:g f 3)

Spec(k

Spec(A4

commutative. It can also be described as follows. Ay (p) 18 isomorphic to the poly-
nomial algebra in n = rk, M variables over k(p), in particular, it is an integral
domain. Hence the locally monic polynomial f(t), () € Axp[t] is actually monic,
and we have
(deg f)(p) = deg f(t)w(p), (4)

for all p € Spec(k). Indeed, letting d be the unique element of D with €4 = 1 mod p
(which exists because p is a prime ideal), we see that f(t).p) = fa(t).(p) has degree
d, as required.

Let again R € k-alg and let 2 € Mp. Then f(t;z) = > ,cpeafalt;z) =
> dep 0(€a) fa(t; x). Furthermore, for q € Spec(R), o(eq) = 1 mod q if and only if
eq4 = 1mod p71(q). Hence f(t;x) is locally monic of degree

deg f(t; ) = (deg f) o Spec(o). ()
In particular, for R = k (and hence o = Id) we see that deg f = deg f(t; z) for any
x € M. Applying this to fr € Agr[t] (cf. (2)) and noting that fr(t;z) = f(t;x)
for all x € Mg yields
deg fr = (deg f) o Spec(o)- (6)
We finally remark that passing to the copolynomial commutes with evaluating the
coefficients, i.e., we have the formula

f(t;z) = f(t;z)". (7)
Indeed, by the definition of the copolynomial in 0.9, f(t; g:)v =Y "t(eq) fa(t 71 ),
and f(t) = Y tleyfa(t1). Evaluating this at z yields f(t;2) = Y tde fa(t™1; 2).
But since R is a k-algebra, eqr = p(eq)r for all r € R, whence (7).
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0.14. Density. A subfunctor U of a k-functor X is called dense if, for all open
subfunctors V. C X and all closed Z D UNV we have Z = V, and this property
remains valid in all scalar extensions. If X is a scheme then this notion agrees with
“universally schematically dense” in the sense of [11, 11.10].

Let X be a smooth separated finitely presented k-scheme with connected non-
empty fibres, and let U be an open subscheme of X. We refer to [7, Exp. XVIII,
1.7] and [11, 11.10.10] for the equivalence of the following conditions:

(i) U is dense in X,
(ii) there exists a faithfully flat and finitely presented R € k-alg such that
U(R) # 0,
(iii) U(K) # 0 for all algebraically closed fields K € k-alg.

Note that the assumptions on X are in particular satisfied when X = M, is the
k-scheme defined by a finitely generated and projective k-module M.

For example, let J be a Jordan algebra over k which is finitely generated and
projective as a k-module, let J = J, be the affine scheme defined by J and U = J*
the subfunctor of invertible elements, defined by U(R) = Jp for all R € k-alg.
Then U is open, being the inverse image of k,, under the morphism x — det U, for
all x in all base extensions of J, and it is dense because 1; € U(k).

Density will be used mostly for the following type of argument: Suppose U C X
is dense, that Y is a separated k-functor, and that f,g: X — Y are morphisms
which agree on U. Then f = g. This is immediate from the definition applied to
V = X and Z the subfunctor of X where f and g agree.

0.15. Pure submodules. Recall [18, §4J] that a submodule P of a k-module X
is called pure if for every k-module NV, the map u® Idy: P® N — X ® N induced
from the inclusion w: P C X is injective. For example, this is so if P is a direct
summand or if X/P is flat. We collect some facts on pure submodules.

(a) P ispureif and only if the map P® R — X ® R is injective, for all R € k-alg.

(b) If P is pure in X then Pg (canonically identified with Im(ug)) is a pure
submodule of Xg, for all R € k-alg.

(¢c) Conversely, if R € k-alg is faithfully flat and Pg is pure in Xg then P is
pure in X.

(d) Suppose X is projective and P C X is pure and finitely generated. Then
P is a direct summand of X (and hence both P and X/P are projective.)

(e) Suppose k is a principal ideal domain. Then P is pure in X if and only if
PNAX = \P, forall A € k.

Proof. (a) The stated condition is obviously necessary. To see that it is suffi-
cient, let NV be an arbitrary k-module, and let R := k® N be the split null extension.
Then the injectivity of PQ R — X ® R implies that also PQ N — X ® N is injective.

(b) See [3, 1, Ex. 24(e) of §2] or [18, 4.84(f)].

(¢) Let N be a k-module. Since R is faithfully flat, the map PO N — X @ N
is injective provided the map (P ® N) ® R — (X ® N) ® R is injective. Now
(P®N)® R = (PR, R)®r (N @i R) by [4, 11, §5.1, Prop. 3|, and similarly for
X in place of P. Since Pg is pure in Xg, the map (Pg) ® (Ngr) — Xr ® Ng is
injective, whence our assertion.

(d) See [18, p. 164, Ex. 42(a)].
(e) See [3, I, Ex. 24(a) of §2] or [18, Cor. 4.93].
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1. Algebraic elements

1.1. In this section, J always denotes a unital quadratic Jordan algebra over an
arbitrary commutative ring k of scalars. Denote by k[t] the polynomial ring in the
indeterminate t and let a € J. It is well known that there is a unique homomor-
phism j,: k[t]T — J of Jordan algebras sending t to a. The image of j, is the
subalgebra k[a] of J generated by (1 and) a. The kernel £(a) of j, is a Jordan,
but in general not an associative ideal of k[t]. In case k is a field, &(a) contains a
unique largest associative ideal [16, Section 1] which is of course principal. If k is
arbitrary, we proceed in a somewhat different manner as follows.

Write the elements of J? = J x J as formal column vectors (;j), x,y € J,

and correspondingly the endomorphisms of .J? as 2 x 2-matrices with entries from
EndJ. For a € J and i € N, define ol € J? by

o= () ™)

Let hg: k[t] — J? be the unique k-linear map with he(t') = al’l, and denote its
kernel by 9(a) and its image by M (a). Thus

s = ()

whence j, = pr; o by and M(a) C KR(a). Also, by definition, we have an exact
sequence _ ,

0 —— N(a) —tor k[t] —22» M(a) —0 (3)
of k-modules, where i, is inclusion and b/, is just h, but with codomain M (a) =
Im(h,). If ¥: J — J is a homomorphism of unital Jordan algebras, one checks
immediately that

R(a) C R(¢P(a)) and N(a) C N(Y(a)). (4)
- 0 Id
1.2. Lemma and Definition. (a) Let 0, := <U 0 ) € End(J?). Then
2 Ua 0
0z = ( 0 Ua) ) (1)
0, - all = g+l (2)
ha (f(t)g(t)) = f(aa) ’ ha(g(t))7 (3)

for alli € N and f(t),g(t) € k[t]. Hence, regarding J* as a k[t]-module by letting t
act via 04, h, is a homomorphism of k[t]-modules and M(a) is the k[t]-submodule
generated by al%.

(b) N(a) is the largest ideal of k[t] contained in K(a). We define
E(a) := k[t]/M(a), (4)

regarded as a commutative associative monogenous k-algebra, generated by the el-
ement z := can(t), and denote by m: E(a)t — J the homomorphism of Jordan
algebras induced from j,. Then for all b € Ker(mw) = &(a)/M(a), b*> =2b = 0.

(¢) Let My(a) = {w € M(a) : pry(w) = 0}. Then My(a) = Ker(n) as k-
modules, and pro(Mo(a)) C J consists of absolute zero divisors.

11
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Remark. Of course, h, induces a canonical isomorphism
Ya: E(a) ==+ M(a),  7a(z") =al", ()

of k-modules and even of k[t]-modules. Nevertheless, it is useful to distinguish E(a)
and M (a), in particular, since the algebra structure of E(a) does not correspond
to a multiplication on M (a) induced in a natural way from the Jordan algebra
structure on J2.

Proof. (a) (1) and (2) are immediate from the definitions and (3) follows easily
from (2).

(b) Tt is clear from (3) that 9(a) is an ideal of k[t] and N(a) C RK(a) by
1.1.2. Now suppose I is an ideal of k[t] contained in R(a), and let f(t)
Then also tf(t) € I, and hence hq(f(t)) = 0 by 1.1.2, showing f(t) € 9(a
g(t) € R(a) then, because R(a) is a Jordan ideal, g(t)? and tg(t)* = Uy -t
to &(a), whence g(t)? € Ker(h,) = 9(a) by 1.1.2. Similarly, 2g(t) = 1 0 g(
2tg(t) = t o g(t) belong to &(a), showing 2¢g(t) € N(a).

(¢) The first statement follows easily from pry o hy = j,. An element w = 2
belongs to My(a) if and only if there exists f(t) € k[t] such that j,(f(t)) =0, i.e.,
f(a) =0, and y = j.(tf(t). By [15, Cor. 3.3.3], U, = UsUg(q) = 0.

1.3. Lemma. Leta € J and R € k-alg. We use the notations of 1.2 and 0.1.
(a) Identify k[t] ® R with R[t] in the canonical way. Then

(ha)rR = hay: R[t] — J3. (1)

(b) The image of (ia)r is contained in MN(ar) and hence induces a homomor-
phism o: N(a) ® R — N(ag), for which Ker(p) = Ker ((ia)r). The image of the
map ug: M(a) ® R — J3 induced from the inclusion u: M(a) C J? is M(ar),
whence a surjective homomorphism u’p: M(a) ® R — M(ag) of R-modules. The
diagram

Ker(p) 0 ~ Ker(ug)

l

N(a) ® R—222 Rig] L)% M(a) @ R 0

|
)

Lk
|

(hq

s

0——> Mar) —— R[] T M(ag) —0
]

Coker(¢p) >~

- 0

is commutative with exact rows and columns, and there is a canonical isomorphism

d: Ker(ug) — Coker (). (3)

(¢) The unique R-module homomorphism n: E(a) ® R — E(ar) making the
diagram
E(a) ® R —'— E(ag)

('Ya)Rl% %l%R (4)
M(a) & R—— M(an)

12
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commutative, is a homomorphism of R-algebras.
(d) If R is flat over k then Ker(ug) = 0 and uly is an isomorphism.

Proof. (a) The map = — zpg from J to Jgr is a homomorphism of Jordan
algebras over k. Hence (a")r = (ag)™ which implies

(ha)R(6") = ha(t™)r = (al) = (@r)!™ = hap (87), ()

from which (1) follows.
(b) Let f(t) € M(a) and r € R. Then by (1),

hap (f(£) @7) = (ha)r(F(t) @ 7) = ha(f(t)) @ r = 0.

Since the elements of the form f(t) ® r span D(a) ® R, this proves the existence of
¢. Next, let f(t) ® r € k[t] ® R = R[t]. Then

ur (b, (f(t)) @ 1) = ha(f(t)) @7 = (ha)r(f(t) @7) = hayy (f(t) @ 7)

(by (1)) shows that the image of ug equals the image of h,, which is, by definition,
M (ag). This establishes the existence of u/s.

It is easy to check that (2) is commutative. The exactness of the second row
follows by tensoring 1.1.3 with R, while the exactness of the third row is just 1.1.3,
but for ar instead of a. Now (3) follows from the Snake Lemma [3, I, §1.4].

(c) Let z = can(t) € E(a) and w = can’(t) € E(agr) (where can’: R[t] — E(ag)
is the canonical map) be the generators of E(a) and E(ag), respectively. We show
that (2" ® 1g) = w™ for all n € N, from which the homomorphism property of n
follows easily. Now 7, (w") = (ar)™ while uR(('ya)R(z" ® 1R)) = uR(’ya(z") ®
1r) = up(al” ® 1) = (al) g, and these two are equal by (5).

(d) Obvious.

1.4. Definition. Let again J be a unital Jordan algebra over k. We will use the
expression “a satisfies a polynomial f(t)” for the fact that f(t) € 9(a), i.e., that
Jo(f(8)) = ja(tf(t)) = 0. An element a € J is called integral if it satisfies some
monic polynomial. Just as in the case of associative algebras, we have:

a is integral <= M/(a) is finitely generated as a k-module. (1)

Indeed, the implication from left to right follows easily from 1.2.2 and induction.
For the reverse, note that 6, induces, by 1.2.2, an endomorphism

Cat M(a) = M(a).

Then M (a) is a faithful k[(,]-module. Hence by [3, V, §1.1, Lemma 1], there exists a
monic f(t) € k[t] satisfying f(¢,) = 0. It follows that 0 = f((,)-al” = £(6,)-al =
ha(f(t)) (by 1.2.3), so a satisfies f(t).

In general, integral elements do not have well-defined minimum polynomials,
i.e., the ideal 9(a) need not be generated by a (locally) monic polynomial. For
example, let k = Z/4Z, J = Maty(k)™ and a = (8 g) Then N(a) is generated
by 2t and t? and E(a) = k @ (k/2k) is not projective as a k-module. Therefore,
we introduce the following notion. An element a € J is called pre-algebraic if E(a)
is a finitely generated and projective k-module. By Lemma 0.11, this is equivalent
to 9M(a) being the principal ideal generated by a unique locally monic polynomial,
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called the minimum polynomial of a and denoted by 1, (t). Because E(a) = M(a)
by 1.2.5, we have

a is pre-algebraic <= M (a) is a finitely generated projective k-module. (2)
Obviously, by (1) and (2),
a pre-algebraic =— a integral. (3)

We note that, for a pre-algebraic,

fa(t) = det(tldpsa) — Ca);  fia(t) = det(Idas(a) — tCa)- (4)
Indeed, we have the commutative diagram
E(a) —+*— E(a)
Ya | ~|7a
M(a) ——— M(a)

where 7, is the isomorphism 1.2.5. Hence the assertion follows from 0.10.2, Lemma
0.11 and the fact that the determinant is compatible with isomorphisms [1, Prop.
1.3(iv)].

