ALGEBRAS WHOSE RIGHT NUCLEUS IS A CENTRAL SIMPLE
ALGEBRA

S. PUMPLUN

ABSTRACT. We generalize Amitsur’s construction of central simple algebras which are
split by transcendental extensions to nonassociative algebras: for every central division
algebra D over a field F' of characteristic zero there exists an infinite-dimensional unital
nonassociative algebra whose right nucleus is D and whose left and middle nucleus are a
transcendental extension of F' splitting D.

We then give a short direct proof that every p-algebra of degree m, which has a purely
inseparable splitting field K of degree m and exponent one, is a differential extension of
K and cyclic.

We obtain finite-dimensional division algebras over a field F' of characteristic p > 0

whose right nucleus is a division p-algebra.

INTRODUCTION

In 1954, Amitsur [2] observed that all associative central division algebras over a field
F of characteristic zero can be constructed using differential polynomials. His construction
method can be considered as an analogue to the the well known crossed product construc-
tion, except that he uses the transcendental splitting fields of the algebras instead of their
algebraic splitting fields. Some of his results also work for p-algebras, i.e. over base fields of
characteristic p > 0.

In this paper, we consider algebras which are also obtained from differential polynomials,
but which are nonassociative.

These algebras are constructed using the differential polynomial ring K[t; 6], where K is a
field and ¢ a derivation on K and were defined by Petit [12]: Given a differential polynomial
f € K[t; 9] of degree m, the set of all differential polynomials of degree less than m, together
with the addition given by the usual addition of polynomials, can be equipped with a
nonassociative ring structure using right division by f to define the multiplication g o h =
gh mod, f. The resulting nonassociative unital ring Sy, also denoted by K[t;d]/K][t;d]f, is
an algebra over the field of constants F' = Const(d) of . If f generates a two-sided ideal in
K[t; 6], then Sy is the (associative) quotient algebra obtained by factoring out the two-sided
principal ideal generated by f.
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If f is not two-sided and ¢ not trivial, then the nuclei of Sy are larger than the center
F = Const(0). Then the left and middle nucleus are always given by K, whereas the right
nucleus reflects both the choice of f and the structure of the ring K[t; d].

We proceed as follows: The basic terminology and notation we use can be found in [2] and
Section 1. Section 2 collects some results for those algebras Sy which have a central simple
algebra as their right nucleus. For this we employ Amitsur’s A-polynomials. In Sections 3
and 4 we show how to construct algebras Sy with a given central simple algebra as right
nucleus, first for base fields of characteristic zero, then for base fields of characteristic p:
for every central simple algebra B of degree m over a field F' of characteristic zero which
is split by a transcendental field extension K/F in which F is algebraically closed, there
exists an infinite-dimensional unital algebra Sy = K[t; 8]/ K|[t; ] f over F with right nucleus
B (and left and middle nucleus K'), see Theorem 8. In particular, there exists an infinite-
dimensional unital algebra S; with right nucleus D for every central division algebra D over
F (Corollary 9).

We give a short proof that every p-algebra B of degree m over a field F' of characteristic
p which is split by a purely inseparable field extension K/F' of exponent and degree m is
isomorphic to a differential extension (K,d,dy) of K (Theorem 13), only invoking a result
on the structure of Sy and Amitsur’s result [2, Lemma 20’]. Thus it is cyclic by [8, Main
Theorem].

For every division p-algebra D of degree m over a field F' of characteristic p which is
split by a purely inseparable field extension K/F of exponent one such that m < [K : F],
there is a unital division algebra Sy = K|[t; 8]/ K|[t; 8] f over F of dimension mp® with right
nucleus D and left and middle nucleus K (Theorem 15 and Corollary 18). The smallest
possible dimension [ of such a division algebra containing D as right nucleus is bounded
via m? < [ < mp™~! and connected to the number of cyclic algebras that are needed
when expressing D as a product of cyclic algebras of degree p in the Brauer group Br(F)
(Corollary 18).

