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Abstract. We consider generalized symmetric compositions over a ring k£ on the one
hand, and unital algebras with multiplicative cubic forms on the other. Given a prim-
itive sixth root of unity in k, we construct functors between these categories which are
equivalences if 3 is a unit in k. This extends to arbitrary base rings, and with new proofs,
results of Elduque and Myung on non-degenerate symmetric compositions and separable
alternative algebras of degree 3 over fields. It also answers a problem posed in “The Book
of Involutions” [boi, 34.26].

Introduction

Consider a finite-dimensional separable alternative algebra A of degree 3 over a field
k of characteristic not 3, containing a primitive third root of unity. Okubo [ok] and
later Faulkner [foa] found on the space A° of trace zero elements a remarkable
multiplication * which has the composition and associativity property

q(z*y) = q(x)q(y), b(xxy,2) = bx,yx*z), (1)

where ¢ is —1/3 times the quadratic trace of A and b is the polar form of ¢. In [boi,
§34], the terminology “symmetric compositions” was coined for non-associative al-
gebras over a field with a non-degenerate quadratic form satisfying (1). There is
also a construction in the opposite direction: Given a symmetric composition on
a k-vector space M of dimension >2, there is a naturally defined multiplication e
and a cubic form N on A = k ® M making A a separable alternative algebra of
degree 3 with generic norm N. Thus one obtains an equivalence between the cat-
egories of separable alternative algebras of degree 3, and symmetric compositions
of dimension >2, always under the restrictions on k£ mentioned earlier. This result
is due to Elduque-Myung [elmy], see also [boi, Theorem 34.23]. Results of Schafer
[schafer:n] show that separable alternative algebras of degree 3 are the same as
unital algebras of dimension >3 with non-degenerate multiplicative cubic forms.
By this detour, the symmetric composition property (1) is equivalent to the mul-
tiplicativity of N with respect to e. As remarked in [boi, 34.26], it would be nice
to have a direct proof of this fact. Such a proof was attempted by Tschupp [tsch].
While his construction of a symmetric composition from A and N works well, the
opposite direction — from symmetric compositions to algebras with multiplicative
cubic forms — contains errors.

The object of this paper is to give a direct proof of this correspondence without
making any non-degeneracy assumptions, and at the same time to extend the theory
as far as possible to arbitrary base rings.

Specifically, we work in the following setting. Let k be an arbitrary commutative
ring. On the one hand, we consider unital cubic compositions, that is, pairs (A, N)
consisting of a unital k-algebra A and a multiplicative cubic form N on A. Apart
from assuming that the unit element of A be a unimodular vector, there are no
restrictions on the k-module structure of A. Hence, the cubic form N must be
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interpreted as a polynomial law in the sense of Roby [roby]. With an obvious
definition of morphism, unital cubic compositions over & form a category uccomp,.

On the other hand, there is the category scomp,, of (generalized) symmetric
compositions (M, q,x), where M is a k-module with a quadratic form ¢ and a
multiplication * satisfying (1). We make no assumptions on the structure of M as
a k-module or on non-degeneracy of q. Let mg(k) = {a € k: a®> —a + 1 = 0}
denote the set of primitive sixth roots of unity in k (sixth and third primitive roots
of unity are in bijection via a — —q; formulas tend to become simpler using sixth
roots of unity). Given « € mg(k), we define functors

C, : uccomp,;, — scompy,, A, : scomp; — uccomp,
and show that there are natural transformations
Aofl 0Cy — Iduccompka C,o Aoﬁl - Id—scompka (2)

which are isomorphisms if 3 is a unit in k. This yields the desired correspondence.

Here is a more detailed description of the contents. In §1, we establish notation
and collect some facts on polynomial laws. In particular, we introduce the kernel
of a polynomial law, a notion only implicitly contained in [roby].

It is useful to develop the above-mentioned correspondence first on a level not
involving any multiplications and, hence, not requiring the existence of « € mg(k).
Accordingly, we consider the category ucformy of unital cubic forms (instead of
unital cubic compositions) on the one hand, and the category gcform,; of modules
with a quadratic and a cubic form (instead of symmetric compositions) on the other.
In §2 we show that there are functors C: ucform; — qcform,, and A: qcform,; —
ucform; which are equivalences provided 3 € k*.

83 contains, after some auxiliary results on unital compositions, the construction
of the functor C,. Let (A, N) be a unital cubic composition. Since we do not
assume 3 invertible in k, there is no direct sum decomposition of A into k14 and
the space of trace zero elements. But there is a naturally induced quadratic form ¢
on the quotient A = A/k-14, as well as a family of multiplications depending on a
scalar parameter . Theorem 3.6 shows that A becomes a symmetric composition
if either o € wg(k) or A is commutative.

In §4, we construct the algebra A, (M, q,x) of a symmetric composition (The-
orem 4.1) and prove the existence of the natural transformations (2) (Proposi-
tion 4.10). On k& M we consider the cubic form N(A@®xz) = A3 — \g(z) +b(z, v *x)
and a family of multiplications, depending on a parameter aw € k. There is an
explicit formula for the lack of multiplicativity of N (Lemma 4.8) which shows that
a € mg(k) or commutativity of M is sufficient for NV to be multiplicative. The proof
is purely computational but not at all straightforward.

The previous constructions hinge on the existence of a primitive sixth root of
unity in k. Since this is in general not the case, we introduce in §5 the quadratic
k-algebra K = k[t]/(t?> —t+ 1) (the affine algebra of the scheme mg) and define the
category uccomp(;} ., of unital cubic compositions of the second kind. The algebra
K is étale if and only if 3 € k™ but it always has surjective trace form. This allows
us to develop a sufficient part of Galois descent theory and to show that there are
functors C and A between uccomp(;}k and scomp,, which are isomorphisms if
3 € k* (Proposition 5.10).

The final §6 discusses the transfer of regularity conditions, such as non-degen-
eracy, separability or strictness, by the functors C, and A,.

Throughout, k£ denotes an arbitrary unital commutative ring and k-alg the cat-
egory of commutative associative unital k-algebras. Unsubscripted tensor products
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are understood over k. For a k-module X and R € k-alg, the base change X ® R is
often abbreviated to Xg. Similarly, the base extension of a linear map f: X — Y
is denoted fr. The symbol N denotes the natural numbers including zero.
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the ETH Ziirich in May 2006 and continued at the FernUniversitit in Hagen in
June 2006. The hospitality of these institutions is gratefully acknowledged. I am
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1. Generalities

1.1. Polynomial laws [roby]. For any k-module X, define the functor X, on
k-alg with values in sets by X, (R) = X®R for all R € k-alg, and by X,(¢) = Idx®
v: Xa(R) — Xa(S), for all k-algebra homomorphisms ¢: R — S. A polynomial law
f on X with values in a k-module V is a natural transformation f: X, — V, of
functors. Thus for every R € k-alg, fr: Xp = X ® R — Vg is a map, and for every
k-algebra homomorphism ¢: R — S, the diagram

Xr S/ Vr
Idx ®¢l lldv ®¢
Xs Vs

s

is commutative. As long as this does not cause confusion, we often write simply
f(z) instead of fr(x), for an element z € Xr. Denote by P(X, V') the set (actually,
a k-module) of V-valued polynomial laws on X.