The degree of a pre-algebraic a is defined to be the degree of u,(t), i.e., the
locally constant function

dega: p — deg pa(t), = rky, E(a) = rk, M(a) (5)

on Spec(k). If a has constant degree d, i.e., if y,(t) is monic of degree d, then by
Lemma 0.11, E(a) is free as a k-module with basis 1,...,2%71. Hence 1.2.5 implies

a is pre-algebraic of degree d <= al%, ... al?" is a basis of M(a). (6)

Note that for a pre-algebraic a € J, the exact sequence 1.1.3 splits because
M (a) is in particular projective. It therefore remains exact upon tensoring with
any R € k-alg, so we have, with the notations of Lemma 1.3(b):

a pre-algebraic = : N(a) ® R — N(agr) injective. (7)

Hence, for a pre-algebraic a, we may and often will identify 91(a) ® R with its
image in M(ar). However, even when also ap is pre-algebraic, ¢ is not necessarily
surjective, and hence p,(t) g may be different from p, , (t). For example, let k = Z
and J = BT where B is the associative commutative Z-algebra, free of rank 4, with
basis 1,a, b, ab and multiplication table a® = 2b, b*> = 0. Then £(a) = N(a) = (t*)
S0 fiq(t) = t*. But for R = Z/27Z, Jg is the tensor product of the algebra of dual
numbers over R with itself, and the minimum polynomial of ag is t?>. This leads
to the following definition:

An element a € J is called algebraic if agr is pre-algebraic and satisfies

,u'aR(t) = :U'a(t)Rv (8)

equivalently,
N(ar) = N(a) © R, 9)

for all R € k-alg. The equivalence of (8) and (9) follows from the fact that 91(a)
and MN(ag) are, respectively, the principal ideals generated by p.(t) and gy, (t).
Of course, if k is a field, the three notions just introduced all coincide with the
usual definition of an algebraic element. They hold for all ¢ € J provided J is
finite-dimensional over k.
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1.5. Proposition. Let a € J and R € k-alg and denote by o: k — R the ring
homomorphism making R a k-algebra.

(a) a is algebraic if and only if M(a) is a finitely generated and projective
k-module and a pure submodule of J2.

(b) If J is finitely generated and projective as a k-module, then a is algebraic
if and only if M(a) is a direct summand of J?.

(c) Let a be algebraic. Then ar is algebraic as well, and the homomorphisms
@, up and n of Lemma 1.3 are isomorphisms. The degree functions of a and ag
are related by

(degar)(q) = (dega)(e™" (a)) (1)
for all q € Spec(R).

(d) Conwversely, let R be faithfully flat over k and assume that agr is algebraic.
Then a s algebraic.

Proof. (a) If a is algebraic then it is in particular pre-algebraic, so M(a) is
finitely generated and projective by 1.4.2. Because of 1.4.9, the map ¢ of 1.3(b) is
an isomorphism. Hence by 1.3.3, ug: M(a) ® R — J% is injective for all R € k-alg,
so M (a) is pure by 0.15(a). Conversely, suppose M (a) is finitely generated and
projective and pure, and let R € k-alg. Then ug: M(a) ® R — J123 is injective, so
up: M(a)® R — M (ag) is an isomorphism. Finitely generated projective modules
remain so under base change. Hence M (ag) is finitely generated and projective,
S0 ag is pre-algebraic by 1.4.2. Since in particular a itself is pre-algebraic, ¢ is
injective. By 1.3.3, ¢ is surjective as well, so 1.4.9 holds.

(b) Direct summands of finitely generated and projective modules are them-
selves finitely generated and projective and of course pure, and pure submodules of
projective modules are direct summands, by 0.15(d).

(¢) From the definition of an algebraic element it is evident that ap is algebraic
along with a. The fact that ¢, v}, and 7 are isomorphisms follows from the proof
of (a) and 1.3.4. Formula (1) follows from the definition of the degree function in
1.4.5 and 0.8.3.

(d) We use the characterization given in (a). By Lemma 1.3(d), uz: M(a)®R —
M (ag) is an isomorphism. Since M (ag) is finitely generated and projective, the
same is true of M(a) by [3, I, §3.6, Prop. 12]. Purity of M (a) follows from that of
M (agr) by 0.15(c).

1.6. Power-associativity. An element a € J is called power-associative if the
kernel &(a) = Ker(j,) of the evaluation map j,: k[t] — J (cf. 1.1) is an ideal of the
associative algebra k[t] (and not just a Jordan ideal). By Lemma 1.2, equivalent
conditions are that 9M(a) = K(a), or that pry: M(a) — kl[a] or 7: E(a) — J be
injective. We will say an element a € J is strictly power-associative if ap is power-
associative for all R € k-alg. Any one of the following conditions is sufficient to
guarantee that every element of J is power-associative:

(a) J has no 2-torsion,

(b) J contains no absolute zero divisors,
and any one of the following conditions implies that every element of J is strictly
power-associative:

(c) 2€kX,

(d) J = BT is the Jordan algebra associated with an associative or alternative
algebra B.
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Indeed, (a) and (b) follow from Lemma 1.2, and the rest is clear.

Let v: k[a] C J be the inclusion, let R € k-alg and denote by v: kja] ® R —
R[agr] the induced map. Then we have a commutative diagram of surjective maps

M(a)® R—22848 L kgl @ R
u'p v (1)

M(ar) o Rlag]

where u/; is as in Lemma 1.3. By 0.15(a), k[a] is pure if and only if, for all R € k-alg,
v, is injective, while M (a) is pure if and only if all u/, are injective. Also, all top
maps are bijective if and only if a is power-associative, and all bottom maps are
bijective if and only if a is strictly power-associative. Thus we see that

a is power-associative and kla] is pure <=

a is strictly power-associative and M (a) is pure. (2)

If k£ is a field, the purity conditions are automatically satisfied, so power-associat-
ivity of an element a implies strict power-associativity of a, and by (c), only the
case where the characteristic is 2 is of interest. But over rings there may exist
power-associative elements which are not strictly power-associative.

Example. Let A be the associative commutative algebra over Z obtained from
Q[t]/(t*) by restricting scalars to Z. Let a := can(t) € A and b := a?/2 and define
J =71 Za®Zb® Za® C A. Using the relations a? = 2b, aob = a3, b2 = 0, one
shows easily that J is a Jordan subalgebra of A; it is not an associative subalgebra
of A because ab ¢ J. Obviously, J is free of rank 4 as a Z-module. Since J has no
2-torsion, every element of J is power-associative. But the element a is not strictly
power-associative, because for R = Z/27 we have a% = 0 # a?j,-i. We also see that
kla] is not pure, because 2b € k[a] but b ¢ k[a] (cf. 0.15(e)). On the other hand,
M (a) is a direct summand of J? (hence pure), a complementary submodule being
spanned by <g), <(1)>, (2), <2) In particular, a is algebraic. The algebra
J is also an example of a special but not strictly special Jordan algebra: It loses
speciality after the base change from Z to Z/27Z.

Remark. K. McCrimmon [23] has defined a Jordan algebra J over a field K to be
power-associative if every element of J is power-associative. As remarked above,
every element of J is then even strictly power-associative. But it is not clear if
all elements of all field extensions J @ L are power-associative, even when K is
infinite.

In the presence of (strict) power-associativity, the conditions that an element a
be pre-algebraic or algebraic can be reformulated as follows:
1.7. Corollary. (a) Let a € J be power-associative. Then a is pre-algebraic if
and only if kla] is finitely generated and projective.

(b) Let a € J be strictly power-associative. Then a is algebraic if and only if
kla] is finitely generated and projective and a pure submodule of J.

(¢) Let a € J be strictly power-associative and let J be finitely generated and
projective. Then a is algebraic if and only if kla] is a direct summand of J.

Proof. (a) Immediate from 1.4.2 because pry: M(a) — k[a] is now an isomor-
phism of k-modules.

(b) By strict power-associativity, the horizontal arrows in 1.6.1 are isomor-
phisms. Now the assertion follows from Prop. 1.5(a).

(¢) This is immediate from (b) and Prop. 1.5(b).
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Example. The reader may find it instructive to use (c¢) for showing that the
element a € J = B of 1.4 is not algebraic. Here k[a] = Z1 & Za & 7Z2b & Z2ab is
not a direct summand of J, because J/k[a] = Z? & (Z/27Z)* is not projective as a
Z-module.

1.8. Example: Idempotents. We claim that an idempotent e = e? € J is
strictly power-associative. Since er remains an idempotent in Jy for all R € k-alg,
it suffices to show e power-associative. Now e? = e implies 3 = U,e = Upe? =

e* = (e?)2 = e, and then e = e for all i > 1. Hence ell = (Z) for all

i>1, 0 Me) = k(le"> +k<z> If w — A(l(j) +u(2) € M(e) and

pri(w) = Al; + pe = 0, then applying U, to this equation yields Ae + pe = 0 and
therefore w = 0. Hence pry: M(e) — J is injective, as desired.

Now let us assume that J is finitely generated and projective as a k-module.
We show that e is algebraic and compute its minimum polynomial. By 1.7(c), e
will be algebraic if and only if k[e] is a direct summand of J. Consider the Peirce
decomposition J = Jo @ J; @ Jy of J with respect to e. Then 1, =e® (1; —¢) €
Jo @ Jo, and kle] = k-1, +k-e=k-ed k- (1;—e), so it suffices to show that k- e
and k - (1 — e) are direct summands of Jy and Jy, respectively. This follows from
Lemma 0.5 since e and 1 — e are idempotents (in fact, the unit elements) of J; and
Jo. Using the notations of 0.2, we define subsets of S = Spec(k) by

pesSy <<= 1) = <« J(p) ={0},

0
pesS; < elp)=0#1;(p),
pesS] <+ elp)=1,5(p) #0,
peSy <<= 0Fe) #15(0p).

These sets are open and closed, disjoint, and their union is S. Indeed, let v, 6 and
¢ be the support idempotents of 15, 1; — e and e, respectively (cf. 0.4 and 0.5).
Then these subsets correspond to the following orthogonal idempotents with sum
lp:eg=1—7,e1 =0(1—¢), el =e(1-9), and e5 = €§. The minimum polynomial
of e satisfies

1 ifpeSy

t ifpe s,

et =9 ¢ 4 ifpeSi’

t2 -t ifpeS,
Put S1 = S7USY and e1 = ¢} + ¢/. Then the degree function of e takes the value
7 on S;, and the minimum polynomial of e and its copolynomial are given by

/u'e(t) :50+51(t75)+52(t27t)7 ﬂe(t) = ]-*Etv (1)

where of course some of the £; may be zero. We note the special cases e = 1; and
e=0:
pr,(8) =t =1+ 1 =9),  po(t)=7t+(1-7). (2)

When J is faithful as a k-module, i.e., when 1; is unimodular or v =1 (cf. 0.3.2),
these formulas simplify to p1,(t) =t — 1 and uo(t) = t.

1.9. Lemma. (a) Let A\ € k™ be a unit. Then an element a € J is (pre-)algebraic
if and only if Aa is so, and in this case,

pra(t) = A48, (A1), fixa(t) = f1a(At). (1)
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(b) Let a,b € J* be invertible and consider the isotopes J®) and J@. Then
a is (pre-)algebraic in J©®) if and only if b is (pre-)algebraic in J, and then the
respective minimum polynomials are related by

uD(t) = 1 (). 2)

Proof. (a) Put oy = (I(;i /\(I)d

Aoy (all) and hence o(M(a)) = M(Xa). Thus M(Aa) is finitely generated and
projective (and pure) if and only if M (a) is so. In view of 1.4.2 and Prop. 1.5(a),
this proves the statement about Aa being (pre-)algebraic. The diagram

M(a) Mo L M(a)
M(Aa) ————= M(Xa)

is easily seen to commute. Hence by 1.4.4, fix.(t) = det(Idpr(rg) — tlra) =
det(Idaz(q) — AtCa) = fia(At), and then the first formula of (1) follows by 0.9.4.

) € GL(J?). From 1.1.1, we have (\a)l =

(b) We indicate quantities computed in J®) by a superscript (v); in particular,
the ith power of an element z in the isotope J® is 2(»?). Induction shows

Uab(i,a) _ a(i—i—l,b) and Ub—lb(i—O—l,a) _ a(i,b)

for all i € N, equivalently,

0 Ut blia) al®:)
(Ua 16 ) <b(i+1,a) > = (a(iJrl,b) ) . (3)

-1
Now ¢ := [5.) U’(’) € GL(J?), and (3) says that ¢ induces an isomorphism
¢: M@ (b) — M® (a) of k-modules. One easily checks that the diagram
()
M@ (p) — M@ (b)
ol o
MO @) e MO (a)

is commutative. Now similar arguments as before complete the proof.

1.10. Invertibility. Let a € J be invertible. Then we define al¥ for all i € Z by
1.1.1 and extend h, to a map h,: k[t,t7!] — J2. It is immediately checked that

0, € GL(J?) with inverse
_ 0 Ut
o= %) o

and that 1.2.2 holds for all i € Z. Thus .J? becomes a module over the Laurent
polynomial ring k[t, t~!] by letting again t act via ,, and formula 1.2.3 then holds
for all f(t),g(t) € k[t,t7!]. The analogue of the usual formula (a=!)* = (a’)~! is

(@ Hl =w(a=Y) (i€ 2), (2)

0 Id
Id 0
finally note that, when a is invertible, M (a) is not necessarily a k[t,t~!]-submodule
of J2. Indeed, 1.2.2 and the fact that M (a) is spanned by all al?, i >0, implies that

where w = < ) € GL(J?) is the switch of factors. This is easily verified. We

0" stabilizes M(a) <=  0;'(al%) =al" e M(a). (3)

a
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1.11. Lemma. For any polynomial f(t) € k[t] define f¥(t) by
tf5(t) = f(t) — f(0). 1)

(a) If a € J satisfies a polynomial f(t) with invertible constant term then a is
invertible in J, with inverse

#
o [Ha)
al=— . 2
70 )
Moreover, 671 € End(J?) stabilizes M(a), and M(a™") C w(M(a)) where w €
GL(J) is as in 1.10. If in addition a is integral, then

M(a™") = w(M(a)). (3)

(b) Suppose a € J is algebraic. Then a € J* if and only if p,(0) € k™. In this
case, a~ ! is algebraic as well, of the same degree as a, formula (3) holds, and the

minimum polynomial of a=! is

o () = 22 (4)

Proof. (a) For fields, (2) is proved in [16, Sec. 1, Lemma 1], and the proof is
identical in case of a base ring. For the convenience of the reader, we repeat the
argument. Squaring (1) gives t2f%(t)? = f(t)%2 —2£(0)f(t) + £(0)? and applying j,
to this yields U, f*(a)? = £(0)2 - 1, or U,b*> = 1; where b := —f*(a)/f(0). Hence
1; is in the range of U, so a is invertible. Now multiply (1) with t? to obtain
t2f5(t) = tf(t) — tf(0). As tf(t) € N(a), applying j, yields U, f#(a) = —f(0)a or
Uab = a and therefore b = U, 'a = a~!.