1. PRELIMINARIES

1.1. Nonassociative algebras. Let F be a field and let A be an F-vector space. A is an
algebra over F if there exists an F-bilinear map A x A — A, (z,y) — x -y, denoted simply
by juxtaposition xy, the multiplication of A. An algebra A is called unital if there is an
element in A, denoted by 1, such that 1z = 21 = z for all x € A. We will only consider
unital algebras from now on without explicitly saying so.

An algebra A # 0 is called a division algebra if for any a € A, a # 0, the left multiplication
with a, L,(z) = ax, and the right multiplication with a, R,(x) = za, are bijective. If A has
finite dimension over F', A is a division algebra if and only if A has no zero divisors [15, pp.
15, 16].

Associativity in A is measured by the associator [z,y,z] = (zy)z — x(yz). The left
nucleus of A is defined as Nuc;(A) = {x € A|[z, A, A] = 0}, the middle nucleus of A
is Nuc,,(A) = {z € A|[A,z,A] = 0} and the right nucleus of A as Nuc,.(A) = {x €
A|lA, A, z] = 0}. Nuci(A), Nuc,,(A4), and Nuc,(A) are associative subalgebras of A. Their
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intersection Nuc(A) = {x € A|[z, A, A] = [A,z,A] = [A, A, z] = 0} is the nucleus of A.
Nuc(A) is an associative subalgebra of A containing F'1 and z(yz) = (zy)z whenever one of
the elements z, vy, z is in Nuc(A4). The center of A is C(A) = {z € A|z € Nuc(4) and zy =
yx for all y € A}

1.2. Differential polynomial rings. Let K be a field and § : K — K a derivation, i.e.
an additive map such that

0(ab) = ad(b) + d(a)b
for all a,b € K. The differential polynomial ring K|[t; 0] is the set of polynomials
agp +ait+---+apt"
with a; € K, where addition is defined term-wise and multiplication by
ta=at+4d(a) (a€K).

For f = ap + a1t + - -+ + ant™ with a, # 0 define deg(f) = n and deg(0) = —oo. Then
deg(fg) = deg(f) + deg(g). An element f € R is irreducible in R if it is no unit and it has
no proper factors, i.e if there do not exist g,h € R with deg(g),deg(h) < deg(f) such that

f=gh.

R = K[t;d] is a left and right principal ideal domain (a PID) and there is a right division
algorithm in R: for all g, f € R, g # 0, there exist unique r,q € R with deg(r) < deg(f),
such that

g=aqf +r.

There is also a left division algorithm in R [10, p. 3 and Prop. 1.1.14]. (Our terminology is
the one used by Petit [12]; Jacobson’s is vice versa.)

Two non-zero elements f,g € R are called similar (f ~ g) if and only if there exist
h,q,u € R such that

1=hf+qgand v f=gu
for some «' € R if and only if R/Rf = R/Rg [10, p. 11]. Obviously, f ~ ¢ implies that
deg(f) = deg(g).

1.3. The characteristic p > 0 case. Let K be a field of characteristic p and R = K[t; 9],
then

(b =7~ Vo), VyB) =2+ 87 0), (=0 = — Vi (1)
for all b € K with Vpe(b) = V5 (b) = V,, (... (Vp(b))...) [10, p. 17ff]. For any p-polynomial
F(t) = aot?” + ayt? " + -+ act +d € D[t; 0]
we thus have
F(t) = f(t—=b) = agVpe (D) + a1Vye-1(b) + -+ + acd
for all b € K and define

Vi(b) = agVpe (b) + a1Vpe-1(b) + - - - + acb.
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1.4. Nonassociative algebras obtained from differential polynomial rings. Let K
be a field and f € R = K[t; d] of degree m. Let mod, f denote the remainder of right division
by f. Define F' = Cent(d) = {a € K |d(a) = 0}.

Definition 1. (cf. [12, (7)]) The vector space
Ry, = {g € K[t; 6]| deg(g) < m}

together with the multiplication
goh = gh mod,f

is a unital nonassociative algebra Sy = (R,,,0) over
Fy={a € K|ah = ha for all h € S¢}.