A polynomial law f € P(X,V) is said to be homogeneous of degree d if f(rx) =
rif(x), for all » € R, x € Xg, R € k-alg. Traditionally, homogeneous polynomial
laws of degree >1 with values in V' = k are called forms.

For example, polynomial laws of degree zero are in bijection with elements of V|
and those of degree 1 are naturally identified with linear maps from X to V [roby,
Corollary of Prop. 1.6]. A polynomial law of degree 2 is the same as a quadratic
map ¢: X — V in the usual sense [roby, Prop. II.1].

Polynomial laws can be composed in the obvious way: If f € P(X,Y) and
g€ P(Y,V)then go f € P(X,V) is given by (go f)r = gr o fr, for all R € k-alg.
If f and g are homogeneous of degree m and n then go f is homogeneous of degree
mn. In particular, composition with linear maps does not change the degree.

1.2. Extension and restriction of scalars. Let k' € k-alg and denote by
@: k — k' the ring homomorphism making k' a k-algebra. For a k’-module X’
let X’ be the k-module whose underlying abelian group is that of X’, but with
scalar operation of k given by A -z := p(M\)z, for all A € k, z € X'. In particular,
if S € k’-alg then ;S € k-alg. Now let X and V' be k-modules and f € P(X,V).
The base change of f from k to k' is the polynomial law f @ k' € P(X Q k', V @ k')
given as follows. There is a canonical isomorphism (X ®; k') @ S = X @ (15).
Treating this as in identification, we put

(fok)s(z) = f.s (@), (1.2.1)
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for all z € (X ® k') @i S, S € K'-alg.

There is also restriction of scalars for polynomial laws. Let X’ and V' be k’-
modules and let f/ € P(X’, V') be a polynomial law. For any R € k-alg there
is a canonical isomorphism ;X' ®r R = X’ ®p (k' @ R). Treating this as an
identification, rf' € P(1, X', V') is given by the formula

(kf)r(@) = frrg,r(2) (1.2.2)
for all z € 1, X' ®; R, R € k-alg.

1.3. Homogeneous components. An arbitrary f € P(X, V) determines a family
(fa)aen of homogeneous polynomial laws such that

f@)=>" falx), (1.3.1)

d>0

for all x € Xi and R € k-alg (for every z, only finitely many fy(x) are different
from zero, but there may be infinitely many non-zero fy).

More generally, for all (iq,...,4,) € N” there are unique polynomial laws f;, ;.
on X", multi-homogeneous of multi-degree (i1, ...,%,), such that
flar+-+a) = > fui (@@, (1.3.2)
(i1, -yin) ENT

for all x; € Xi and R € k-alg. The f;,. ;, are called polarizations of f. If f is
homogeneous of degree d then f;,. ;, = 0 unless i1 +--- 414, = d. If i; = 0 then
fi,...i,, does not depend on the j-th variable, which then may be omitted in the
notation. The polarizations satisfy the symmetry property

lezn (.”L'h e ,{I}n) = fid(l)...i,,(n) (xa(l)a e 7xa’(n))

for o in the symmetric group. For example, if f = f3 is a cubic form, we have the
expansions

flz+y) = f(@)+ falz,y) + frz(z,y) + [(y),
fle+y+z)=f(@)+ f(y) + [(2) + far(@, ) + far(z, 2) + f21(y, 2)
+ fi2(z,y) + fi2(z, 2) + fr2(y, 2) + frn (2,9, 2),
where fo1(x,y) = fi2(y,x) is quadratic in x and linear in y, and fi11(z,y, 2) is
trilinear and symmetric.

Let z € X and ¢ € N. There is a unique polynomial law 8Li]f € P(X,V), called
the i-th divided directional derivative of f in direction z, satisfying

flat+zor)=> @OV f) (), (1.3.3)
i>0
for all 7 € R, x € Xg, R € k-alg. For i = 1, this is the usual directional derivative

%

0. f of f in direction z. In general, (9,) = 101 which explains the terminology
“divided derivative”. In terms of the polarizations f;;, we have

j=0

forallz € Xg, R € k-alg. If f is homogeneous of degree d then f;; = 0 for i4j # d,
and hence

(ag]f) () = fia—i(z ® 1R, x)

is homogeneous of degree d — i (in x) if i < d, and zero if i > d.
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1.4. Definition. Let f € P(X,V). The kernel of f, denoted Ker(f), is the set of
all z € X such that
f@+2®r) = f(z), (1.4.1)

for all z € Xg, R € k-alg. We say f is non-degenerate if Ker(f) = {0}. Condition
(1.4.1) can be reformulated as follows:

zeKer(f) <« 9lf=0 foralli>1. (1.4.2)

Indeed, <= is clear from (1.3.3), and = follows also from (1.3.3) by replacing
R with R[t], the polynomial ring in one variable, putting » = t and comparing
coeflicients at powers of t. If f; denotes as before the homogeneous component of
degree d of f, then

Ker(f) = (] Ker(fa). (1.4.3)

d=0

Indeed, the homogeneous component of degree d of 8,[2] fis BE] fa+i, and a polyno-
mial law is zero if and only if all its homogeneous components vanish (by uniqueness
of homogeneous components).

Examples. (a) The kernel of a polynomial law of degree 1, i.e., a linear map, is
the usual kernel of the linear map.

(b) Let ¢ be a polynomial law of degree 2, i.e., a quadratic map. Denoting by
b the polar form of ¢, we have

z€Ker(q) <= q(z)=0b(z,2)=0, (1.4.4)

for all z € X.
(¢) Let f € P(X,V) be cubic, i.e., of degree 3. Then (&L”f) (x) = fa1(x, z) and

(8£2]f) () = fo1(z,x). Since these polynomial laws are of degree 2 and 1 (in z),
they vanish if and only if they vanish on X. Thus

zeKer(f) <=  f(z)=falz,x) = far(x,2) =0, (1.4.5)
for all z € X.
1.5. Lemma. Let f € P(X,V). Then:

(a) Ker(f) is a submodule of X.
(b) For every R € k-alg, define

Ker(f)(R) :=Ker(f® R) C X ® R,

where f ® R is the base change of f from k to R as in 1.2. Then Ker(f) is a
sub-functor of Xa; i.e., for every k-algebra homomorphism ¢: R — S, we have

Xa(p)(Ker(f)(R)) C Ker(f)(S).