We show that ;! stabilizes M (a) by verifying the condition of 1.10.3. Apply
hq to (1) and use 1.2.3. Then 6, - ha(f4(t)) = —f(0)al”, and hence ;' - al’l =
—f(0)"'ha(f4(t)) € M(a), as desired. Thus all al¥ for i < 0 lie in M(a). From
1.10.2, it follows that M(a™!) = w(ha(zj>1 k- t_j)) C w(M(a)).

Now assume a is integral, so it satisfies a monic polynomial, say al™ + ;a1 +
o+ Mal® = 0. Applying 6" to this and using 1.2.2 yields > Nal=i=1 =
0, and by 1.10.2, we obtain > A;(a™1)ll = 0, so a™? satisfies the polynomial
1+ AMt+ -+ A\, t" with constant term 1. Thus we may switch the roles of a and
a~! and have M(a) C w(M(a™"')). Now it follows from w? = Id that (3) holds.

(b) For the first statement, and by what we proved in (a), it remains to show
that a € J* implies po(0) € k. Assume this is not the case. Then there exists
a maximal ideal m C k such that ;,(0) € m. Let K := k/m. By 1.4.8, we have
tar(0) = pq(0) ® 1x = 0, whence ag is not invertible in Jx by [16, Sec. 1,
Lemma 1]. On the other hand, invertible elements remain so under base change,
contradiction.

Now let a be algebraic and invertible. Then a is in particular integral and
satisfies pq(t) whose constant term is invertible. Hence part (a) shows that (3)
holds. Since w € GL(J?), it follows from (3) that M (a~!) is finitely generated and
projective and pure in J?2, so a~! is algebraic by Prop. 1.5(a). From 1.10.2 one sees

that the diagram .
M(a) ——s M(a)

w | = = w

M(a™) M(a™)
commutes. Hence p,-1(t) = det(t dM(a 1y = (1) = det(tIdM(a (C) Y =
det(—Co) ™t - det(Id — t¢,) = pa(0)71 - fig(t). Finally, dega = dega~?! follows from

(4) and 0.9.6.
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1.12. Lemma. Let J be a finitely generated and projective Jordan algebra over k
and a € J. Then a is algebraic of degree d if and only if

d
R = /\ J? s unimodular, and (1)

alll Ao aald =o. (2)

Proof. “Only if”: As remarked in 1.4, M(a) is free with basis al, ... al=1],
By 1.5(b), it is a direct summand of J?, and obviously al¥ € M(a). Thus (1) and
(2) follow from Lemma 0.6.

“If”: From (1) and (2) and Lemma 0.6, it follows that the span, say N, of
a9, ..., al"=1 is a free direct summand of J? with basis al?, ..., al*"Y and that
all € N. Now 1.2.2 implies that N contains all al’l and hence that N = M(a). By
1.5(b), a is algebraic and obviously of degree d.

1.13. Definition. For a unital Jordan algebra J over k and d € N, we define the
following subsets of J:

Jaig :={a € J : a is algebraic}, Jalg,d ‘= {a € Jaig : dega = d}.

Now let J = J, be the functor from k-alg to the category of sets defined by J as
in 0.12, i.e., J(R) = J ® R, for all R € k-alg. We put

Jalg(R) = (JR)alg7 Jalg,d(R) = (JR)alg,d7

for all R € k-alg and denote by Ny the constant functor determined by N as in
0.7(c).

1.14. Proposition. (a) Jaz and Jag,q are hard subsheaves of J in the sense of
[6, 111, §1, 3.3], in particular, they are local functors. The degree function a — dega
associated to an algebraic element a defines a morphism deg: J,o — Nj such that
Jalgd = deg_l({d}k), for alld € N. The Jag.q are open subfunctors of Jag which
cover Jalg.

(b) Suppose J is finitely generated and projective as a k-module and let P(™) :=
A" J%. Then \"(J3) = (P"™)g for all R € k-alg, and hence there are morphisms
Pn: J — Pén) given by x — O A Az for all x € Jg, R € k-alg. Let PI(I")
be the open subscheme of unimodular elements of Pa(.n), cf. 0.12. Then Jaz and the
Jalg,d are finitely presented quasi-affine k-schemes, given by

Jaga =g (PSY) Npg1(0) and  Jag = [] Juigas
d=0

where r = maxrk J2.

Proof. (a) Let X = Ju5 or X = J,1g 4. We first show that X is a subfunctor of
J, i.e., that, for all homomorphisms g: R — S of k-algebras, J(o) (X(R)) C X(9).
Since p: R — S makes S an R-algebra, ag € X(S) follows from Prop. 1.5(c),
(applied to Jr and S instead of J and R). To say that X is a hard sheaf just means
that it commutes with finite direct products (which is obvious), and that for all
R € k-alg and all faithfully flat R-algebras .S, the sequence of sets

X(R) — X(S) == X(S ®r S)
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is exact, where the arrows are induced from R — S and the two embeddings
S — S ®pr S into the first and second factor. After changing the base ring from k
to R, this is precisely the statement of Prop. 1.5(d).

It is easy to check that there is a morphism (i.e., a natural transformation of
functors) deg: Jai; — Ny such that degp: Jag(R) — Ni(R) is given by

(degg(a))(p) = (dega)(p),

for all R € k-alg, a € Ja(R), p € Spec(R). Clearly a € Jagq(R) if and only
if the function degg(a): Spec(R) — N is constant equal to d. This proves that
deg ' ({d}1) = Jaig,a. Finally, if K is a field then Spec(K) is a one-point set, so
the function deg (a) is constant, for every a € Jai(K) (this is just saying that an
algebraic element over a field has a well-defined (constant) degree). It follows that
Jaig(K) is the disjoint union of the Jaiq,q(K), proving the last assertion.

(b) Let r = max{rky(J?) : p € Spec(k)}. Then clearly Jajzq = 0 for d > r.
Hence, to prove the statement for J.i, it suffices to show that the J.i, ¢ are finitely
presented quasi-affine schemes. Since J is finitely generated and projective so are
the exterior powers P(™ and hence they define affine finitely presented schemes
P{™ and open quasi-affine finitely presented subschemes P of unimodular ele-
ments. Also, exterior powers commute with base change, so the natural homomor-
phism A" (J3) — PI(%") is an isomorphism. This proves the existence of p,. Now
Lemma 1.12 (which of course holds in all base ring extensions as well) shows that
Jalg,d = ZNU where Z = p;il(()) and U = pgl(Pl(ld)) are, respectively, closed and
open finitely presented subschemes of J [6, I, §3]. This completes the proof.

Remark. Let in particular k be a field and J finite-dimensional. Then every
element of J is algebraic, so (b) shows J is the disjoint union of the Jujg 4. Over a
ring, the union is still disjoint, but there may be non-algebraic elements.

2. Generically algebraic algebras

2.1. The function degJ. In this section, J always denotes a unital quadratic
Jordan algebra over an arbitrary ring k& which is finitely generated and projective
as a k-module, and J = J, the affine k-scheme defined by J as in 0.12. For
every prime ideal p € Spec(k), J(p) = J ® k(p) is finite-dimensional and therefore
generically algebraic over k(p) [16, Sec. 2, Th. 2]. In particular, it has a well-defined
generic minimum polynomial whose degree is, by definition, the degree deg J(p) of
J(p). We thus have a function deg J: Spec(k) — N given by

(deg J)(p) := deg J(p).

This function is lower semicontinuous (where N has the discrete topology). Indeed,
let pg: J — PP be as in 1.14 and let Y = pgl(Pl(ld)). Then Y is open in J. Let
deg J(p) = d and let K be an algebraic closure of k(p). Then it follows from [16,
Section 3] that there exists x € Jx such that 20 . zl4=1 are linearly indepen-
dent, i.e., Y(K) # 0. Let |Y| be the open subset of Spec(A) underlying the open
subscheme Y, cf. [6, I, §1, No. 4]. Then by 0.12.1, U := p(|Y]|) C Spec(k) is an
open neighbourhood of p, and for all g € U the fibre of Y over q is not empty. Thus
there exists y € J ® L where L is an algebraic closure of k(q), for which y € Y(L),
i.e., such that y1, ... 441 are linearly independent, and hence the degree of J(q)
is at least d.
The degree of J behaves as expected under base change, namely,

deg Jr = (deg J) o Spec(p) (R € k-alg), (1)
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where g: kK — R is the homomorphism making R a k-algebra. Indeed, if q € Spec(R)
and p = 071(q) € Spec(k), then k(q) is, via g, an extension field of k(p), so by
the invariance of the generic minimum polynomial of a Jordan algebra over a field
under field extension, deg J(p) = deg J(p) ® k(q) = deg Jr(q). — For later use, we
note:

a € J algebraic = dega<degl. (2)

Indeed, for every p € Spec(k), the degree of a at p is the degree of jia(t).(p) by
1.4.5, and by 1.4.8, this is the same as i,y (t), which divides the generic minimum
polynomial of J(p).

2.2. Definition. Let J be as above, let A = O(J) be the affine algebra of J (cf.
0.12), and let f(t) € A[t] be locally monic. Using the notations of 0.13, we say J
satisfies f(t) if, for all R € k-alg, every = € J(R) satisfies the polynomial f(t;x),
ie., f(t;z) € N(z). Obviously, this condition is stable under base change, i.e., if .J
satisfies f(t) then Jg satisfies f(t)g, for all R € k-alg. In particular, J(p) satisfies
J(t)x(p) for all p € Spec(k), so that f(t).() is a multiple of the generic minimum
polynomial of J(p). Thus by 0.13.4 and the definition of the degree function of J,
we have:

J satisfies f(t) == degJ <degf(t). (1)

Note that such f always exist. For example, f(t;z) = det(t?Id — U,) is locally
monic, and by the Cayley-Hamilton Theorem, f(U,;z) = 0 in End(Jg) for all
R € k-alg. Hence 0 = f(Uy;x) - 15 = f(Uy;x) -, cf. [16, Section 1, Lemma 2].
However, it is in general not true that J satisfies a locally monic f for which equality
holds in (1). This leads to the following definition:

J is called generically algebraic if there exists a locally monic polynomial m(t) €
Alt] such that

(i) J satisfies m(t), i.e., for all R € k-alg and all z € J(R), = satisfies the
polynomial m(t; x),

(ii) degJ = degm(t); equivalently, that for all prime ideals p € Spec(k),
m(t) ®x 1y is the generic minimum polynomial of J(p).

An associative or alternative algebra B will be called generically algebraic if the
associated Jordan algebra B has this property. — It is useful to note that (ii) is
equivalent to the condition

(ii)’  m(t)x is the generic minimum polynomial of Jk, for all fields K € k-alg.

This follows easily from the fact that the kernel of the canonical map £ — K is a
prime ideal p of k, so K is an extension field of k(p), and the well-known invariance
of the generic minimum polynomial of a finite-dimensional Jordan algebra under
base field extensions.

A polynomial m(t) satisfying (i) and (ii) will be called a generic minimum
polynomial for J. Actually, we will show below in 2.7(a) that m(t) is uniquely
determined by (i) and (ii).

2.3. Remarks. (a) The property of being generically algebraic is stable under
base change (and descends from faithfully flat base extensions, see 2.7(b)): If J is
generically algebraic over k and m(t) is a generic minimum polynomial for J then
Jr is generically algebraic over R and m(t)g is a generic minimum polynomial for
Jr, for all R € k-alg.

Indeed, by general facts, Jg is finitely generated and projective over R, and by
0.13, m(t)g is locally monic. As noted before, Jg satisfies m(t)z. Hence condition
(i) holds for m(t)g, and condition (ii) follows from 0.13.6 and 2.1.1.
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(b) By condition (i) and 0.13.3, the degree function degJ of a generically
algebraic J is locally constant on Spec(k). Thus we can decompose k = [],cp ka
and correspondingly Spec(k) = [[ ;. Spec(kq) such that deg.J is constant equal to
d on Spec(kq); equivalently, that J ® kg4 is generically algebraic of constant degree
d over k4. In proofs, this fact will often be used by employing a phrase like “after
decomposing the base ring, we may assume that J has constant degree equal to
d.” There are, however, natural examples of generically algebraic Jordan algebras
whose degree functions are not constant, see 2.4(d).

(¢) In the literature, the terminology “generically algebraic Jordan algebra of
degree d”, in particular for d = 2 and d = 3, has been used in an informal fashion
for Jordan algebras over rings which possess a monic polynomial m(t) of degree d
satisfying condition (i), e.g., in [29, 30, 20]. Since condition (ii) does in general
not hold for these examples, they are not necessarily generically algebraic in the
present sense.

2.4. Examples. (a) If k is a field, every finite-dimensional Jordan algebra over k
is generically algebraic in the present sense, and its generic minimum polynomial
is the usual one.

(b) Let either € be a composition algebra of rank >2 over k as defined in [28,
1.4] or let € = k. (Note that k itself is not a composition algebra in the sense of
[28] unless 2 is a unit in k). Consider the Jordan algebra J = Hy(C, k) of hermitian
d x d-matrices over € with diagonal entries in k. Then it is easily seen from [22,
pp. 501-503] that J is generically algebraic of degree d, provided d < 3. If C is
associative, then Hy(C, k) is generically algebraic of degree d for all d > 1.