Fy is a subfield of K [12, (7)] and it is easy to check that F = Cent(d). The algebra
Sy is also denoted by R/Rf [12, 14] if we want to make clear which ring R is involved in
the construction. In the following, we call the algebras S; Petit algebras and denote their
multiplication simply by juxtaposition. Without loss of generality, we may assume that f is
monic, since Sy =2 .5, for all g = af with a € K*.

Using left division by f and the remainder mod;f of left division by f instead, we can
define the multiplication for another unital nonassociative algebra on R, over F', called ;S
or R/fR. We will only consider the Petit algebras S, since every algebra S is the opposite
algebra of some Petit algebra (cf. [12, (1)]).

Right multiplication with 0 # g € S is given by R, : Sy — Sy, h — hg, and is a
left K-module endomorphism. Left multiplication Ly : Sy — Sy, h — gh is an F-module
endomorphism [12], and if we view Sy as a right module over Nuc,(S¢), a right Nuc, (Sy)-
module endomorphism.

Clearly Sy has no zero divisors if and only if R, and L, are injective.

Theorem 1. (c¢f. [12, (2), p. 13-03, (5), (6), (7), (9), (14)]) Let f € R = K|[t;4].
(i) If Sy is not associative then Nuc;(Sy) = Nuc,,(Sy) = K and

Nuc,(S5) = {g € Rum| fg € RF}.

The right nucleus of Sy is Amitsur’s invariant ring of f.

(i1) The powers of t are associative if and only if t™t = tt™ if and only if t € Nuc,(Sy) if
and only if ft € Rf.

(i) If f is irreducible then Nuc,(Sy) is an associative division algebra.

() Let f € R be irreducible and Sy a finite-dimensional F-vector space or free of finite
rank as a right Nuc,(Sy)-module. Then Sy is a division algebra.

Conversely, if Sy is a division algebra then f is irreducible.

(v) Sy is associative if and only if f is a two-sided element. In that case, Sy is the usual
quotient algebra Kt;6]/(f).

(vi) f is irreducible if and only if Sy is a right division algebra over F (i.e., each non-zero
element in Sy has a left inverse: there is z € Sy such that zh = 1), if and only if Sy has no
zero divisors.
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Recall that a polynomial f € R is bounded if there exists 0 # f* € R, such that Rf* =
f*R is the largest two-sided ideal of R contained in Rf.

If f € R is bounded then f is irreducible if and only if Nuc,(Sf) has no zero divisors if
and only if Nuc,(Sy) is an associative division algebra (cf. [7, Proposition 4] which sums up
classical results from [9]). [4, Theorem 4] yields:

Theorem 2. Let f € R be irreducible. Then f is bounded if and only if Sy is free of finite

rank as a Nuc,(Sy)-module. In this case, Sy is a division algebra.

Proof. The first part of the statement is [4, Theorem 4]. Since f irreducible, Sy is a right
division algebra and Ly, is injective for all h € Sy, h # 0, as observed in [12, Section 2.,
(7)]. The second part then follows from the fact that Sy is free of finite rank as a Nuc, (Sy)-
module, which means the injective Nuc,.(Sf)-linear map Ly, is also surjective. 0

R has finite rank over its center if and only if K is of finite rank over Cy = {a € K | at =
ta} if and only if all polynomials of R are bounded and if for all f of degree non-zero,
deg(f*)/deg(f) is bounded in Q (f* being the bound of f) [5, Theorem IV]. Since here
C; = Const(d) = F, we conclude:

Proposition 3. Assume that one of the following equivalent conditions hold:

(i) R has finite rank over its center;

(ii) K/F is a finite field extension.

Then every f € R = K|[t;d] is bounded. In particular, if f is irreducible then Sy is a division
algebra.

We will assume throughout the paper that f € K]Jt;d] has deg(f) = m > 2 (if f has
degree m =1 then Sy = K) and that 6 # 0. Without loss of generality, we could only look
at monic f, but will do so only when explicitly mentioned.

2. NONASSOCIATIVE ALGEBRAS WHOSE RIGHT NUCLEUS IS A CENTRAL SIMPLE ALGEBRA

We use the terminology from [2] with the only exception that that in our definition of
K|t; 8], we look at polynomials with the coefficients taken on the left, not on the right-hand-
side as in [2]. All results, however, work analogously in this case.