(c) Letj: Ker(f) — X be the inclusion map and, for R € k-alg, let jr: Ker(f)®
R — X ® R be its R-linear extension. Then

jr(Ker(f) ® R) C Ker(f ® R) (1.5.1)

for all R € k-alg.

(d) If R € k-alg is faithfully flat and f @ R is non-degenerate then f is non-
degenerate.
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Remark. In general, the map jg of (¢) is not injective nor is its image equal to
Ker(f ® R). Also, non-degeneracy is in general not preserved under base change,
even in case of fields.

Proof. (a) This follows easily from the definition (1.4.1).

(b) Let z € Ker(f)(R) = Ker(f ® R). Then Xa.(¢)(2) = 2 ® 1g, where we
canonically identify Xp®rS = X ®1 S = Xa(S). Now let T be an S-algebra, t € T
and x € Xo(T). We must show that

flz+(zols)ot) = f(z).

Under the canonical identification (Xp®prS)®sT = Xp®rT, we have (2®15)®t =
z ® t, where we consider T as an R-algebra by means of R — S — T. Since
z € Ker(f ® R), it follows that f(z + 2 ®t) = f(x), as desired.

(¢) By (b), the canonical homomorphism ¢: & — R making R a k-algebra
induces a map Ker(f) — Ker(f ® R) given by z — j(z) ® 1g. Since Ker(f ® R) is
an R-submodule of X ® R by (a), it follows that jr(}" z;®@r;) = (j(2:) ®1g)r; €
Ker(f ® R) for all z; € Ker(f) and r; € R, which proves (1.5.1).

(d) Since R is flat, the map jr: Ker(f)® R — Ker(f ® R) C X ® R is injective.
Thus non-degeneracy of f® R implies Ker(f)®R = {0} and therefore also Ker(f) =
{0}, since R is faithfully flat.

1.6. Proposition. Let X and V' be k-modules, let Z C X be a submodule and
denote by m: X — X/Z the canonical map. For g € P(X/Z,V), let 7*(g) :==gow
be the pullback of g to a polynomial law on X as in 1.1. Then the map g — 7*(g)
is a bijection

7 P(X/Z,V) — {f € P(X,V): Z C Ker(f)}.
Denoting by m, its inverse, we have

Ker (7*(g)) = 7~ (Ker(g)), (1.6.1)
Ker (m.(f)) = n(Ker(f)). (1.6.2)

Proof. Let i: Z — X be the inclusion map and define oy = pri: X x Z — X
and ag: X X Z — X, (z,2) — x +i(z). Then the sequence of sets

XX I—sX—">X/7
s

is exact in the sense of [roby, IV, No. 8]. Hence by [roby, Theorem IV.4], the
map 7* is a bijection between P(X/Z, V) and the set of all f € P(X,V) for which
foai = foas. This condition means that

flx) = f(z+ir(y)) (1.6.3)

all R € k-alg, x € Xg, y € Zg. Thus we must show that (1.6.3) holds if and only
it Z C Ker(f).

(a) Suppose (1.6.3) is true and let z € Z. Also let R € k-alg, r € R and
x € Xp. Then z2®r € Zg,s0 f(x +i(z) @r) = f(x +ir(z ®r)) = f(x), showing
that i(z) = z € Ker(f).
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(b) Conversely, let Z C Ker(f). This means that the inclusion map i: Z — X
factors via Ker(f), i.e., i = joi’ where i': Z — Ker(f) and j: Ker(f) — X are the
inclusions. Tensoring w1th R yields ir = jg o iz, and by Lemma 1.5(c), jr takes
values in Ker(f ® R). Hence ir(y) € Ker(f ® R), which in particular implies that
(1.6.3) holds.

To complete the proof, let f = m*(g). Then we have f(z+y®r) = g((7r(z) +
m(y)®r) forally € X, x € Xg, R € k-alg. Using the fact that 7r: Xr — (X/Z)r
is surjective, it is now easy to verify that (1.6.1) and (1.6.2) hold. The details are
left to the reader.

1.7. Corollary. Any f € P(X,V) induces a non-degenerate polynomial law 7. (f)
on X/ Ker(f).

Proof. Put Z = Ker(f). Then (1.6.2) shows Ker (1.(f)) = n(Ker(f)) =
m(Z) ={0}.

2. Unital forms

2.1. Definition. A unital form of degree d over k or a unital d-form is a triple
X = (X,N,1x) consisting of a k-module X, a form (i.e., a k-valued homoge-
neous polynomial law) N of degree d, and a unimodular vector 1x € X satisfying
N(lx) = 1. Here an element u € X is called unimodular if a(u) = 1 for some
linear form o on X. In case d = 2 these are the unital quadratic forms studied in
[ugf], and for d = 3 they are called unital cubic forms. As in loc. cit., one shows
that a vector 1x € X with N(1x) = 1 is automatically unimodular if either X is
finitely generated and projective or d € k*.
A morphism ¢: X — X’ of unital d-forms is a linear map ¢: X — X’ satisfying
©(lx) = 1x» and N’ o9 = N. Unless this leads to confusion, we will often write
1 instead of 1x. We put X = X/k - 1x and denote the canonical map x: X — X
by z — Z. Then the fact that 1x is unimodular is equivalent to the sequence
0-k—>X—X—=0 being split-exact. Note that the property of being a unital
d-form is stable under base change and descends from faithfully flat base extensions.

2.2. The trace forms. Let X be a unital d-form. The trace forms of X are the
forms T; of degree ¢ defined by

T, = 0N, (2.2.1)
cf. (1.3.3). Since N has degree d, we have the expansion
d

Nix®r+az)=>» T(z)r*, (2.2.2)

forallr € R, x € Xg, R € k-alg. Clearly Ty = 13, Ty = N and T; = 0 for i > d.
Morphisms ¢: X — X’ of unital d-forms are compatible with the trace forms in the
sense that T} o ¢ = T;. The linear and quadratic trace forms are the linear and
quadratic forms

T := Tl, Q = TQ.

For indices (i1,...,4,) € N? with iy 4 --- 44, = i, let T;, . ;, denotes the corre-
sponding polarization of T;, cf. 1.3. In particular,

B = T11 and & := T111
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denote the polar form of the quadratic trace form @ and the total linearization of
the cubic form T3, respectively.