(c) We leave it to the reader to show that J is generically algebraic of degree 0 if
and only if J = {0}, and of degree 1 if and only if J = k. The generically algebraic
algebras of degree 2 are precisely the Jordan algebras associated with quadratic
forms with base point on finitely generated and projective k-modules of rank >2,
see 3.7. The generically algebraic Jordan algebras of degree 3 are all obtained by
the “general cubic construction”, see 3.9.

(d) Let M be a finitely generated and projective k-module. Then J :=
End(M)™ is generically algebraic, with generic minimum polynomial given by the
characteristic polynomial

m(t;z) = det(tld — z)

where det is the determinant of an endomorphism of a finitely generated and pro-
jective module, see [1]. The degree of J is given by deg(J) = rk(M) and therefore
is in general not constant. More generally, Azumaya algebras over k are generically
algebraic [17, III, §1], as are central separable Jordan algebras over rings containing

3 (2, 81).

(e) Let J" and J” be generically algebraic with generic minimum polynomials
m’ and m”. Then it is easily seen that J = J' x J” is generically algebraic with
generic minimum polynomial m(t; (2/, ) = m/(t; ") -m” (t; 2”) and that deg J =
deg J' + deg J".

(f) By 2.3(b), the degree function of a generically algebraic Jordan algebra J is
locally constant on Spec(k). This necessary condition gives easy examples of finitely
generated and projective Jordan algebras which are not generically algebraic. For
example, let J = BT where B is as in 1.4. Then

o) = {3 Hb2 0}
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is not constant on the connected space Spec(Z). On the other hand, there are
examples of finitely generated and projective Jordan algebras of constant degree
which are not generically algebraic, see 3.7.

2.5. Primitive elements. Let J be finitely generated and projective as a k-
module. An element a € J is called primitive if a is algebraic and dega = deg J.
We define

Jprim = {a € J : a primitive} and Jpum(R) := (Jr)prim C J(R),

for all R € k-alg. Then Jpum is a subfunctor of J (actually, of Jae): Indeed,
let R — S be a homomorphism of k-algebras, and let @ € J,pim(R). Then ag €
J(S) = (Jr)s is algebraic by Prop. 1.5(c), and from 1.5.1 and 2.1.1, it follows that
degag = deg Jgs.

In case J is generically algebraic and m(t) is a generic minimum polynomial of
J, we have

a is primitive <= a is algebraic and u,(t) = m(t;a). (1)

Since deg a = deg 4 (t) by definition, this is immediate from (ii) of 2.2 and the fact
that u,(t) divides m(t;a). Also,

a primitive = [i4(t) = m(t; a) (2)

which follows immediately from 0.13.7.

2.6. Lemma. Let J be generically algebraic. Then Jprim is an open dense finitely
presented subscheme of J, given as follows: Decompose k = [],cp ka such that
Ja = J ® kq has constant degree d, cf. 2.2(b). Then, in the notation of 1.13 and
of 0.7(d),

Jprim = H (Jd)alg,d-

deD
In particular, Jprim = Jaig,a if J has constant degree d.

Proof. Since J = [[,cp Ja where Jg = (Jg)a is the affine scheme defined by Jg,
we may assume that deg J = d is constant. Then by definition, a € Jpim(R) if and
only if a is algebraic and has degree d, so Jprim = Jalg.d-

Now we show that J,ieq is open and dense in J. Consider the morphisms
pn: I — P of 1.14(b). By (i) of 2.2, z!¥) is a linear combination of 2%, ... z[4=1]
in all base ring extensions, which shows that p;+1 = 0. Hence by Prop. 1.14(b),
Jalg,d is the inverse image of the open subscheme Pl(ld) of Pa(Ld) under pg and therefore
open in J. To prove that it is dense, it suffices by 0.14(iii) to show that Jae q(K) #
(), for all algebraically closed fields K € k-alg. This follows from well-known results
on Jordan algebras over fields, see [16, Section 3].

Remark. Although Jpm is dense in J, this does not imply that J itself contains
any primitive elements. For example, let k = Fy and J = k®, which by 2.4(e) is
generically algebraic of degree 3. Then a™ = a for all n > 1 and all a € J, so M(a)
has dimension <2, while for a to be primitive, we must have dim M(a) = 3. On
the other hand, by 0.14(ii), there always exists a faithfully flat R € k-alg such that
Jprim(R) # @

2.7. Proposition. (a) The generic minimum polynomial m(t) of a generically
algebraic Jordan algebra J is uniquely determined. The coefficients m; of m(t),
defined as in 0.9.4 by the expansion
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mte) =Y (=1)'my()t’, (1)

i>0

are homogeneous of degree i. In particular, mg =1 and my is a linear form on J,
called the generic trace of J. The generic norm, defined by

N(z) :=m(0; —z) = (=1)%5 m(0; z), (2)
is locally homogeneous of degree deg J, i.e., it satisfies
N(rz) =i/ N(z), (3)

for allr € R, x € Jg, R € k-alg; see 0.9.1 for the notation r4°¢7. The m; and
hence also m(t) and N are invariant under isomorphisms in the obvious sense and
under deriations in the sense that

da@ymi|, =0, (4)

for all A € Der(J).

(b) (Descent) Let J be a Jordan algebra over k, let R € k-alg be faithfully
flat over k and suppose that J := Jgr is generically algebraic over R. Then J is
generically algebraic over k.

Remarks. (i) Despite appearances, the sum in (1) is finite, because m; = 0 for
i > maxdegJ. The derivative 0, f|x of a polynomial law f at x in direction v is
defined by f(z 4+ ev) = f(x) + Eavf‘x € J @ k(e), where k() = k[t]/(t?) is the
algebra of dual numbers.

(ii) In [30, Remark after 2.6], examples of isomorphisms are given which do not
preserve norms. This is no contradiction to (a) because the “norms” in question
are the cubic forms of a cubic norm structure. The algebras in these examples are
not generically algebraic of degree 3 and hence have generic norms different from
the cubic forms of the norm structure, see also the remark made in 3.9.

Proof. (a) Suppose m(t) and m/(t) are generic minimum polynomials for J.
Then by 2.5.1, m(t;a) = po(t) = m/(t;a) for all a € J,im(R) and all R € k-alg,
so m(t) = m/(t) follows from density of Jpyim.

By [31, I, §8], m; is homogeneous of degree ¢ if and only if

mi(re) = r'm;(x), (5)

for all r € R, v € Jr, R € k-alg. Since ky is dense in ks and Jpim is dense in
J, it suffices to show that this holds for all r € R* and & € J,uim(R). Then by
Lemma 1.9, rz is algebraic and we have fi,,(t) = fi,(rt). Hence, using 0.13.7,

m<t; ’I”.%‘) = ﬂra:(t) = /]/a:(rt) = m<rt; .’1?)

Now (5) follows by comparing coefficients at powers of t in (1). In particular, m,
is homogeneous of degree 1 and thus a linear form on J [31, I, §11]. For (3), we
may, after decomposing the base ring, assume that J has constant degree d. Then
N = myg is homogeneous of degree d.

The invariance under isomorphisms is clear from the uniqueness. In particular,
the m; are invariant under all automorphisms. If A € Der(J) then & := Id +
eA € Aut(Jg) where R = k(e). As remarked in 2.2(a), Jg is generically algebraic
with generic minimum polynomial m(t)z. Hence m;(®(x)) = m;(x), which after
expansion yields (4).
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(b) Since J is in particular finitely generated and projective so is .J by [3, I,
§3.6, Prop. 12]. Hence, deg J is well-defined.

Let A = O(J) = A® R where A = O(J), and let 7m(t) € AJt] be the generic
minimum polynomial of J. We show that 7(t) is “defined over k”, i.e., of the form
m(t)r, obtained by base change from a (unique) polynomial m(t) € A[t]. The
algebra S := R ®;, R can be considered as an R-algebra in two ways by means of
the embeddings 01, 02: R — S into the first and second factor. We denote these
R-algebra structures by S; and Ss, respectively. By general facts on faithfully flat
descent [17, Ch. III], m(t) is defined over k if and only if m(t)s, = m(t)s,. By
2.3(a) (applied to J over the base ring R), Jg, is generically algebraic over S with
generic minimum polynomial m(t)g,, for i = 1,2. Since J = J @y R is defined over
k, we have jsi =(J®rR)®rS; = J®;S; = J® S (because S; = S as a k-algebra
by restriction of scalars from R to k). Hence m(t)s, = m(t)s, follows from the
uniqueness of the generic minimum polynomial of J ®j .S shown in (a). This proves
the existence of m(t) € A[t] with m(t)g = m(t).

Now it is easy to see that m(t) meets the requirements of Definition 2.2. First,
A is faithfully flat over A and 7 (t) can be considered as obtained from m(t) by base
change from A to A. Hence m(t) is locally monic, as noted in 0.8. From the fact
that J satisfies m(t) g and that R is faithfully flat, it follows easily that J satisfies
m(t). Finally, let o: & — R be the homomorphism making R a k-algebra. Then
(degm) o Spec(g) = degm (by 0.13.6) = degJ (by condition (ii) of 2.2, because
J is generically algebraic over R) = (deg.J) o Spec(p) (by 2.1.1). Now Spec(p) is
surjective because R is faithfully flat over k, so we conclude that condition (ii) of
2.2 holds for m(t).

2.8. Lemma. Let E € k-alg be a commutative associative k-algebra which is
finitely generated and projective as a k-module. Then the following conditions are
equivalent:

(i) E is generically algebraic of degree deg E =tk E,
(ii) E becomes monogenous after a faithfully flat base change.

If these conditions hold then the generic minimum polynomial of E is m(t;x) =
det(tld — L(x)) and the primitive elements of E are precisely the generators of E
as a k-algebra.

Remark. Algebras satisfying these conditions play an important role in the theory
of the norm functor [8] where the property (ii) is called “locally simple”, see also
[9].

Proof. (i) = (ii): Let E = E, be the k-scheme defined by E. By Lemma 2.6,
Eprim is open and dense in E, so there exists a faithfully flat (and even finitely
presented) R € k-alg such that Er contains a primitive element z. Since z is
strictly power-associative, R[z] & M (z) and R[z] C Eg is a direct summand as an
R-module by Cor. 1.7(c). It follows that rk R[z] = tk M (z) = deg(z) = deg Eg
(because z is primitive) = rk Eg (by 2.1.1). Thus R[z] = Eg is monogenous, and
we also see that primitive elements are generators.

(ii) = (i): By the descent property proved in Prop. 2.7(b) and the behaviour
of the degree under base change (2.1.1), we may assume that F is monogenous,
say, E = k[z]. Clearly, the indicated polynomial m(t) is locally monic, and from
the Cayley-Hamilton Theorem it follows that E satisfies m(t). Hence deg E <
degm(t) by 2.2.1. By Lemma 0.11, E = k[t]/(m(t;2)). Since E is an associative
algebra, z is strictly power-associative in the sense of 1.6. Because F = k[z], it
follows from Cor. 1.7(c) that z is algebraic, and obviously p.(t) = m(t;z). Hence
degm(t) = degm(t;z) = (by 0.13.5 in the special case R = k) = degpu.(t) =
deg z (by definition of the degree of an algebraic element in 1.4.5) <degE (by
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2.2.1). Thus deg E = degm(t), so E is generically algebraic with generic minimum
polynomial m(t). As degp,(t) = rk E by Lemma 0.11, we have deg F = rk E. We
also see that z is primitive because deg z = deg E.

2.9. Lemma. Let J be generically algebraic with generic minimum polynomial
m(t), and let a € J be primitive. Let E := E(a) and m: EY — J be as in 1.2(b).
Then E is monogenous and finitely generated and projective, with Tk E = deg J.
For all y € Eg and R € k-alg,

m(t;m(y)) = det(tld — L(y)),  m(t;m(y)) = det(Id — tL(y)), 1)
where L(y) is left multiplication with y in E.

Proof. E is finitely generated and projective by 1.2.5 and 1.4.2, and it is gener-
ically algebraic with generic minimum polynomial

m®(t;y) = det(tldg — L(y)) (2)

by Lemma 2.8. The affine scheme E := F, defined by F is smooth, finitely presented
and with connected fibres. By Lemma 2.6, E;in is open in E and Jp;iy, is open
in J. Hence U: = Epyim N 7 (Jprim) is open in E. Moreover, z = can(t) € F
is primitive by Lemma 2.8, and m(z) = a € J is primitive by assumption, whence
z € U(k). Thus U is dense in E by 0.14. We claim that

ty(t) = iz, (t) for all y € U(R), R € k-alg. (3)

Indeed, y and b := m(y) are algebraic elements of Er and Jg, respectively, so they
have well-defined locally monic minimum polynomials, generating, respectively, the
ideals 91(y) and N(b) of R[t]. Moreover, M(y) C 9(b) by 1.1.4, so p1,,(t) is a multiple
of up(t). Hence it suffices to show that both polynomials have the same degree,
i.e., that degb = degy. Since y and b are primitive, degy = deg Fr = rk Eg
(by 2.8) and degb = deg Jr. Also, since a is primitive, deg J = dega = rk E, cf.
1.4.5, and therefore also deg Jp = rk Fr. This implies degy = degb, so we have
(3). It follows that det(tldg — L(y)) = m¥(t;y) (by (2)) = puy(t) (because y is
primitive) = g, (t) (by (3)) = m(t;7(y)) (because 7(y) is primitive). Hence the
first formula of (1) holds for all y € U(R) and all R € k-alg. Since U is dense in
E, it holds for all y € E(R). The second formula is clear from 0.10.1 and 0.10.2.