Let K be a field of characteristic 0 and ¢ a derivation of K with F' = Const(d), such that
K/F is a transcendental extension. Let f € R = K[t;d]. The finite-dimensional associative
F-algebra Nuc,(Sy) is called the invariant ring of f by Amitsur [2, p. 260], in modern
literature it is also referred to as the eigenspace of f.

A differential polynomial f € K[t; 0] of degree m is called an A-polynomial if there is some
f € K[t; 4] of degree n such that the resultant f x f is similar to e,,,, the characteristic
polynomial of the linear transformation corresponding to the zero mn x mn matrix [2, p. 263].

The results of Amitsur’s paper tell us when Nuc,(Sy) is a central simple algebra:

Theorem 4. [2, Lemma 17, 18, 19, Theorem 17, Corollary, Lemma 22] Let f,g € K]|t;d]
with deg(f) =m > 2 and deg(g) =n > 2.

(i) Nuc,.(Sy) has dimension m? if and only if f is an A-polynomial.

(i) If f is an A-polynomial then Nuc,(Sy) is a central simple algebra of degree m which is
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split by K.
(iii) If f and g are A-polynomials then so is h = f X g and

Nuc,(Sp) = Nuc, (Sf) @ Nuc,(Sy).
(w) If f and g are A-polynomials then
Nuc,(Sf) = Nuc,(S,)
if and only if f ~ g(t +a) ~ g(t) x t + a for some a € K. In particular,
Sy =S, implies that f ~ g(t+a) ~ g(t) xt+a

for some a € K.

(v) Suppose f is an A-polynomial. Then
Nuc, (Sf) = Mat,,, (F')

if and only if one of the following holds:

o f~en, Xt+c for somece K;
e f decomposes into irreducible factors and at least one factor is linear of the form
t + c for some c € K (then f ~epm xt+c).

In particular, then the irreducible factors of f are all similar to t + c.

Let L/K be a field extension such that § extends to L. Then L[t; ] is an Ore extension
of K[t;d] and the constant field F = Const(d|x) of 6 = d|x is contained in the constant
field C = Counst(d). If L = K - C is the composite field of K and C, we say L is a constant
extension of K. It is clear that for f € K[t;0],

Nuc, (K[t; 6]/ K[t; 0] f) C Nuc,(L[t; ]/ L[t; 6] f).

Theorem 5. Let f € K[t; 0] of degree m.
(i) If f is an A-polynomial then f € L[t; 4] is an A-polynomial and

Nuc,. (L[t; 6]/ L[t; 6] f) = Nuc,.(K|[t; 0]/ K[t; 6] f) ®@F C.

(1t) Suppose B = Nuc,(Sy) is a central simple algebra of degree m over F with f € K|[t;d].
Then C' splits B if and only if f has a left or right root in L, i.e. f = (t—a)g(t) € L[t; ]
or f=g(t)(t —a) € L[t; 0]

In particular, then Sy @ C has right nucleus Mat,,, (C).

This follows from [2, Theorem 20] and [2, Corollary, p. 270].

Remark 6. Since every automorphism of a nonassociative algebra maps the right nucleus
onto itself, for every A-polynomial f which is not two-sided, each H € Autp(Sy) satisfies
H|p € Autp(B) when restricted to the central simple algebra B = Nuc(Sy), thus when
restricted to its right nucleus B, is an inner automorphism on B. By an analogous argument,
also H|g € Autp(K).
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3. ALGEBRAS WHOSE RIGHT NUCLEUS IS SPLIT BY A TRANSCENDENTAL EXTENSION
Let F be a field of characteristic 0.

Theorem 7. [2, Lemma 20] (i) Every central simple algebra B of degree m over F which
is split by a transcendental extension K/F is isomorphic to Nuc,(Sy) for some f € K]Jt; 0]
of degree m and a suitable 6 with F = Const(d). The differential polynomial f is an A-
polynomial.