From (2.2.2) we see that Y.¢ (Ti(1)t! = N(1x @t + 1x) = N((1 + t)1x) =
(14 t)¢, and hence

Ti(1x) = (‘f) (2.2.3)

Similarly, expand N ((s +t)1x + z) = N(t1 + (z + s1)) and compare coefficients
of s™t" to see that

Tyj(x,1x) = (dj Z> Ty (). (2.2.4)

2.3. The characteristic polynomial and the discriminant. Let X = (X, N, 1)
be a unital form of degree d and let P(X) := P(X, k) be the algebra of polynomial
laws on X with values in k [roby, V.4]. Then T; € P(X), and we introduce the

monic polynomial
d

() = S (1) ¢4 € P(X)8),

=0

called the characteristic polynomial of X. Evaluation of a polynomial law at z € Xp
(R € k-alg) yields a homomorphism P(X) — R. Writing x(t;z) € R[t] for the
polynomial obtained by evaluating the coefficients of x at z, we have

x(t;z) = N(tlx — x).

The discriminant A € P(X) of x(t) will also be called the discriminant of X. For
d = 2, this is the quadratic form A = T2 — 4@ while for d = 3, it is the sextic form

A= —AT3N +T?Q* + 18TQN — 4Q> — 27N>

To shorten notation, we will often write T}, instead of T'(x) = T} (x), as long as this
is not in conflict with the notation 7; for the trace form of degree 1.

2.4. Lemma. Let X = (X,N,1) be a unital cubic form. Define quadratic and
cubic forms Ho and Hs on X by

Hy(z) = T(x)? - 3Q(x), (2.4.1)
Hs3(z) = 2T (2)® — 9T (2)Q(x) + 27N (x) (2.4.2)
= —T(x)® + 3T (x)Hyo(x) + 27N (z).

(a) Then 1x € Ker(Hz) N Ker(Hsz). Hence by Prop. 1.6, Hy and Hj induce
quadratic and cubic forms q¢ and h on X = X/k -1, given by

q(&) = Ha(z), h(2)= Hs(z),
for all x € Xgr, R € k-alg. The polar forms Hi1 and Hsy of Ho and Hs are

Hon(e,y) = 6T2T, — 97,Q(x) — 9T, B(e.y) + 27Nor(2,)  (244)
= —3T2T, + 3T, Hs(z) + 3T, Hy1(z,y) + 27Nay (2, y).

(b) 27 times the discriminant of X is expressible by Hy and Hj:
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—27TA = H3 — 4H3. (2.4.5)

Proof. (a ) By ( 3) nd (2.2.4) we have T(1) = 3 = Q(1) and B(z,1) =
T11(z, 1) ( 1) 1( (z). Hence for all r € R, z € X,

Hy(x+1x @r) = {T(z) + rT(1)}* = 3{Q(x) + B(z, 1)r + Q(1)r*}
=T2+6rT, + 972 — 3Q(x) — 67T, — 9r? = Hy(x).

Similarly, using (2.2.2),

Hy(z+1®7) = —{T, +3r}° +3(T, + 3r)Ha(e + 1@ 7) + 2TN(z + 1 @ )
= —{T2 + 9rT2 + 27r*T, + 27r*} + 3T, Ha(z) + 9rHa(x)
+27{r® + r’T, + rQ(z) + N(z)} = Hs(x).

Formulas (2.4.3) and (2.4.4) follow easily from (2.4.1) and (2.4.2).

(b) This follows by a lengthy but straightforward computation.

Remark. It can be shown that Hy and Hj are the essentially unique (up to a
scalar factor) quadratic (resp., cubic) forms on X which are linear combinations of
T? and Q (resp., of T3, TQ and N) and for which 1x lies in the kernel.

2.5. Definition. Let ucformj denote the category of unital cubic forms over k,
with morphisms defined in 2.1. As suggested by Lemma 2.4, we consider also the
following category gcformy,: Its objects are triples 9 = (M, fa, f3) where M is
a k-module and f; and f3 is a quadratic and a cubic form on M, respectively.
Morphisms are linear maps preserving these forms. From Lemma 2.4(a), it follows
that there is a functor

C : ucform; — qcform,,

given by C(X) = (X,q,h) on objects, while for a morphism ¢: ¥ — X’ of unital
cubic forms, C(y) is the induced map ¢: X — X'.

There is also a functor A: qcform; — ucform; in the opposite direction: For
M = (M, fa, f3) € gcformy, let A(IM) = (kK & M, Non, 1, @ 0), where Ngy is the
cubic form on k & M given by

m(A® x) =\ =3\ fo(x) + fa(z), (2.5.1)
for all A € R, x € Mg, R € k-alg. For a morphism ¢: It — ', define A(¢)) by
AW A x)=rxdY(x) A€k, zeM).
Note that the linear and quadratic trace of Ngy are

To(A&® z) = 3\, (2.5.2)
Qum(A @ x) = 3(N\° — fa(w)),

as follows easily from the definition.

2.6. Proposition. Let C and A be the functors defined above.

(a) There is a natural transformation
C tAoC— Iducformk
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as follows: Given X = (X, N, 1) € ucformy, define
(x:(AcC)X) =k X — X, (x(A@i)=(A—T(z))1x +3z, (2.6.1)

where T is the linear trace form of X, and X = X/k-1 and x — & are as in 2.1.

(b) If 3 € k* then (x is an isomorphism with inverse
1 1 .
G = @ o ),

In general, denoting by 35X the 3-torsion elements of X, there is an exact sequence

Cx P

0 G X— k@ X X

X/3X 0,

where p(x) = & + 3X and i is given as follows: Choose a linear form a on X with
a(lx) =1. Theni(i) = (T(x) — a(32)) ® .

(¢c) There is a natural transformation

v : CoA — Idgcform,

given as follows: For M = (M, fa, f3) € qcformy,, the k-module underlying (C o
A)YM) is (k@ M)/k - (1@ 0) which is canonically identified with M. Then define

Io: (CoA) (M) =M — M, Yom(z) 1= 3z. (2.6.2)
If 3 € k* then Yon is an isomorphism, while in general we have the exact sequence

Yon

0 SM 2 g M—225 M /3M —0.

Proof. (a) From T(1x) = 3 one sees easily that (x is a well-defined map.
Clearly (x(1®0) = 1x, so it remains to check that (x preserves cubic forms. Using
(2.2.2) in case d = 3, we compute, in any base ring extension,

N(Gx(A@ @) = N((A—Ty)1x + 32)
=AN=T.)*+(\—Tu)?T(3z) + (A — T,,)Q(3z) + N(3x)
=\ = 3\(T2 - 3Q,) + {272 — 9T,Q, + 27N (z) }
= \3 — 3)\Hy(z) + Hs(x)
=X\ = 3\g(2) + h(i) = Non(\ @ ).
Finally, naturality of ¢ means that, for a morphism ¢: X — X’ of unital cubic forms,

the diagram

(AoC)(X) —F %

(Ao@(«»)l lw

(AoC)(X) 0 X/
xl
commutes, which is straightforward to check.