2.10. The adjoint. Let J be generically algebraic with generic minimum polyno-
mial m(t). We define the polynomial m#(t) € Aft] as in 1.11.1 by

trmf (t;2) = m(t; ) — m(0; 2), (1)
and the adjoint of an arbitrary x € Jg (R € k-alg) by
¥ = mf(—z; —x). (2)

From the homogeneity of the coefficients m; of m(t) it follows that m(t; x) is locally
homogeneous of degree deg J in (t;z), i.e., m(\t; \z) = A48 /m(t;x). Hence =
x% is a locally homogeneous polynomial law of degree (deg.J) — 1. If degJ = d is
constant, we have

d

d
mi(tio) =D (1) rma (@)t 2t =) i () (—2) (3)
i=1

i=1
We also note the formulas
Uyaf = N(x)z, Uy(29)? = Upe® = N(z)215, (4)
which follow by applying j_, to the equations t?m#(t; —x) = tm(t; —x) — tN(x)
and [tm*(t; 79:)]2 = [m(t;—z) — N(l’)]2.
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2.11. Theorem. Let J be a generically algebraic Jordan algebra over k. We use
the notations introduced in 2.7 and 2.10.

(a) The generic minimum polynomial and copolynomial can be recovered from
the generic norm by

m(t;x) = N(tl; — x), m(t;x) = N(1; — tx). (1)
In particular, m(t;0) = N(17) =1, m(t; 1) = (1 —t)%&7 and
deg J
)

mi(ly) = ( (i en). 2)

(b) For all x € J, the generic norm is multiplicative on k[z] in the sense that

N((f9)(@)) = N(f(z))N(g(z)) (3)
for all f,g € k[t]. In particular,

N(z')=N(z)’  (j€N). (4)

¢ e element x € J 1s 1nvertible if and only 1 x) € . In this case
()Thl J is i ‘bl'fdly‘fN()kXIh‘ :

#
1
T T N@)’ )
_ m(t; —x)
t;—a ) = —
m(ts =) = =, (©
1
N1 =
@ = @
N(a*) = N(z)des D=1 (8)
o = N(z)des =2y, (9)
(d) = € J is nilpotent if and only the m;(x) € k are nilpotent, for all i > 1.
(e) The derivative of m;11 in the direction of 1; is
alJmi-H’z = ((deg J) — i)m;(). (10)

Proof. (a) By density of Jpiim (Lemma 2.6), it suffices to prove this for all
z € Jpuim(R) and all R € k-alg, and after changing the base from k to R to
simplify notation, we may assume x = a € J is primitive. As in Lemma 2.9, let
a=m(z) and put y := tlg — z € Ej). Then by 2.9.1,

N(tly—a)=N(n(y)) = m(0; —m(y)) = det L(y) = det(tIld — L(z)) = m(t;a).

The second formula of (1) is proved similarly. By specializing t — 0 and because
the copolynomial is comonic (0.9) we see 1 = m(0;x) = N (1), and putting x = 1;
yields mm(t;15) = N(((1 —t)1,) = (1 — t)d°e’ (by 2.7.3) = Yiso(=1)'mi(1)t" (by
2.7.1). This proves (2).

(b) By the density argument employed above, it suffices to prove this for z =
a € J primitive. Then the asserted formulas follow at once from the fact that
N(m(y)) = det L(y) (by 2.9.1) and the multiplicativity of the determinant.
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(¢) If N(z) = m(0;—=z) is invertible, then x is invertible, and formula (5)
holds by Lemma 1.11(a). Conversely, let z € J* but assume N(z) ¢ k*. Then
there exists a maximal ideal m C k with N(z) € m. Let K = k/m. Then 0 =
N(z)k = N(xk), and hence zx is not invertible in Jg, by [16, Theorem 2(iii)].
This contradicts the fact that invertible elements remain so under base change.

We prove (6). By density, we may assume x primitive. Then also ! is primitive
because degz = degz~! by 1.11(b). Now it follows from 1.11.4 and 2.5.2 that

and replacing x by —z in this formula yields (6). By specializing t — 0 we have

(7).

Next, (8) and (9) are polynomial identities, so by density we may assume x
invertible. Then N(z)™! = N(z~1) = N(2%/N(z)) = N(2*)/N(x)%°&7 yields the
first formula. For the second, one argues similarly, using the fact that (z~!)~! =z
and that z* is homogeneous of degree (deg.J) — 1.

(d) After decomposing the base ring, we may assume deg J = d constant. Then
rd = Z?zl(fl)’;lmi (x)x9=%. Hence, if all m;(x) are nilpotent, it follows from the
multinomial expansion that z is nilpotent. Conversely, if x is nilpotent then so is
x(p), for all prime ideals p € Spec(k). By [16, Theorem 2(vi)], 0 = m;(z(p)) =
m;(x) @ L), so mi(x) belongs to the intersection of all prime ideals of k and
therefore is nilpotent.

(e) Let R = k(e) be the algebra of dual numbers. Then by (a), m(t;x+¢l;) =
N(ly—t(z+¢€ly)) = N((1 —te)ly — ta). Now 1 — te is invertible with inverse
(1 —te)~! =1+ te. Hence by 2.7.3,

m(t;x +ely) = (1 —te)98 N(1 —t(1 + te)x) = (1 — te)8rn(t + t3e; x).

Expanding both sides with formula 2.7.1 and comparing coefficients at et?*! yields
(10).

2.12. Generic elements. For finite-dimensional algebras Jordan algebras over
fields, the generic minimum polynomial is simply the minimum polynomial of the
generic element, see [5, 14]. Does a similar statement hold over rings? It would
be tempting to be able to say “J is generically algebraic if and only if the generic
element of J is algebraic”. Unfortunately, this is not the case. Let us first recall the
notion of generic element for finitely generated and projective modules [19, §18].

Let J be finitely generated and projective and A = O(J). The generic element
x of J is the element x € J® J* C J® A corresponding to Id; under the canonical
isomorphism J ® J* =& EndJ. The name “generic element” is justified by the
fact that x can be specialized to any = € Jr, R € k-alg, in the following sense:
Evaluation of an element g € A at x defines a homomorphism e;: A — R, e,(g) =
g(x), and hence a map Id; ® e;: J4 — Jg, which maps x to . We thus have
g = g(x) € A, for all ¢ € A. This implies that, for any f(t) € A[t], we have
f(t;x) = f(t), and that J satisfies a locally monic f(t) € A[t] (in the sense of 2.2)
if and only if the generic element x satisfies f(t).

2.13. Proposition. (a) Let J be generically algebraic with generic minimum poly-
nomial m(t). Then the generic element x of J is pre-algebraic and its minimum
polynomial is m(t), but x is not an algebraic element of Ja, unless J = {0}.

(b) There are examples of finitely generated and projective Jordan algebras
whose generic element is pre-algebraic but which are not generically algebraic.
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Proof. (a) After decomposing the base ring, we may assume deg J = d constant.
Since every element x € Jg in every base ring extension R of k satisfies m(t;x),
this is in particular so for x, whence m(t) € M(x). To prove ux(t) = m(t) it
suffices to show that x[ ... x[?=1] are free over A in J3. Thus assume a relation
Z?;OI gi(x)xl! = 0 in J%. By specializing x to any a € Jum(R), R € k-alg,
it follows that Zf:_ol gi(a)al! = 0. Since a is algebraic of degree d, the powers
al%, ..., al=1 are linearly independent over R, so that all g;(a) = 0. Thus the
g; vanish on the open and dense subscheme Jpim of J and are therefore zero. It
follows that x is pre-algebraic of degree d, so its minimum polynomial is m(t).

Now assume that x is algebraic. Then, for every A-algebra R, the degree of xp
is still d. On the other hand, x can be specialized to 0. Hence the element 0 € J
is algebraic of degree d. Since 0 is in particular an idempotent, the computation
in 1.8 shows pg(t) = vt + (1 — ) where 7 is the support idempotent of 1;. It
follows that either d = 0 and then v = 0 hence J = 0, or d = 1 whence d = 1 and
J = k. But the second case is impossible, because then x =t € A = k[t], and the
A-submodule of A generated by t is tA which is not a direct summand of A (as an
A-module).

(b) Let J = BT be the algebra of 2.4(f). Then it is easily seen that the
generic element is pre-algebraic, but J is not generically algebraic because its degree
function is not locally constant on Spec(Z).

3. The generic minimum polynomial of an isotope

3.1. Theorem. LetJ be a generically algebraic Jordan algebra over k, with generic
minimum polynomial m(t) and generic norm N. Let v € J* and let J™) be the v-
isotope of J, with unit element 1") = v~ and U-operators Ua(cv) =U,U,. Then also
JW) s generically algebraic, deg J) = deg J, with generic minimum polynomial,
copolynomial and generic norm given by

m®) (t;z) = N(v)N(tv™! — z), (1)
mY)(t;x2) = N(v)N(v™! — tz), (2)
N®(z) = N(v)N(z). (3)

Proof. We follow the idea of the proof of [26, Th. 1] but avoid the use of
the composition law for the generic norm. Clearly J(®) is finitely generated and
projective because J = J(*) as k-modules. For the remainder of the proof, we may
assume, after decomposing the base ring, that degJ = d is constant, and it is no
restriction to assume d > 0, for else J = {0} by 2.4(c). Then N is homogeneous
of degree d. Define polynomial laws N; 4_;, bihomogeneous of degree (i,d — i), on
J x J by the expansion

d

N(Sl’ + ty) = Z SitdiiNi,d—i(:E7 y)a (4)
=0

where s,t are indeterminates and z,y € Jg, R € k-alg, cf. [31, II, §1]. Then
Nia—i(xz,y) = Ng—;i(y,z) and Npq4(z,y) = N(y). Define f(t) € A[t] (where
A =0(J)) by

d

f(t;z) = N(w)N(tv ™! —z) = Z(—l)iN(v)Ni,d,i(x,vil)td*i. (5)
i=0

This is obtained from (4) by s — —1 and y = v~!. Then the coefficient of t¢ in
f(t) is N(v)Noq(z,v™) = N(v)N(v™!) =1 (by 2.11.7), so f(t) is monic of degree
d.
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Now we show that J() satisfies f(t) in the sense of 2.2, i.e., that f(t;z) and

tf(t; 2) vanish upon substitution of x for t, for all z € JI(;) and R € k-alg. Since

everything is compatible with base change, we may extend k to R and then write
again k for R (for simpler notation), so it suffices to prove this for all z € J).
Consider the k-algebra S = k()\) = k[s]/(s?2) which is free as a k-module with
basis 1, A, ..., A1 and satisfies A¥t2 = 0. Since A is nilpotent, 1(*) — Az € Jg)) is
invertible. We compute its inverse in two ways. First, again by nilpotence of A, the
inverse is given by the geometric series:

d+1
(1) — 2\g)ho) = z:)\Jx(w)7 (6)
=0

where z(9?) is the jth power of z in J(®). On the other hand, an element a is
invertible in J®) if and only if it is invertible in J, and then

1

o) = (UM) e = (UuU,) e = Uy WU e = U e (7)

Since J is generically algebraic, a~! = a*/N(a) by 2.11.5. All this remains true in
any base ring extension. In particular, let a = 1(") — Az = v~ — Az. Substituting
a*/N(a) for a~! in (6) and multiplying the resulting equation with N(a) yields

d+1
U t(v™' = \z)* = N(o™! = ) - Z N glw), (8)
=0

Now z — z% is a homogeneous polynomial law of degree d — 1 by 2.10. Hence the
coefficients of A and A%*! on the left hand side of (8) vanish, so they must vanish
on the right hand side as well. From (4) we have the expansion N(v™! — \z) =
Z?ZO(—)\)iNi,d,i(x,vfl). By collecting terms at A% and A\%t! on the right hand
side, we obtain the relations

d d

Z(*l)iNi,d—i(xa ,Ufl)x(dfi,v) _ Z(*l)iNi,d—i(x; ,Ufl)x(d+17i,v) = 0.
i=0 1=0

After multiplying with N (v), this says precisely that x satisfies f(t; ) in the isotope
Jw),

We have verified condition (i) of 2.2 for J), so it remains to show that J()
has degree d, i.e., that J®¥)(p) = J©) @ li(p) has degree d, for all p € Spec(k).
Now deg J(")(p) < d = deg J(p) because because J(*)(p) satisfies the polynomial

—2
J(t)k(p) of degree d. But J(p) = (J(U)(p))(v ®) s an isotope of J()(p), and
J®) (p) is generically algebraic, being finite-dimensional over k(p). Hence the above
argument, applied to J(®)(p) instead of J, yields deg J(p) < deg J™ (p). We have
shown that J(*) is generically algebraic with generic minimum polynomial f (t) =
m®)(t). The formulas for 72(*)(t) and the generic norm are then an immediate
consequence.

3.2. Corollary. (a) The generic norm of a generically algebraic Jordan algebra
J permits Jordan composition:

N(Uypy) = N(x)*N(y), 1)
forall x,y € Jr, R € k-alg.
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(b) Let B be a generically algebraic associative or alternative algebra over k and
let N be its generic norm, i.e., the generic norm of the associated Jordan algebra
BT. Then N is multiplicative:

N(zy) = N(z)N(y), (2)

for all x,y € Bg, R € k-alg.

Proof. (a) By density of J* (see 0.14) we may assume y invertible. Then
N(y)N(U,y) = NW (x2¥)) = NW)(2)? (by 2.11.4) = N(y)2N(z)? (by 3.1.3).

(b) Again by density, we may assume z invertible. Then left multiplication L,
with x in B is an isomorphism L,: (B(""/’))+ — B7T of Jordan algebras [24, Prop. 4],
and (B("’))+ = (B+)(x) by [24, (19)]. Since the generic norm is invariant under
isomorphisms by Prop. 2.7(a), it follows that N(zy) = N(L.(y)) = N@(y) =
N(z)N(y).

The following lemma is the analogue over rings of [26, Th. 2].