(#) Every central division algebra D of degree m over F' is isomorphic to Nuc,(Sy) for some
f € K[t; 0] of degree m and a suitable 6 with F' = Const(J).

Note that (ii) follows from (i), since for every central division algebra D over F, there is
a transcendental field extension K of F' in which F' is algebraically closed and which splits
D ([2, p. 245] or [3]), and we can always find a derivation ¢ on K with F' = Const(J).

As an immediate consequence of Theorem 7 and Remark 6, we now get the following

results:

Theorem 8. For every central simple algebra B of degree m over F which is split by a
transcendental field extension K/F, there is a derivation § on K with field of constants F
and a differential polynomial f € K|t; 8] of degree m, such that

Sy = K[t;0]/K[t; 0] f

is an infinite-dimensional algebra over F with right nucleus B and left and middle nucleus
K. Every automorphism H € Autp(Sy) extends an inner automorphism of B.

We conclude from [2, p. 246]:

Corollary 9. For every central division algebra D of degree m over F, there exists a tran-
scendental field extension K/F in which F is algebraically closed, a derivation § on K with
field of constants F, and a differential polynomial f € K[t; 0] of degree m, such that

Sy = K[t; ]/ K[t; 6] f
is an infinite-dimensional algebra over F with right nucleus D, and left and middle nucleus

K. K splits D and every automorphism H € Autp(Sy) extends an inner automorphism of
D.

The fact that D is a division algebra does not imply that f is irreducible, so Sy might

not be a right division algebra.

Corollary 10. If the differential polynomial f in Corollary 9 is irreducible, then Sy is an

infinite-dimensional right division algebra over F' and therefore does not have zero divisors.
If f is an irreducible A-polynomial, it is not bounded by Theorem 2.

Example 11. Suppose F' = R. The only central division algebra over R is D = (-1, —1)g.
There exists a transcendental extension K of R in which R is algebraically closed, such that
K splits D, and a derivation 6 on K with R = Const(d). Thus there is an A-polynomial
f € K[t; 0] of degree 2, such that

Sy = K[t;0]/K[t; 6] f = K & Kt
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is an infinite-dimensional unital algebra over R with right nucleus (-1, —1)g, and left and
middle nucleus K.

For B = Mat,,(R) and any transcendental extension K’ of R with a derivation § on K’
where R = Const(d), there is a reducible A-polynomial f € K'[t; 0] of degree m, such that

Sy = K'[t;0]/K'[t; 0] f

is an infinite-dimensional unital algebra over R with right nucleus B and left and middle
nucleus K.

4. ALGEBRAS WHOSE RIGHT NUCLEUS IS A pP-ALGEBRA

Let now K be a field of characteristic p > 0 together with a derivation 6 on K. Put
R = K[t;d] and F' = Const(d). There are two cases which can occur: either § is an algebraic
derivation, or ¢ is transcendental which means [K : F] = co. We assume that § is an

algebraic derivation of degree p® with minimum polynomial
g(t) =t" +art” - f ot € Ft]

of degree p¢. Then K = F(uy,...,u.) = F(u1) ®p -+ ®p F(u.) with uf = a;, € F for all
ie{l,...,e}, and [K : F] = p°, that is K is a finite purely inseparable field extension of
exponent one and K C F C K. The center C(R) of R is F[z] with z = ¢(t) — do, do € F
and the two-sided elements in R have the form wh(t) with uw € K*, h(t) € C(R).

Recall that a central simple algebra B = Mat,.(D) over a field F' of characteristic p is a
p-algebra if it has index p™, equivalently, if its exponent is a power of p [10, p. 154].

Note that for f(t) = g(t) —d € Ft] (so f(t) is two-sided in this case),

(K, 6,d) = KI[t; 6]/ K[t; 0] (t)

is an associative central simple F-algebra called a differential extension of K and treated in
[10, p. 23]. K is a maximal subfield of (K4, d).

Theorem 12. [2, Lemma 20°] Let B be a p-algebra of degree m over F which is split by a
purely inseparable extension K of exponent one (i.e., has exponent p), such that m < [K : F).
Then

B = Nuc,(Sy)

for some f € K[t; 0] of degree m and a suitable 6 with F = Const(4).