(b) Tt is easily verified that (' is given by the indicated formula if 3 € k*.
To prove the remaining statements, we show first that ¢ is well-defined. Indeed,

10
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T — 3« vanishes on 1x because T'(1) = 3 and «(1) = 1, and thus induces a linear
form o/ on X. Moreover, if also (1) = 1 and & € 3X, then (8’ — &/)(&) =
(T(z) — 38(z)) — (T(z) — 3a(z)) = (a — B)(3z) = 0 because 3¢ = 0 implies
3rek-1x.

Next, injectivity of 7 is clear (project onto the second factor), and Im(i) C
Ker(Cx) follows from ((x o i)(d) = (x((T'(z) — a(3z)) ® &) = 3(z — a(z)1) = 0
because 3¢ = 0 implies 3z = pul where u = «(3x). Conversely, let A ® & € Ker((x).
Then (A — T(z))1x 4+ 3z = 0, i.e., 3z = (T(z) — A)1x. Hence a(3z) = T(z) — A
and therefore A @ & = (T'(z) — a(3x)) & & = ().

)

(c) We check that ¥gn preserves quadratic and cubic forms. Note that Ton (0 @
z) =0, Qm(0® z) = —3f2(z) and Nop(0 & ) = f3(x), for x € Mg, R € k-alg, by
(2.5.2), (2.5.3) and (2.5.1). Since we identify € M with can(0 @ z) € (k& M) /k -
(1 0), it follows from Lemma 2.4 that ¢(z) = H2(0 ® ) = (=3)( — 3f2(x)) =
9f2(z) = fo(9m(x)), and h(z) = H3(0 ® z) = 27f3(x) = f3(Jam(x)), as required.
It is easily checked that ¥9p depends functorially on 90, so ¥ is indeed a natural
transformation of functors. The final statement is evident.

2.7. Corollary. If 3 € k™, then the categories ucformy, and qcform, are equiv-
alent.

3. From unital cubic to symmetric compositions

3.1. Definition. Let k be a commutative ring. A wunital composition of degree d
is a quadruple 2 = (X, N, 1,-) such that X = (X, N, 1) is a unital form of degree d
as in 2.1, A = (X, -, 1) is a unital k-algebra, and both structures are related by the
requirement that N be multiplicative:

N(zy) = N(z)N(y) forallz,y € X ® R, R € k-alg. (3.1.1)

Depending on context, we will write 2 = (X,-) or 2 = (A, N). This definition is
the special case where the values of the form N lie in k and A is unital, of the
more general definition of Roby [roby?2]. Note that we assume neither associativity
conditions on A nor non-degeneracy conditions on N. In case d = 2 or d = 3, we
speak of a unital quadratic or cubic composition.

It is tempting to call % a “composition algebra of degree d”, and indeed this
terminology is used in [bb] (except for a different definition of form). However,
this may be in conflict with the notion of degree of an algebra in cases where
such a degree is well-defined, e.g., when A is associative or alternative and finite-
dimensional over a field. In these cases, the degree of A will in general be different
from the degree d of N. For example, A = k (as a k-algebra) has degree 1, but for
any d, the form N(x) = % makes the pair (k, N) a unital composition of degree d.
Also, A = k x k with component-wise operations is an algebra of degree 2, but the
form N(z1,22) = x1 makes (k X k, N) a unital composition of degree 1.

By a morphism ¢: 20 — A’ of unital compositions of degree d we mean a linear
map of the underlying modules preserving forms, units and multiplications. Unital
compositions of degree d form a category, and there is an obvious forgetful functor {2
from unital compositions to unital forms omitting the product. Note that (A°P, N)
is a unital composition of degree d along with (A, N).

3.2. Lemma. Let (A, N) be a unital composition of degree d. With the notations
introduced in 2.2, the following formulas hold for all x,y,z € A:

T(xy) = T(x)T(y) — B(z,y) = T(yx), (3.2.1)

11
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T(x(yz)) = T(2)T(y)T(z) — B(w,yz) — B(y,x2z) — B(z,zy) — ®(z,y,2) (3.2.2)
=T((zy)z), (3.2.3)

B(z,1) = (d— )T (z), (3.2.4)
&(z,y,1) = (d —2)B(z,y) (3.2.5)

Proof. Consider the algebra R = k(e,d,n) with relations €2 = §%2 = n? = 0.
Then, since N is multiplicative and R is associative,

N((1+ex)[(1+6y)(1 +n2)]) = N1 +ex)N(1+6y)N(1+nz)
= N([(1+ex)(1+6y)](1+nz). (3.2.6)

Using (2.2.2) and the relations in R, we have

NA+ex)N(1+oy)N(1+nz) =1+cT(z) + 5T (y) +nT(z2)
+&dT(x)T(y) + enT(x)T(2) + onT (y)T(2) + eonT(x)T(y)T(z).

For easier notation, let us put

r =@, T2 =Y, xr3 =z,

Ty = T1T9, Ty =T1T3, Te = Ta¥3, T7 = T1(T273),
€1=¢€, e€2=26, €e3=m,

&4 = €1E9, €5 = £1€3, Eg — £2£&3, Er = €1E92€3.

Then
7

(1+ex)[(14+0y)(1+nz)] =1+ Zsixi =1+u,
i=1
where u = 23:1 €;x;. By the general expansion formula (2.2.2), N(1 +u) =
Zg:o T;(u). We show first that T, (u) = 0 for p > 4. Indeed,

7
Tp(u) = ZTp(xi)Ef
i=1
+ Z Z Ty (i, 5)ele]

1<i<j<7  l+m=p

l
+ ) > " T (i, 75, 2p)ebe] e,

1<i<j<k<7 l+m+n=p

11 Iy
+ E E Tllml4(xi17"'7xi4)*€il &,

101 <i2<iz<ia <7 li+-+la=p

§ : l l
+ + T‘llu.l7(m17-~'7w7)€11”'577'
li+-+l7=p

(The summation runs over all partitions of p in at most 7 parts). Now consider the
products of powers of the ;. Since €7 = 0, the first sum vanishes as soon as p > 2.
Likewise, the second sum vanishes for p > 3, because then either [ > 2 or m > 2.
In the third sum, the only product of type 5%5}"57; which is non-zero is €1e2¢3, as
follows from the definition of the e4,...,e7 above. Hence the third sum vanishes
for p > 4, and yields only the term e1e2e3P(x, y, 2) for p = 3. Furthermore, again
by definition of the ¢;, any product of more than three different ¢; vanishes, so the
remaining sums vanish as well. This yields

12
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T (u) = eT(x) + 0T (y) + nT(2) + edT (xy) + enT(xz) + dnT(yz)
+ eonT (z(yz)),

Ty(u) = edB(z,y) + enB(x, z) + onB(y, 2),
+ 6577{B(x, yz) + B(y,zz) + B(z, xy)},

T3(u) = ednd(z,y, 2).