3.3. Lemma. Let J be generically algebraic and let u,v € J*. Then the generic
minimum polynomials of u € J®) and v € J™ are related by

m™ (t;u) = m(t;0), (1)
™ (t;u) = m"(t;0), (2)

and the generic norm has the symmetry property

N@)N@w™ —u) = Nu)Nu™' —v). (3)

Proof. Let us first assume that v is primitive, hence in particular algebraic,
in J®). By Lemma 1.9(b), v is then algebraic in J®), and ugu)(t) = u&v)(t) =
m® (t;u) (by 2.5.1). Hence degpui™ (t) = degm® (t;u) = degJ = deg J® by
Th. 3.1. This shows that v is primitive in J®), and hence (1) follows again from
2.5.1. Furthermore, (2) and (3) are immediate consequences.

In the general case, consider the subfunctor U of J* x J* defined by

(;) € U(R) <=z is primitive in (Jg)®,

for all R € k-alg. Note that (x,y) € U(R) if and only if (y,x) € U(R) and that
(1) = (3) hold on U(R), by what we proved above. Hence, it suffices to show that
U is an open and dense subscheme of J* x J*. After decomposing the base ring,
we may assume deg J = d constant. Then also all isotopes of all J have degree d.
Define a morphism p: J* x J* — P{% (cf. Prop. 1.14(b)) by

x 2(0:9) 2(d—1Ly)
(5)= G ) reon ()
in all base ring extensions. Then U is the inverse image of Pl(ld) under p and
therefore open. Furthermore, J* x J* is smooth, being open in J x J, and it has
connected fibres: Indeed, for all algebraically closed fields K € k-alg, Jy x Jj is
the complement of the hypersurface N(z)N(y) = 0 in Jx x Jx and the latter is
isomorphic to affine 2n-space over K where n = dim Jx. Thus by 0.14, it suffices
to have U(K) # (0. Since Jprim (K) # 0 by density of Jppim and Jprim x {1,} C U,

we are done.
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3.4. Suppose J is generically algebraic of constant degree d. In view of 3.1.1 and
3.1.5, the symmetry formulas 3.3.1 — 3.3.3 are equivalent to

m® (2) = N(y)Nia—i(@,y™") = N(@)Nia—i(y,27") = m" (y).

Here the two left hand sides are defined for all x while the two right hand sides are
defined for all y. This suggests the existence of polynomial laws F; on J x J such
that mgy) (z) = F;(x,y) for all z and all invertible y, and analogously with z and y
interchanged. For ¢ = 0 and ¢ = d this is of course trivially true, with Fy = 1 and

Fy(z,y) = N(z)N(y). (1)

For i = d — 1, we have N4_1 1(%,v) linear in v, and hence, using 2.11.5, mfiy_)l(x) =
N(y)Ng—11(z,y™ 1) = Na-1.1(z,y*), so

Fa_1(z,y) = Nd71,1($,yﬁ) (2)

is such a polynomial law. We now show that such F; exist for all 4.

3.5. Theorem. Let J be generically algebraic. Then there exist unique polynomial
laws F; (i € N) on J x J such that

m () = Fy(z,y), (1)

forallx € Jg, y € (Jr)*, R € k-alg. The F; are symmetric and bihomogeneous
of bidegree (i,7). In particular, Fy is a symmelric bilinear form on J, called the
bilinear trace. FExplicitly, it is given by

Fy(z,y) = mi(z)mi(y) — maa(2,y) = —0,0, log N| (2)

where my 1 denotes the bilinear form associated to the quadratic form mg, and
satisfies
Fy(z,y*) = 0, N

. 3)
for all x,y € Jr, R € k-alg.

Proof. After decomposing the base ring, we may assume deg.J = d constant.
Let R € k-alg and consider the R-algebra R = R[t](\) = R[t,s]/(s%T!). Let
x,y € Jg be arbitrary. Then 1 — Az € Jgp ®p R is invertible, with inverse given by
the geometric series: (1 —Az)~! =1+ Az +---+ A¥2?. Since R is a free R-module

with basis A7 (i =0,...,d, j € N), we can write, using 3.1.2,

d
m(lf)\z)(t;y) _ N(l i )\ﬁ)N((l _ )\x)*l _ ty) — Z )\itjhij(x,y), (4)
4,j=0

with uniquely determined h;;(z,y) € R. By “varying R”, one sees that (4) defines
polynomial laws h,;; on J x J, and since the left hand side of (4) depends only on
Az and ty, it is clear that h;; is bihomogeneous of bidegree (¢,j). Now assume y
invertible. Then by 2.7.1 and 3.3.2,

d d
ST =DM (1At = @ (61— Ax) = D () = Y Ntdh(a,y). (5)
i=0 ij=0

Since m) is homogeneous of degree i we have m'*) (1 — Az) = (=1)Xim{") (z) plus

terms with lower powers of A. Substituting this into (5) and comparing coefficients
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at A\t yields ml(-y) (x) = hy(z,y) (and h;; = 0 for @ > j). Thus F; := hy; has
the asserted property. Symmetry and homogeneity of the F; follow from the corre-
sponding properties of the mgy)(x) = mgx) (y) and the fact that J* x J* is dense
in J x J. In particular, Fy is a bilinear form by [31, Prop. 1.6].

We now determine F; = hy; from (4) as the coefficient of At. Computing modulo
A? and t2, we have (1 — A\z)~! =1 + Az, hence

mI=2) (£ ) = N(1 — Az)N(1 + Az — ty) = m(1; \z)m(l;ty — Az) (by 2.11.1)
= {1 —mi(A2) }{1 — mi(ty — Az) + mao(ty — Az)} (by 2.7.1)
=1 —tmi(y) + tA{ (mi(2)mi(y) —maq(2,y)}.

This proves (2). By density of J*, it suffices to prove (3) for y invertible. Replace v
by y~! in 3.1.2 and multiply the result with N(y). Then, because N(y~1) = N(y)~*
and y~! = y*N(y)~! by Th. 2.11(c), it follows that

N(y —tx) = N(y)m(yfl)(t;x) = N(y) — tF(z,y*) (mod t?).
On the other hand, N(y — tz) = N(y) — t8IN|y (mod t?), whence (3).

3.6. Corollary. We keep the assumptions and the notation of Th. 3.5. Let Str(J)
be the structure group of J and let g — g¢* be the antiautomorphism of Str(J)
determined by Uy = gUrg*, for all x € J.

(a) The F; are invariant under the structure group in the sense that, for g €
Str(J),
Fi(g(x),y) = Fi(z, 9" (y)), (1)

forall x,y € Jr, R € k-alg.

(b) The generic norm is covariant under the structure group in the sense that
N(g(z)) = N(g(1,))N(z) (2)

for all g € Str(J), z € Jr, R € k-alg. The map g — N(g(1,)) is a character
X: Str(J) — kX satisfying x(9%) = x(g) and x(U,) = N(z)*.

Proof. (a) By density of J*, it suffices to prove (1) for invertible y, and after
changing the base ring from k to R, we may assume x,y € J. Then g: J9 @) —
J®) is an isomorphism of Jordan algebras. Hence, by the invariance of the generic
minimum polynomial under isomorphisms (Prop. 2.7(a)), Fi(g(x),y) = ml(-y) (g9(x))
=m” " (x) = Fi(x.g"(y)).

(b) We may assume that J has constant degree d. Then by 3.4.1 and (1),
N(g(x))N(y) = N(z)N(g*(y)). By putting z = y we see that N'(g(z)) = N(g*(z))
and for y = 1 we obtain N (g(z)) = N(g*(1))N(z) = N(g(1))N(z). This easily
implies that x is a homomorphism. Finally, x(U,) = N(z)? is clear from 3.2.1.

Remark. For a base field and ¢ = 1, formula (1) is proved in [26, Th. 4]. An
obvious rephrasing of (b) together with 3.1.3 shows that an isotopy between gener-
ically algebraic Jordan algebras is a strict norm similarity. The converse holds for
central separable Jordan algebras over rings containing % [2, Th. 4.4] but fails for
rings where 2 is not invertible, e.g., for the n X n symmetric matrices over k = K (¢)
(dual numbers over a field K of characteristic 2), as discovered by Waterhouse [32].

3.7. Corollary. J is a generically algebraic Jordan algebra of degree 2 if and only
if J = Jor(X, Q, 1) is the Jordan algebra defined by a unital quadratic form (X, Q, 1)
as in [20, 1.5], where X is a finitely generated and projective k-module of rank >2.
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Proof. (a) Let J = Jor(X,Q,1) with X finitely generated and projective of
rank >2. Thus

Uey = Bz, g)z — Q)7 (1)

where B is the bilinear form associated with @ and & = T'(x)1 — z, with T'(z) =
B(1,z). By [20, 1.5.2], J satisfies the polynomial m(t;z) = t2 —T(x)t + Q(z), and
we have deg J = 2 because rk X > 2, cf. 2.4(c). Hence J is generically algebraic of
degree 2.

(b) Conversely, let J be generically algebraic of degree 2, with generic minimum
polynomial m(t; x) = t? — my(2)t + ma(z), and let X be the k-module underlying
J. Because a Jordan algebra over a field is of degree 1 if and only if it is one-
dimensional, the condition degJ = 2 implies tk X > 2. Hence the unit element
1; = 1 is a unimodular vector by 0.3.2. Next, @) := my is a quadratic form, and
N(z) = m(0; —z) = Q(z), so Q(1) = 1 by Th. 2.11(a). Thus (X,Q,1) is a unital
quadratic form in the sense of [20]. It remains to show that J = Jor(X, @, 1) is the
associated Jordan algebra, i.e., that (1) holds.

Let B be the bilinear form associated with @ and put T(x) := B(1,x) as well
as T := T(xz)1 —z. Now note that m;(z) = 81m2|w (by 2.11.10) = B(1,z) = T(x),
and zf = my (x)1 —2 (by 2.10.3) = Z. By density of J*, it suffices to prove (1) for y
invertible. Then U,y = (3% = m(ly)(x)ac - m(zy) (2)1W) = Fy(z,9)x — Fy(z,y)y~".
Furthermore, Fy(z,y) = Fi(z,y) = @rN’g = B(z,7) by 3.5.3, and y~! = y*/N(y)
(by 2.11.5) = §/Q(y), as well as Fy(z,y) = Q(z)Q(y) by 3.4.1. Hence U,y is given
by (1).

3.8. Example. Not every Jordan algebra J which is finitely generated and projec-
tive as a k-module and whose degree is constant equal to 2 is generically algebraic
of degree 2 and (hence the Jordan algebra of a unital quadratic form). For example,
let J =Fk-1®k-a be free of rank 2 as a k-module. It can be shown that there
exists a unique Jordan algebra structure on J such that

a’*=pa—al, a®=pa*— (a+08a+~1 (1)
if and only if the constants «, 3,7, d in k satisfy the conditions
2y =20=PBy=00=7>=6>=~5 =0. (2)

Suppose these conditions are satisfied. Then J has constant degree equal to 2.
Indeed, by (2), v and ¢ are nilpotent, so yx = dx = 0 for all fields K € k-alg. Thus
Jr is just the commutative associative algebra K[t]/(t?> — Bxt + ax 1) considered
as a Jordan algebra, hence of degree 2. We claim that .J is generically algebraic
if and only if v = § = 0. Indeed, assuming J to be generically algebraic, its
generic minimum polynomial has the form m(t;x) = t2 — my(2)t + ma(z)1. Now
0 = m(a;a) = a®> — my(a)a + ma(a)l shows, because 1 and a are a basis of J
as a k-module, that 3 = m(a) and o = ma(a). Moreover, 0 = j, (tm(t;a)) =
a® — Ba® + aa implies, by (1), that v = § = 0. Conversely, if v = § = 0, then
it is easy to see that J is the Jordan algebra associated with the unital quadratic
form Q on J given by Q(A1 + pa) = A% + M\uf + p?a, and is therefore generically
algebraic of degree 2 by Cor. 3.7.

Since there are rings containing «, ..., 0 satisfying (2) with (v, ) # (0,0), for
example, k = Z/47Z or the ring of dual numbers over a field of characteristic 2, this
gives examples of Jordan algebras, free of rank 2 and of constant degree 2, which
are not generically algebraic.
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3.9. Corollary. (a) Let J be generically algebraic of degree 3, with generic norm
N and adjoint map §. Then J is obtained by the general cubic construction [22,
Th. 1] from the cubic norm structure (N,4,1).

(b) Conversely, let (N,4,1) be a cubic norm structure on a finitely generated
and projective k-module X, let J be the Jordan algebra structure on X determined
by (N,4,1), and suppose that degJ = 3 (as a function on Spec(k)). Then J is
generically algebraic of degree 3.

Remark. In (b), degJ is a well-defined function on Spec(k) by 2.1, because X is
finitely generated and projective. Unlike the degree 2 case, a blanket assumption
on the rank of X is not sufficient to guarantee that deg J = 3, cf. [30, 2.4 — 2.6].

Proof. (a) We first verify the conditions required for (N, f,1): Condition (i)
2 = N(x)x, holds by 2.11.9, and condition (i) Fy(x,y*) = BINL/, holds by 3.5.3.
Condition (iii) says 1 x y = m;(y)1 — y: By 2.10.3, z¥ = 22 — my (2)z + ma(z)1.
Linearization yields x x y = x oy — mq(x)y — my(y)x + 8$m2|y, and putting x = 1
results in
Ixy=loy—mi(D)y—mi(y)l+ almg‘y
=2y — 3y — m1(y)1 + 2my(y) (by 2.11.2 and 2.11.10)
=—-y+m (y)].

The remaining conditions (iv) 1¥ = 1 and (v) N(1) = 1 are clear from Th. 2.11. Now
the same formal calculation as in [23, Th. 1] shows that U,y = F (7, y)z — 2% x y.
(b) Tt only remains to show that J satisfies the polynomial m(t;z) = t3 —
( )t? + S(x)t — N(z) (where we use the notations of [22]). Now z® — T'(z)z? +
(z)z — N(x)1 = 0is [22, (20)], and 2! = U,a? = U, (2* + T(z)z — S(x)1) (by [22,

( 1)]) = N(x)x + T(z)z® — S(z)z? (by [22, (24)]), as desired.

3.10. Corollary. Let J be generically algebraic and x € J. Then for all polyno-
mials f(t), g(t) € k[t],
Fi(f(x),9(x)) = mi((f9)(x)). 1)
In particular,
mi(z) = Fy(at, z™), (2)
for alll,n € N.