We start by looking at the case that m = [K : F] = p® and immediately obtain (i) and
(ii) in the following result on p-algebras by employing only Theorem 1 (v) from Petit [12]
and Amitsur’s Theorem 12 (only the fact that then B is cyclic uses Hood’s Main Theorem
[8, Main Theorem]):

Theorem 13. Let B be a p-algebra of degree m over F which is split by a purely inseparable
field extension K of exponent one with m = [K : F].

(i) There is an algebraic derivation § on K of degree m with minimum polynomial g(t) such
that the center of K[t; 0] is F[z] with z = g(t) — do, do € F, and

B = (Ka 57 dO)
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with f(t) = g(t) — do. B is a cyclic algebra.

(i) F[t]/(f) is a subfield of B of degree p¢ over F if and only if f is irreducible in F[t].
(iii) f € K|[t; 0] is irreducible if and only if B is a division algebra.

(iv) B = Matye (F) if and only if there is b € K such that

do = Vy(b) = Ve (b) + ¢1 Vo1 (b) + - - + ceb.

Proof. (i) If m = [K : F] then there is a differential polynomial f € K[t;d] of degree m and
a suitable ¢ such that B = Nuc,.(Sy) by Theorem 12. Here B is an associative subalgebra of
S} of dimension m? and Sy has dimension m? as well. Therefore Sy = B is associative and
f € K[t; 8] must be a two-sided differential polynomial of degree m, i.e. B = K]Jt;0]/(f) is
a quotient algebra (Theorem 1 (v)). Without loss of generality we may assume f is monic.
Thus f € C(R) and since f has degree m = p®, we obtain that f(t) = g(t) — do and so
B = (K,d,dp). K is a purely inseparable field extension of F which is an (even maximal)
subfield of B splitting B, therefore B is cyclic [8, Main Theorem].

(ii) Since here f(t) € F[t], we know that F[t]/(f) is a subfield of B of degree p® over F if
and only if f is irreducible in F[¢].

(iii) is [7, Proposition 4] and (iv) is a consequence from (i) together with Theorem [10,
Theorem 1.3.27]. O

Remark 14. Let us briefly put the previous result into context:

(i) Let A be a central simple p-algebra of degree p™ over F. It is a well known classical result
that A is cyclic over F' if and only if A has a subfield K such that K is a purely inseparable
extension of F' and K is a splitting field for A (this is [8, Main Theorem]|, which removed
Albert’s restriction that K be simple from [1, Theorem (7.27)]).

(ii) Mammone characterized the central simple algebras split by a purely inseparable field
extension K of exponent one in [11]: in particular, if B is a central simple algebra over F
of degree m = p°® containing K where [K : F] = m, then B is a differential crossed product,
that means B contains a K-basis of the form {2i'--- 2 |0 < i), < p — 1} satisfying a kind
of commutativity law with elements of K which involves a set of n F-derivations of K. The
algebra B then yields elements b; = 2! and u;; = z;z; — zjz; in K. Conversely, given sets
B={b|it=1,...,n} and U = {u,; : 4,j = 1,...,n} satisfying certain relations involving

F-derivations of K, then (U, B) arises from such a differential crossed product.

In case m < [K : F| = p® we obtain a nonassociative algebra of dimension mp® containing

B as right nucleus:

Theorem 15. Let B be a p-algebra of degree m over F which is split by a purely inseparable
extension K of exponent one such that m < [K : F.
(i) There is an algebraic derivation 6 and a differential polynomial f € K|[t; 0] of degree m
such that

Sy = Kl[t; o]/ K[t; o] f
is an algebra over F of dimension mp® with right nucleus B, left and middle nucleus K,
and nucleus Nuc(Sy) = BN K an intermediate field of K/F, unequal to K.

(i) f is irreducible if and only if B is a division algebra, if and only if Sy is a division
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algebra.
(i1i) Every automorphism H € Autp(Sy) extends an inner automorphism of B and an

automorphism of K.