Adding everything up and comparing the coefficients of €d shows (3.2.1). Com-
paring the coefficients of £dn yields (3.2.2), and (3.2.3) follows by passing to the
opposite algebra. Formula (3.2.4) is a special case of (2.2.4). Finally, put z =1 in
(3.2.2) and use (3.2.1) and (3.2.4):

P(z,y,1) = T(2)T(y)T(1) — B(z,y) — By, z) — B(zy, 1) — T(zy)
=dT'(z)T(y) — 2B(x,y) — (d — 1)T(zy) — T(xy)
= d{T(2)T(y) — T(zy)} — 2B(z,y) = (d - 2)B(x,y).

Remark. The formulas T(zy) = T(yz) and T'((zy)z) = T(x(yz)) are expressed
by saying that 7" is commutative and associative. To save parentheses, we will often
write T, instead of T'(x) and zy - z instead of (zy)z. Because of commutativity and
associativity of T" we have T,y., = Ty.ye = Tyz. for which we simply write Ty,
In particular, T'(z3) := T(x - 2%) = T(2? - x) is well-defined although x - 2> may be
different from z2 - z.

3.3. Corollary. Let (A, N) be a unital composition of degree d. Then @ is given by
the following formula involving only the linear trace form T and the multiplication
in A:

®(2,y,2) = Taye + Toye — ToaTys — TyTog — ToThy + ToT,T.. (3.3.1)

Proof. Substitute (3.2.1) into (3.2.2) and use commutativity and associativity
of T.

The first five formulas of the following lemma are also found in [bb, Lemma 1].

3.4. Lemma. Let (A, N) be a unital cubic composition and use the notations of
2.2 and 3.2. Then the following formulas hold for all u,x,y, z in all base extensions

of A:

T(u)N(z) = Noy(x,ux) = Noy(x, zu), (3.4.1)
T(u)Nai(x,y) = (x,y, ux) + Noy(z,uy) (3.4.2)

= &(z,y, zu) + Noi(z,yu), (3.4.3)

T(w)®(x,y,2) = P(uz,y, z) + P(z,uy, z) + P(x,y, uz) (3.4.4)

= &(zu,y, z) + P(x,yu, z) + P(x,y, zu), (3.4.5)

Q)T (y) = B(z,zy) + Na1(z,y), (3.4.6)

Qzy) = Qyz) = Q(z)Q(y) — D(z,y, 2y), (3.4.7)

B(zy,x) = B(yz,z) = Ty Ty — Toya, (3.4.8)
Q@)Qy) + Qzy) = T(zy - yr) — ToTyay — TyToye + ToTyTry, (3.4.9)
3N(z) — T(x)Q(x) = T(x®) — T(x)T(x?). (3.4.10)

Proof. Let u,x € A® R, R € k-alg. Then we have in A ® R(¢), where R(e) is
the algebra of dual numbers:

13
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N(z+eux) = N((1+eu)z) = N(1 4+ eu)N(z) = N(z)N(1 + cu) = N(z + ezu),

since R(e) is commutative. Expanding both sides and comparing terms at ¢ yields
(3.4.1), since N(1 4+ eu) = 1+ ¢T'(u). Linearizing (3.4.1) with respect to z in
direction y and then in direction z shows that (3.4.2) — (3.4.5) hold.

Next, consider R(g,d) where €3 = §2 = 0. Then it follows by expanding

N((1+ex)(1+dy)) = N(1+ex)N(1+ dy)
and comparing terms at €26 and £2§2 that (3.4.6) holds, as well as

Q2)Qy) = Qxy) + P(x,y, zy). (3.4.11)
Putting v = y in (3.4.2) and (3.4.3) yields

@(x,y,fy) = @(:ay,yx) = T(y)N21(x7y) - N21($,y2).

Now (3.4.11) shows that (3.4.7) holds. Formula (3.4.8) is a consequence of (3.2.1)
and commutativity and associativity of T (Lemma 3.2) while (3.4.9) follows by
adding Q(zy) to both sides of (3.4.11), using (3.3.1) to evaluate &(z,y,zy) and
recalling that 2Q(zy) = B(xy, xy) = Ty, — T(zy - xy) by (3.2.1).

Finally, we prove (3.4.10). Put z = y in (3.4.6). This shows Noj(z,x) =
T(2)Q(z) — B(x,2?) = T(2)Q(x) — T(x)T(2*)+T(z-2?) (by (3.2.1)). On the other
hand, 3N (z) = Nai(z,x) since N is homogeneous of degree 3, whence (3.4.10).

3.5. Definition. A symmetric composition over k is a triple € = (M, g, *) consist-
ing of a k-module M, a bilinear multiplication x : M x M — M, and a quadratic
form ¢ on M such that g is multiplicative and the polar form b of ¢ is associative
with respect to *, i.e.,

q(z *y) = q(x)a(y), (3.5.1)
b(x*y,z) =b(x,y*z), (3.5.2)

for all x,y, z € M. This generalizes the usual definition [boi, §34] inasmuch as non-
degeneracy assumptions on ¢ are not imposed and k is an arbitrary ring instead of
a field. Hence, € should perhaps be called a generalized symmetric composition,
but we will drop the epithet “generalized” for brevity. In any case, non-degeneracy
of ¢ can be forced by dividing out the kernel of ¢, see Lemma 4.4. Note that passing
to the opposite multiplication yields again a symmetric composition. — Given a
symmetric composition, we introduce the cubic form

h(z) = b(z,z * x). (3.5.3)
We can now formulate the main result of this section.

3.6. Theorem. Let (A, N) be a unital cubic composition, and let o, 8 € k satisfy
a+[B=1.

(a) There is a well-defined multiplication x on A = A/k -1 such that
k(z) * k(y) = n((l +a)zy+ (14 Byx — Ty — Tyx) (3.6.1)

for all z,y € A, where k: A — A is the canonical map.