Proof. By the standard density argument, we may assume x = a primitive.
Then let E = E(a) = k[t]/(m(t;a)) and m: ET — k[a] be as in Lemma 2.9, and let
z = can(t) be the generator of E. The elements of E are of the form y = f(z) where
f e klt]. If w= g(z) is a second element of E, then 7(y) = f(a), 7(w) = g(a), and
m(yw) = (fg)(a). Hence, (1) is equivalent to

Fi(m(y), m(w)) = mi(x(yw)), 3)

for all y,w € E. By 2.9.1, N(w(y)) = m(0; —n(y)) = det L(y), and n(t;7(y)) =
det(Id — tL(y)), for all y € E. Again by density, it suffices to prove (3) for all
invertible w € E. Then also m(w) is invertible in J with inverse m(w~!), and we

have
A (b 7(y)) = N (r(w) N (r(w ) - tw(y)) (by 3.1.2)
= det L(w) det (L(w™") — tL(y))
= det(Id — tL(yw)) (because E is commutative and associative)
= m(t;m(yw)).
Expanding both sides with 2.7.1 and using 3.5.1 yields (3).
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3.11. An explicit formula for the F;. Let J be generically algebraic of constant
degree d. It is natural to ask for an explicit formula, expressing the F; of Th. 3.5
in terms of the coefficients m; of the generic minimum polynomial and generalizing
3.5.2 in case i = 1. The proof of 3.5 shows that F; = h;; is the coefficient of At? in
3.5.4. In order to free the index ¢ for other purposes, we will use the letter p instead
of i. In expanding the left hand side of 3.5.4, we are therefore only interested in
terms containing APtP. Thus, it is no restriction to assume AP*1 = 0.

Define polynomial laws g;,(z,y) on J x J, bihomogeneous of bidegree (i,p), by
the expansion

N((l—)\x)_l—ty):N(l—i-)\x—i- 4+ NP —ty) = Zgszy (1)
where = means that both sides differ only by terms not involving tP. Then
(~1'mi@X ) (3 gin(, )N
=0 i=0

= N (3 gip(@,y) (1) i (@) + -
=0

M~

N1 = A2)N((1 = Ax) ™t —ty) = (—t)P(

ESEEE

where the dots indicate terms not involving AP, and therefore
ng z,y)( mp i(z). (2)

It remains to compute the g;p. Since N(1+ z) = m(1l; —z) = Z?:o m;(z) by 2.7.1
and 2.11.1, we have

d
N1+ x+ -+ NzP —ty) = ij(—ty—i— Az A+ -4 APaP), (3)
Jj=p
because m; = 0 for j > d. Let to,...,t, be indeterminates, and define the mul-
tihomogeneous polynomial laws m;,,.. i, (o, . .., zp) of multidegree (ig,...,i,) and

total degree j = ig + --- + i, by the expansion

i .
mj(toiEO + - +tp£Ep) = E mio_,__”ip(zg,...,xp)too "'t;p,
Go+-tip=J

cf. [31, Chap. II]. Note that the i, are >0, and if i,, = 0 then my, ... ;, is independent
of x,. Then we obtain from (3), putting & = Az + - - - + A\PaP for short,

N1+z—ty) = Z Z Aottt gy iy (T2, 2P,
=0 i1+-+ip=l
A (4)
Now collect the terms involving A\* to obtain g;):

glp xz y Z Z mp,il,...,ip(y7x7x27'~'>xp)‘ (5)

i1+ Fip=l
li1+2io+---+pip=1

The sum over [ in (5) actually runs only from 0 to min(p,d — p) because | =
14+ +ip,<lig+---+pip =1 and 0< ¢ <p by (1). Then formulas (2) and (5)
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together constitute the desired explicit expression for F,. We note the following
special cases:

Fy(z,y) = ma(z)ma(y) + mai(y, 2° — ma(x)z) + maa(z,y), (6)
Fy(z,y) = ma(x)ms(y) — ma(y, 2> — mq(z)2? + ma(2)7)
+my(z)ms2(y, ) — ma 11y, ,2%) — ma 3(z,y). (7)

Finally note that, because the F;(z,y) are symmetric in  and y, so must be the
right hand side of these formulas, which yields identities between the polarizations
of the m;.

Remark. An expansion similar to the right hand side of (4), but in a different
context, occurs in [27, (1.13)] (personal communication by K. McCrimmon).

3.12. The exponential trace formula. Let J be generically algebraic. Switch-
ing  and y in Formula 3.5.3 we have Fy (2%, y) = 8yN|x. For invertible x, this is
equivalent to

WL 5,108 8], = B ) (1)
N(x) Y z ’

because x~! = x*/N(z). Let k[[t]] be the algebra of formal power series and put
J := J @ K[[t]. Also let 2 € J be arbitrary. Then 1 — tz € J is invertible in .J,
with inverse given by (1 —tz)~! = > ;2 z't’. Indeed, the formal sum on the right
makes sense in J[[t]] (by which we mean the direct product of countably many
copies J - t' (i € N) of J with the obvious operations making it a Jordan algebra)
and has the right formal properties, so it suffices to show that J = J[[t]]. Since J is
finitely generated and projective there exist finitely many v; € J and oz] € J* such

that Id; = 22:1 v; ® aj. Hence an element Y .o z;t" € J[[t]] equals Z] 15 (t)v;

where @;(t) = > o0 aj(z)t" € k[[t]].
We now compute the logarithmic derivative with respect to t of

N(1—tz) =m(t;x) = Z(—l)imi(x)ti

(by 2.7.1 and 2.11.1, with n = maxdeg J) in two ways. On the one hand,

4 log N(1 —tz) = N(1— tx)*lim(t'ﬂv)

dat 8 - at"

= N1 —ta)™" > (=) imi(x)t " (2)

On the other hand, by (1), the chain rule and 3.10.2,
d —1
—log N(1 —tz) = Fi((1 —tz) ", —2x)

dt
:—ZFla; x)t Zm )t (3)

Combining (2) and (3), we have
S Diimi = (-t (- zm ).

i=1 =0
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By comparing coefficients at powers of t, one sees recursively that ilm;(z) is a

polynomial with coefficients in Z in m1(z), ..., m1(x?). The first two terms are
2my () = my(x)? — my(2?), (4)
6ms(z) = my(x)® — 3my (x)mq (x?) + 2my (23). (5)

Explicit formulas for all ¢ are known and involve the cycle indicator polynomials,
see, e.g., [21, &4].

Now assume k is a Q-algebra. Then we can integrate and exponentiate formula
(3) and obtain the exponential trace formula

N(1 - ta) = exp(— iml(xi)t;>. (6)

Remark. In [1, Th. 1.10], formula (3) is proved in a different way for the special
case J = End(M) (cf. 2.4(d)), and is referred to as the exponential trace formula,
although (6) seems to be more deserving of this name.

4. Generically power-associative algebras

4.1. Definition. Let J be a Jordan algebra over k. For every R € k-alg we define
Jpa(R) :={a € Jr : a strictly power-associative},

cf. 1.6. From the very definition of strict power-associativity it is evident that J,
is a subfunctor of J. We claim that it is in fact a hard subsheaf of J. After a
base change, this just means that it has the following descent property: If a € J
and ap is strictly power-associative for some faithfully flat R € k-alg, then a is
strictly power-associative as well. Thus we must show that pry: M(ag) — Jg is
injective, for all S € k-alg. Now the S-algebra R¢ = R ® S is in particular flat
over S, so the canonical map M(as) ®s Rs — M(as ®s 1) is an isomorphism
by Lemma 1.3(d). We can consider Rg & S ® R = Si as an R-algebra, and then
as ®s lpy = a®y lrgs = ar g lg,, are canonically identified. Also, since ap is
strictly power-associative, pr;: M(ar ®r ls,) — Jr ®r Sk is injective. From the
commutative diagram

pr1®IdRS
— 2

M(as) ®s Rg Js ®s Rg

o o

M(ar ®r lsy) Jr QR Sk

pry

we see that M(as) ®s Rs — Js ® Rg is injective. Since Rg is faithfully flat over
S, it follows that M (ag) — Js is injective, as desired.

4.2. Lemma. Let J be a Jordan algebra over k and let a € J be algebraic of degree
d. Consider the following conditions:

(i) a is strictly power-associative,
(i) a ...,a%" 1 are k-free and span a direct summand of J,
(i) a® A AatL is unimodular in N J.

Then (iil) < (ii) = (i). If J is finitely generated and projective as a k-module
or if k is a field then all conditions are equivalent.

Proof. (iii) <= (ii) follows from Lemma 0.6.
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(ii) == (i): Since a is algebraic of degree d, M (a) is free with basis al’, . .. al?=1]
by 1.4.6. Now pr,(all) = a’ shows that pr,: M(a) — kla] is a k-module isomor-
phism. Hence a is power-associative and k[a] is pure, being a direct summand. By
1.6.2, a is strictly power-associative.

Now let J be finitely generated and projective, and suppose (i) holds. Then
M (a) is pure by Prop. 1.5(a), so k[a] is pure by 1.6.2 and therefore a direct summand
by 0.15(d). As pry: M(a) — k[a] is an isomorphism and al”), ..., al?=1 is a basis of
M (a), we have (ii). Finally, if k is a field, k[a] is automatically a direct summand,
so the same argument applies.

4.3. Lemma. LetJ be a Jordan algebra over a field K and let a € J be an algebraic
element of degree d < 3. Then a°,...,a%" are linearly independent.

Proof. There are the following cases:
d=0: Then J = {0} and the empty set is linearly independent.
d=1: Then J # {0} and a® = 1; # 0 is linearly independent.

d = 2: Assume that 1 and a are linearly dependent. Then a = Al for some
) € K, hence, a® = A\?1 = Aa. This shows that a satisfies the polynomial t — A of
degree 1, contradicting the fact that u,(t) has degree 2.

d = 3: Assume again, by way of contradiction, that 1,a, a? are linearly depen-
dent. We must have 1 and a linearly independent, else a = A1 and p,(t) =t — X as
in the previous case. Thus a? € K - 1® K - a, and since j,(t) has degree 3, a3 is a
linear combination of 1, a, a?, hence of 1 and a. It follows that K[a] = K-1® K -a,
so there exist unique «, 3,7, € K such that

a? =al + fa, a® = aa+ Ba® +~1 + da. (1)

It suffices to show that v = § = 0, because then (1) says that a satisfies the
degree 2 polynomial t? — 8t — a1, contradicting the fact that dega = 3. If K has
characteristic # 2 then the first equation (1) implies aoa® = 2a® = 2aa+28a?, and
we are done. If K has characteristic 2, we compute powers of a as follows, always
using 2 =0 in K:
a* = (a?)? = (al + Ba)? = o1 + B%ad> (2)

= U,a? = Uy(al + Ba) = aa® + Ba®

= aa® + afa + f2a® + Byl + féa

= a?1 + 2afa + B%a® + 1 + Bda. (3)
From (2) and (3) we see by comparing coefficients at 1 and a and using (1), that

By = 86 = 0. Thus we are done if 3 # 0. Now assume § = 0 and compute fifth
and sixth powers:
a® =Uza =Uya = a’a
=Uya® =U, (71 + (a+ 6)a)

=va® + (a+6)a® = anyl + (a+5)(71 + (a+5)a).
Comparing coefficients at a shows a? = (a + 6)? = o + §2, whence § = 0. Next,
a® = (a®)® = ®1
= (a®)? = (71 4+ aa)? = 7*1 4+ o?a® = (v + o)1,

which implies v = 0 and completes the proof.

40



22 November 2005

4.4. Corollary. Let J be a (possibly infinite-dimensional) Jordan algebra over a
field K which is generically algebraic of degree <3 in the sense of [16]. Then J
is strictly power-associative in the sense of [23]; i.e., every element of every base
field extension of J is power-associative.

This is obvious from Lemma 4.2 and Lemma 4.3. Note, however, that it is not
clear whether all elements of Jr, R a commutative K-algebra, are power-associative
as well.

4.5. Proposition. Let J be finitely generated and projective as a k-module.
(a) Jpa NJaig is an open finitely presented subscheme of Jaig.

(b) Algebraic elements of degree <3 are strictly power-associative, that is,
[a<s Jatg,a € Ipa-

Proof. (a) By Prop. 1.14(b), it suffices to show that Jp, N Jaig ¢ is open and

finitely presented, for all d. Define a morphism from Jug 4 to (A J)a by 2 —
20 A+~ Ax971in all base extensions. Then Lemma 4.2(iii) says that Jpa NJaig.a is

the inverse image of (A% J)u, whence the assertion.

(b) Let a € J be algebraic of constant degree d < 3 and let p € Spec(k) be
arbitrary. Then a(p) € J(p) is algebraic of degree d as well, so Lemma 4.3 shows
that a(p)?,...,a(p)?"! are linearly independent over x(p). Now Lemma 0.6 and
Lemma 4.2 imply that a is strictly power-associative. Since the same argument
works in all base ring extensions, it follows that Jagq C Jpa for 0 < d < 3. Now
[uc3 Jalg,a € Jpa follows because Jy,, being a hard sheaf (cf. 4.1), is in particular
a local functor.

4.6. Definition. Let J be a generically algebraic Jordan algebra over k. By
Lemma 2.6, Jpim is an open dense subscheme of J, contained in Ja,i., and by
Prop. 4.5(a), Jpa N Jaig is open in Ja,. Hence Jpa N Jprim is open in J. We will
say J is generically power-associative if Jpa N Jprim is dense in J. By 0.14 and
Lemma 4.2, an equivalent condition is: For all p € Spec(k), and letting K denote
an algebraic closure of k(p), there exists an element © € Jg such that the powers
1,z,...,2(deJ(®)-1 are linearly independent over K.

4.7. Corollary. Let J be generically algebraic over k. Any one of the following
conditions is sufficient for J to be generically power-associative:

(i) 2€k”,
(ii) J = BT where B is associative or alternative,
(i) degJ <3 (as a function on Spec(k)).