Proof. (i) The existence of a suitable f follows from Theorem 12 and the statements on the
left and middle nuclei from Theorem 1. Since f is not two-sided, K is not contained in the
right nucleus of Sy, i.e. not contained in B [13, Theorem 9]. Thus Nuc(Sy) = BN K is
properly contained in K, so that it is an intermediate field of the field extension K/F.

(ii) By Proposition 3 and Theorem refthm:structure, f is irreducible if and only if B is a
division algebra, if and only if Sy is a division algebra.

(iii) An automorphism of Sy extends both an inner automorphism of B and an automorphism
of K by Remark 6. d

Corollary 16. Let D be a division p-algebra of degree m over F which is split by a purely
inseparable extension K of exponent one such that m < [K : F]. Then there is an irreducible
polynomial f € K|t; 0] of degree m such that Sy is a division algebra over F of dimension
mp® with right nucleus D, left and middle nucleus K, and nucleus D N K an intermediate
field of K/F, unequal to K.

The fact that f is irreducible in Corollary 16 follows from Proposition 3. Note that every
division p-algebra over F' split by K has degree m < [K : F], so that Theorem 13 (iii) and
Corollary 16 cover all possible cases for a division p-algebra.

We could ask for the algebra Sy of smallest possible dimension which contains a given
central simple algebra B as a right nucleus. This is equivalent to asking for a purely in-
separable extension K of exponent one splitting B of smallest possible degree [K : F] = p©
satisfying m < [K : F, which in turn is connected to the question how many cyclic algebras
are needed when saying that B is similar to a product of cyclic algebras of degree p in the

Brauer group Br(F).

Theorem 17. Let B be a p-algebra over F of degree m, index d = p™ and exponent p, such
that m = r2p™ < p®~1. Then there is a purely inseparable extension K of exponent one with

[K : F] =p%!, and a differential polynomial f € K|t; 8] of degree m such that

Sy = K[t; 0]/ K[t; 0] f

1

is an algebra over F of dimension mp®~' with right nucleus B and the properties listed in

Theorem 15

Proof. Let B be a p-algebra of index p™ and exponent p. Then there is a purely inseparable
field extension K /F of exponent one with K = F(uy,...,uq—1), u! =a; € F,and [K : F] =
p?=1, which splits B [6, Theorem 1.1.]. We have m = r2d = r?p™ for some r > 1.

We need m = r2p” < [K : F] = p?~! to be able to apply Theorem 12. By Theorem
12 this implies that B = Nuc,(Sf) for some f € K[t;d] of degree m and a suitable ¢ with
F = Const(d). Since each f € K]Jt;d] is bounded by Proposition 3, B = Nuc,(Sy) is a
division algebra if and only if f is irreducible [7, Proposition 4], if and only if Sy is a division
algebra. O
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We obtain that for a division algebra D, the smallest possible dimension [ of a division

algebra Sy containing D as right nucleus satisfies m? <1 =mp® <mpm 1

Corollary 18. Let D be a division p-algebra of degree m and exponent p over F. Then
there is a purely inseparable extension K of ewxponent one with [K : F] = p™~1, and an

irreducible differential polynomial f € K[t; 6] of degree m such that
Sy = K[t; 6]/ K[t; 6] f

is a division algebra over F of dimension mp™ !

listed in Theorem 15.

with right nucleus D and the properties

Proof. There is a purely inseparable field extension K = F'(uy,...,u,—1) of exponent one,
u? =a; € F, and [K : F] = p™~!, which splits D [6, Theorem 1.1.].

We need m = p" < [K : F] = p™~! to be able to apply Theorem 12. This holds for
all prime p and n > 1 as it is equivalent to n < p™ — 1, i.e. to n+ 1 < p™, which is true
for all prime p and n > 1. Therefore there is a purely inseparable field extension K/F of
exponent one with m < [K : F| = p™~! which splits D. By Theorem 12 this implies that
B = Nuc,(Sf) for some f € K[t; 0] of degree m and a suitable 6 with F' = Const(d). Since

D is a division algebra and f bounded, f is irreducible and S is a division algebra. O
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