(b) Denote by q = ky(Hs) the quadratic form on A as in 2.4 and assume that.
3(af — 1)[A, A = 0, (3.6.2)

where [z,y] = xy — yx denotes the commutator in A. Then the triple (A,q,*) s a
symmetric composition, and its associated cubic form is h = k.(Hs).
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3.7. Remarks and special cases. (a) Switching a and § in (3.6.1) or replacing A
by the opposite algebra A°P amounts to replacing x by the opposite multiplication.

(b) Condition (3.6.2) holds if either 3 =0in k or A is commutative or a3 = 1.
We discuss these cases in turn.

(i) Assume 3 = 0 in k. Then we obtain a one-parameter family (because
8 = 1— a) of symmetric compositions on A, all with the same quadratic form
g. Note, however, that ¢ is the square of a linear form, because T'(14) = 3, so T
induces a linear form ¢ on A, and then ¢ = ¢ by (2.4.1).

(ii) If A is commutative the symmetric composition (A, ¢q,*) is commutative
and independent of the choice of a.

(iii) Since 8 =1 — q, the condition a8 = 1 is equivalent to a®> —a+1 = 0. Let
®,,(t) be the n-th cyclomotic polynomial and define the functor of primitive n-th
roots of unity , from k-alg to sets by

m,(R)={reR:®,(r) =0} (R € k-alg).

In particular, ®3(t) = t2 4+t +1 and ®g(t) =t —t + 1, so ws = w3 under r — —r.
We have preferred to use primitive sixth rather than third roots of unity because
the formulas become more natural and involve fewer minus signs. Formulas closer
to [elmy, boi] are obtained by writing & = —w where w € m3(k). For easy reference,
we formulate the following consequence of Theorem 3.6:

3.8. Corollary. Let (A, N) be a unital cubic composition and let o € me(k) be
a primitive sizth root of unity. Then A becomes a symmetric composition with
quadratic form q = k«(Hs), product

k(z)*k(y) = k(1 + )2y + (1+ o yz — Toy — Tyz) (3.8.1)

and associated cubic form h = k.(Hs).

The proof of Theorem 3.6 rests on the following lemmas. We use the notations
introduced in Lemma 2.4; in particular, Hy; is the polar form of Ho.

3.9. Lemma. Let a,f € k and consider the multiplication

zxy:=1+a)zy+ 1+ p)yr — Ty — Tyx (3.9.1)

on A. Then
zxl=1xzx=(a+F—-1)z—-T,-1, (3.9.2)
Hi(zxy,z) — Hu(z,y*2) = (a+ 8= 1)(TuTy. — T.Tyy), (3.9.3)

forall x,y,z € A.

Proof. (3.9.2) is immediate from the definition and T'(1) = 3. By (2.4.3),
Hii(z,y) = 2T,T, — 3B(z,y). Now a simple computation using (3.2.1) and as-
sociativity of T' shows that
Hi(zxy, 2z) =21,T,T. —31,Ty. —3TyT.0 — 2+ a+ B)T.Tyy
+3(1+ )Ty +3(1 + B) Ty (3.9.4)

Subtracting from (3.9.4) the formula obtained by cyclically permuting x, y, z yields
(3.9.3).
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3.10. Lemma. Let o, € k satisfy a+ 3 =1 and define xxy as in (3.9.1). Then

Hy(x)H(y) — Ha(a * y) = 3(af — DT (zy - [z,9]), (3.10.1)
Ho(x)? = Ho(x + z). (3.10.2)

Proof. Put A = af — 1. Then
A+a)+(1+p)2*=3-2" and (1+a)(1+3) =3+

Hence, by the symmetry of Q(zy) in « and y ((3.4.7)), the symmetry B(xy,x) =
B(yx,x) ((3.4.8)) and the standard formula B(u,v) = T(u)T (v) — T'(uv) ((3.2.1))
as well as 2Q(u) = B(u,u),

Qzxy) = Q((1 + a)zy + (1 + Byz — (Twy + Tyx))

=1+’ + (1 +0)*)Q(zy) + (1 + a)(1 + B)B(xy,yz) + Q(Toy + Tyx)
— B((l +a)zy + (1 + Byx, Tpy + Tyx)

= (3 =20)Q(zy) + (A + 3)B(zy, y=)
+T2Q(y) + T, Q(x) + T, T, B(,y)
—3B (a:y, T,y + Tya:)

= M B(zy,yz) — B(zy,2y) } + 3Q(zy) + 3B(xy, yx)
+T7Q(y) + T;Q(x) + T, T, B(z.,y)
-3B (a:y, T,y + Tya:).

Here the coefficient of A is, by commutativity of T and (3.2.1),
B(xy,yz) — B(ay,xy) = ToyTye — T(zy - ya) — Tp, + T(zy - 2y) = T(zy - [2,y]).
Replacing systematically B(u,v) by Ty, T, — Ty, we obtain

Qzxy) = )\T(xy e, y]) + TngyZ + 3{TxTyw + Ty Ty + Tfy —T(xy - yz)}
— 1T, Ty Tuy + 3Q(xy) + T2 Q(y) + T Q(x). (3.10.3)
Again by commutativity of T and o + 3 = 1, we have T'(z x y) = 3Ty, — 2T,T,.
Hence,
Hy () Ha(y) — Ha(w +y) = {T7 = 3Q() H{T, - 3Q(y)}
— 3T, — 2T, T, }* +3Q(x * y).
Let us put § = Ha(x)Ha(y) — Ha(z x y) — 3XT (xy - [z,y]). Then by (3.10.3),
§ =TT, —3Q(x)T; —3Q(y)T; +9Q(2)Q(y)
— 977, + 12T, T, Ty, — AT.T,
+ 31T + N ToTyoy + TyToye + Toy — T(xy - yz) }
= 21T, T, Ty + 9Q(zy) + 3T7Q(y) + 3T,/ Q(x)
= Q{Q(x)Q(y) + Q(zy) + Ty Tyay + TyThys — ToTyToy — T(xy - yx)}

and the expression in braces vanishes by (3.4.9). This proves (3.10.1), and (3.10.2)
is an immediate consequence.
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3.11. Proof of Theorem 3.6. It only remains to show that the cubic form h
associated with (A, g, *) is indeed k«(H3). By (3.9.4), (3.4.10), and the definition
of Hs in 2.4,

h(k(z)) = b(k(2), k() * K(2)) = Hi(z, 2 * 2) = 2T — 9T, T(2*) + 9T (°)
=217 +9(3N(z) — T,Q(z)) = Hs(),

as desired.