Indeed, (i) and (ii) follow from (c) and (d) of 1.6, and (iii) is clear from
Prop. 4.5(b).

4.8. Example. A Jordan algebra of degree 4 need not be generically power-
associative, the simplest example being J = k-1® k-a ® k - a® where k is a
ring with 2k = 0. But there are such examples even over Z. Let J be the al-
gebra, free of rank 4 over Z, with basis 1,a,b,a® introduced in 1.6. It is easily
seen that J is generically algebraic of degree 4, with generic minimum polynomial
m(t;z) = (t — ¢(z))* where ¢ is the linear form determined by ¢(1) = 1 and
o(a) = ¢(b) = p(a®) = 0. Then J is not generically power-associative, because
for K a field of characteristic 2, the powers 1, x, 22,23 of any x € Jx are linearly
dependent. Indeed, let us put ¢ = a®. The products in J are determined by the
following relations:
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Udl=0a>=2b, Uja=a®>=aob=c, U,b=U=0,

Ub - Uc - Ua,c = Ub,c = 07

Uspl =aob=c, Uzpa=Uspb=U,c=0.
Now let R be an arbitrary commutative ring and denote the basis of Jr obtained
by base change from Z to R again by 1,a,b,c. Let z = A1 + aa + b + ¢ € Jg.

Then the powers of = are

2% = N1+ 2 aa + 2(\8 + )b+ (2M\y + afB)c,
2% = N1+ 3 aa + (3M\?B + 6Aa?)b + (30%y + 3\afB + ®)e.

A straightforward computation shows that the determinant of the coefficients of

1, z, 22, 23 with respect to the basis 1,a, b, ¢ is
A A2 A3
@ 2\« 3N

det = 2a8.

B 208+20%  3\23+ 6)a?
v 22y +aB 322y 4+ 3Xaf + o

oo o+

Hence Jg contains a power-associative element of degree 4 if and only if 2 € R*.

5. Algebras of degree 3

5.1. Theorem. Let J and J' be generically algebraic Jordan algebras of degree 3
over a ring k and let my and m/ be the generic traces of J and J', respectively.
Also let f: J — J' be an isomorphism of k-modules. Then the following conditions
are equivalent:

(i) f is an isomorphism of Jordan algebras,
(ii) f preserves unit elements, squares and traces; i.e., f(1;) = 1, f(2?) =
f(2)?, and m!(f(x)) = mi(z), for allz € J.

Remark. This theorem is of course only of interest in case 2 is not a unit in
k, because otherwise the quadratic operators can be recovered from the squaring
operation by the formula 2U,y = x o (v oy) — 2% oy.

Proof. (i) = (ii): The first two conditions are obvious, and the third follows
from Prop. 2.7(a).

(ii) = (i): First note that the conditions on f are preserved under arbitrary
base change. We will show that f preserves third powers in all base ring extensions.
Then the assertion will follow by differentiation, see also [25, Th. 1].

Let U := Jppim = Jalgs C Jand U = J) ;= J}), 5 CJ'. By Lemma 2.6
these are open dense subschemes of J and J’, respectively. Since f induces an
isomorphism f: J — J’ of schemes, f~(U’) is dense in J, hence UN f~1(U’) is so
as well. Thus it suffices to prove f(x3) = f(x)3 for all x € U(R) N f~1(U’(R)) and
all R € k-alg. Everything is invariant under base change, so we may replace R by
k and assume & € Jorim N 71 (T)50)-

Let E = k[z] and E' = k[y|] where y := f(x). By Prop. 4.5(b), « and y are
strictly power-associative, so by Lemma 4.2, E and E’ are free of rank 3 with bases
1=1y,z,2%and 1’ = 15,y,y>?, respectively. Let T = my, S = my and N = mgs
and denote the corresponding quantities for J’ by 77, S’ and N’. Since x satisfies
its generic minimum polynomial m(t; ) = t3 — T'(x)t? + S(x)t — N(z), we have

23 =T(z)2? — S(x)x + N(z)1, (1)
zt =T(z)x® — S(z)x? + N(z)z. (2)
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Substitution of (1) in (2) results in
2t = [T(2)*> = S(z)]2® + [N(z) — S(2)T(z)]z + T(z)N(z)1. (3)
Since f preserves squares and hence also fourth powers, f applied to (3) yields
y' = [T(2)* — S(2)]y* + [N(z) — S(z)T(2)]y + T(z)N(z)1". (4)
On the other hand, the analogue of (3) holds in J’ for y, so we have

vt =T =S W]y’ + [N'(y) = S )T () ]y + T'(y)N'(y)1". (5)

Since f preserves traces, we have T'(x) = T’(y). Hence it follows from (4) and (5)
and the linear independence of 1’,y,y? that S(z) = S'(y) and N(x) = N'(y). Now
f applied to (1) shows

f(@®) =T(x)y* = S(z)y + N(@)1' =T'(y)y* — ')y + N'(y)1' = y* = f(z)*.

By our initial reduction, f(z3) = f(x)3 holds now for all z € J(R) and all
R € k-alg. In particular, let R = k(¢) (dual numbers) and let z,y € J. Then
(x+ey)® = 23 +e(x? oy + U,y), and since f preserves squares and circle products,
we also have f(Uyy) = Uy f(y). This completes the proof.

5.2. The characteristic 2 case. Let k be a commutative ring with 2k = 0, and
let J be a unital Jordan algebra over k. Then the k-module J becomes a 2-Lie
algebra, denoted £(J), with Lie bracket [z,y] = 2 o y and second power operation
r1? = 22 [13, Ch. I, Th. 4].

From lox = 2x = 0 for all x € J it follows that k-1 is contained in the centre
Z(£(J)) of £(J). For a Jordan matrix algebra as in 2.4(b), it is easily seen that in
fact

Z(£(Hn(C k) =Fk-1,. (1)

Now let J be generically algebraic of constant degree d and let T' = m4 be the
generic trace. Then by 3.12.4, the trace commutes with the squaring operation:

T(x?) =T(x)?, forallzecJ. (2)

Linearization of (2) yields T'(zoy) = 2T (x)T'(y) = 0, which together with (2) shows
that
Jo=KerT is a 2-ideal of £(J). (3)

Assume in particular that d is odd. Then T'(1;) = d- 1j (by 2.11.2) = 1) , which
implies

S(J) = k1,0 Jy (4)
is a direct sum of 2-Lie algebras.

Let g and g’ be 2-Lie algebras over k. We denote the set of Lie algebra isomor-
phisms from g to g’ by Isompi.(g,d’), and the set of 2-Lie algebra isomorphism by
Isoms. rie(g,9’), and employ similar notations for automorphism groups. Clearly,
Isoma 1,ie(g, g') C Isomy,;ic(g, g'). Furthermore,

Z(g)=0 = Tsomari(g,q) = Isompi(g,g). (5)

Indeed, this follows easily from the formula ad(z?) = (adx)?, valid in any 2-Lie
algebra, and the fact that the adjoint representation of g’ is faithful.
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5.3. Corollary. We keep the assumptions of Theorem 5.1 and assume furthermore
that 2k = 0. Let £(J) =k -1; & Jy and £(J') =k -1 @ J| be the decompositions
as in 5.2.4.

(a) The restriction map res: f — fo = f‘Jo is a bijection res: Isom(J,J') —
Isoms 10 (Jo, J}), and
res: Aut(J) — Aute rie(Jo) (1)

is an isomorphism of groups.

(b) Assume that in addition Z(£(J)) =k -1y and Z(£(J')) = k- 1y; equiv-
alently, that Jy and Ji have trivial centres. Then the assertions of (a) hold for
Isompe and Autye instead of Isomo ;e and Auts ;e as well.

Proof. (a) It is clear that an isomorphism f of Jordan algebras induces an
isomorphism fy = f |J0 of 2-Lie algebras. Conversely, let fo: Jo — J be an iso-
morphism of 2-Lie algebras and extend fjy to an k-module isomorphism f: J — J’
by f(1;) =1, and f|J0 = fo. Since (A\y + z0)? = A\21; + 2\zo + 28 = A\?1; + 22
for all zg € Jy, we see that f satisfies the conditions (ii) of Th. 5.1, and therefore
is an isomorphism of Jordan algebras.

(b) From 5.2.4 and the assumption on the centres of £(J) and £(J") it follows
that Jo and J} have trivial centres as Lie algebras. Now the assertion is clear from
5.2.5.

Using the fact that A is a derivation if and only if Id + A is an automorphism
(where k(e) is the ring of dual numbers), it is easy to formulate an infinitesimal
version of Cor. 5.3 which we leave to the reader. In particular, 5.2.1 and Cor. 5.3(b)
imply the following result:

5.4. Corollary. Let J = H;3(C, k) be the Jordan algebra of 3 x 3 hermitian matri-
ces over a composition algebra C over k with scalar diagonal entries as in 2.4(b),
and assume that 2k = 0. Then Autoric(Jo) = Autric(Jo) and Derario(Jo) =
Derpio(Jo). The restriction maps Aut(J) — Autrie(Jy) and Der(J) — Derpio(Jy)
are isomorphisms of groups and of 2-Lie algebras, respectively.

References
[1] G. Almkvist, Endomorphisms of finitely generated projective modules over a commutative
ring, Ark. Mat. 11 (1973), 263-301.

[2] R. Bix, Separable Jordan algebras over commutative rings. III, J. Algebra 86 (1984), no. 1,
35-59.

[8] N. Bourbaki, Commutative Algebra, Hermann, Paris, 1972, Translated from the French.

[4] , Elements of mathematics. Algebra, Part I: Chapters 1-3, Hermann, Paris, 1974,

Translated from the French.

[5] H. Braun and M. Koecher, Jordan-Algebren, Grundlehren der mathematischen Wissenschaf-
ten, vol. 128, Springer-Verlag, Berlin, 1966.

[6] M. Demazure and P. Gabriel, Groupes algébriques, vol. 1, Masson, Paris, 1970.

[7] M. Demazure and A. Grothendieck, Schémas en groupes. II: Groupes de type multiplicatif,
et structure des schémas en groupes générauz, Séminaire de Géométrie Algébrique du Bois
Marie 1962/64 (SGA 3). Lecture Notes in Mathematics, Vol. 152, Springer-Verlag, Berlin,
1962/1964.

[8] D. Ferrand, Un foncteur norme, Bull. Soc. Math. France 126 (1998), no. 1, 1-49.

9] , Monogenous algebras. Back to Kronecker, Preprint, 2004.

[10] A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des schémas et des
morphismes de schémas. II, Inst. Hautes Etudes Sci. Publ. Math. (1965), no. 24, 231.

44



(1]

(12]
(13]

(14]

(15]

(16]

(17]

(18]

(19]
[20]

(21]

[22]

(23]

[24]
[25]

[26]

[27]

(28]

(29]

(30]
(31]

(32]

22 November 2005

, Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes
de schémas. III, Inst. Hautes Etudes Sci. Publ. Math. (1966), no. 28, 255.

N. Jacobson, Generic norm of an algebra, Osaka Math. J. 15 (1963), 25-50.

, Lectures on quadratic Jordan algebras, Tata Institute of Fundamental Research,
Bombay, 1969, Lectures on Mathematics, No. 45.

__, Structure and Representations of Jordan Algebras, Amer. Math. Soc. Colloq. Publ.,
vol. 39, Amer. Math. Soc., 1969.

, Structure theory of Jordan algebras, University of Arkansas Lecture Notes in Math-
ematics, vol. 5, University of Arkansas, Fayetteville, Ark., 1981.

N. Jacobson and J. Katz, Generically algebraic quadratic Jordan algebras, Scripta Math. 29
(1973), 215-227.

M. A. Knus, Quadratic and Hermitian forms over rings, Grundlehren der Mathematischen
Wissenschaften, vol. 294, Springer-Verlag, Berlin, 1991.

T. Y. Lam, Lectures on modules and rings, Graduate Texts in Mathematics, vol. 189,
Springer-Verlag, New York, 1999.

O. Loos, Jordan pairs, Lecture Notes in Math., vol. 460, Springer-Verlag, 1975.

, Tensor products and discriminants of unital quadratic forms over commutative
rings, Mh. Math. 122 (1996), 45-98.

, Trace and norm for reduced elements of Jordan pairs, Comm. Algebra 25 (1997),
no. 9, 3011-3042.

K. McCrimmon, The Freudenthal-Springer-Tits constructions of exceptional Jordan alge-
bras, Trans. Amer. Math. Soc. 139 (1969), 495-510.

, The Freudenthal-Springer-Tits constructions revisited, Trans. Amer. Math. Soc. 148
(1970), 293-314.

, Homotopes of alternative algebras, Math. Ann. 191 (1971), 253-262.

, Quadratic Jordan algebras and cubing operations, Trans. Amer. Math. Soc. 153
(1971), 265-278.

, The generic norm of an isotope of a Jordan algebra, Scripta Math. 29 (1973),
no. 3-4, 229-236.

, A characterization of the nondegenerate radical in quadratic Jordan triple systems,
Algebras Groups Geom. 4 (1987), no. 2, 145-164.

H. P. Petersson, Composition algebras over algebraic curves of genus zero, Trans. Amer.
Math. Soc. 337 (1993), 473-491.

H. P. Petersson and M. L. Racine, Radicals of Jordan algebras of degree 3, Radical theory,
Proc. 1st Conf., Eger/Hung. 1982, Colloq. Math. Soc. Jdnos Bolyai 38, 1985, pp. 349-377.

, Jordan algebras of degree 3 and the Tits process, J. of Algebra 98 (1986), 211-243.

N. Roby, Lois polynomes et lois formelles en théorie des modules, Ann. Sci. Ecole Norm.
Sup. (3) 80 (1963), 213-348.

W. C. Waterhouse, Symmetric determinants and Jordan norm similarities in characteristic
2, Proc. Amer. Math. Soc. 93 (1985), no. 4, 583-589.

45