3.12. Definition. Let scomp, denote the category of symmetric compositions
over k, where morphisms are k-linear maps preserving products and quadratic
forms, and recall the category qcform; of 2.5. Then there is a functor

T: scomp,, — qcform,,, (M, q,%) — (M,q,h). (3.12.1)

Let uccomp, denote the category of unital cubic compositions over k, and let
a € mg(k). We define a functor

C,: uccomp,, — scomp;,

as follows. For a unital cubic composition 2 = (A, N) and a primitive sixth root
of unity a, let Co(2) = (A, g,+) be the symmetric composition defined in Cor. 3.8.
For a morphism ¢: 2A — A’ let Cu(p): Co(A) — C,(A') be the induced map
¢: A — A’. Then Cy,: uccomp,;, — scomp,, is compatible with the functor C of
2.5 in the sense that the diagram

uccomp,, _ G scomp;,

o] |7

ucform;, — qcform,,

is commutative, where {2 is the functor forgetting the multiplication, cf. 3.1.

3.13. The connection with [tsch|. Let (4, N) be a unital cubic composition
and suppose 3 € k*. Then A=k 14 ® A where A° = Ker(T). Let w € m3(k) be
a primitive third root of unity, and define a multiplication ® on A° by

1-— 1-—wt 1
—ay + ——ya — ZT(ey)La, (3.13.1)

r®Y =

see [tsch]. The last term serves to make x ® y lie in A°. Also, define a quadratic
form n on A° by

n(x) = —%Q(m) (3.13.2)

It is proved in [tsch, 3.1], for k a field of characteristic not 2 or 3, that n is
multiplicative and the polar form b,, of n is associative with respect to ®. This
result, without assuming characteristic # 2, can now be recovered in our setting as
follows. Let o = —w € mg(k) and let (A, q,+) = Co(A, N). Then the map

. 1
p=roinc: A° - A — A, x»—>§:i:,
is an isomorphism ¢: (A% n, ®) =, (A, q,+). Indeed, ¢ is clearly an isomorphism
of k-modules. From (3.13.1) and (3.8.1) we see that ¢ preserves products, and
from (3.13.2) and Lemma 2.4(a) it follows that ¢ preserves quadratic forms. Since
(A, q, %) is a symmetric composition, so is (4% n, ®).

17



14 October 2007

4. From symmetric to unital cubic compositions

4.1. Theorem. Let (M,q,*) be a symmetric composition over k and let o, 3 € k
with o« + 6 =1. On the k-module A :=k ® M consider the unital cubic form

NA@x) =\ —3\g(z) + b(z, x x 1), (4.1.1)
and define a multiplication e with unit element 14 :=1& 0 and
(0@ z)e(0dy) =bz,y) ® (ax*y + Py * ) (4.1.2)
forx,y € M. Assume that
(af—1)[M,M] =0 (4.1.3)

where [z,y] = x xy — y x = denotes the commutator. Then (A, N,14,e) is a unital
cubic composition.

4.2. Remarks. (a) The cubic form N is of course the cubic form Noy defined in
(2.5.1), for M =7(€) = (M, q,h) as in (3.12.1) and h(z) = b(z,z*x) as in (3.5.3).

(b) Interchanging o and 3 in (4.1.2) or replacing € by €°P amounts to replacing
the multiplication e by its opposite.

(¢) If € is commutative then (4.1.3) is satisfied for any choice of «, and the
product e is again commutative and independent of «.

(d) Asin 3.7(b)(iii), the conditions o+ = a3 = 1 are equivalent to a € mg(k).
Hence we have the following corollary.

4.3. Corollary. Let (M,q,*) be a symmetric composition and let o € wg(k) be a
primitive sizth root of unity. Then k@ M becomes a unital cubic composition with
unit element 1 ® 0, cubic form (4.1.1) and product

(Ooz)e(0dy) =blz,y) @ (az*xy+a 'yxz). (4.3.1)

Remark. For the case where k is a field of characteristic different from 2 and 3
and ¢ is non-degenerate, Tschupp [tsch, 3.2] attempted to prove this result, but
his proof contains errors. Specifically, it is claimed in [tsch, Lemma 3.10] that,
in our notation, h(z *y) = b((z *y) * (x xy),y * ), and in [tsch, Lemma 3.11]
that b(y * (yxx), (y * ) * m) = q(x)q(y)b(z,y). The following example, due to
H. P. Petersson, disproves these formulas: Let M = Maty(k) with ¢(z) = det(z)
and = *y = Ty, where T = (_dc _ab> for x = (Z 2) Then it suffices to put
x = e1p and y = e9; (matrix units).

Theorem 4.1 will be a consequence of the following Lemmas 4.6 — 4.8. We note
that P. Alberca and C. Martin [ident] have recently proved and extended these
lemmas with the aid of a computer.

In the interest of readability, we denote in this section the multiplication in a
symmetric composition simply by juxtaposition; thus xy = z *y, and in particular,

2% = z*x. Also, to save parentheses, we will often write x - yz instead of z(yz) etc.
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4.4. Lemma. With the above notations, the polar forms ho1 and hi11 of h are
given by

h21($,y) = 3b(1‘2,y)7 hlll(zvyVZ) = 3b(xy+ym,z) (441)
Writing Z = Ker(q), we have
Z C Ker(h), Z+M+MxZcCZ. (4.4.2)

Hence there is a symmetric composition €/ Ker(q) := (M/Z,q,*) whose quadratic
form q (induced from q) is non-degenerate.

Proof. The formulas (4.4.1) follow easily from associativity of b ((3.5.2)). If
z € Zand x € M then h(z) = b(z,2%) = 0 and ha1(2,2) = 3b(2%,x) = 3b(z, 22) =0
as well as hoy(z,2) = 3b(z,22) = 0, which shows Z C Ker(h). Finally, q(zx) =
q(2)q(z) =0 and b(zx,y) = b(z,zy) =0so ZM C Z, and similarly MZ C Z. The
last statement follows from Cor. 1.7.

4.5. Formulas in symmetric compositions. There is a number of formulas
which are known for non-degenerate symmetric compositions [boi, §34] but which
hold only modulo Ker(g) in general. Therefore, we introduce the notation

x=y <= x—y¢€ Ker(q).
First of all, linearization of ¢(zy) = q(x)q(y) ((3.5.1)) yields
b(xy, x2) = b(yz, zx) = q(z)b(y, 2), (4.5.1)
b(x1,x2)b(xs, x4) = b(z123, T224) + (X124, T2X3). (4.5.2)

Associativity of b is equivalent to the fact that b(zy, z) is invariant under cyclic
permutation of z,y,z. As before, let [x,y] := 2y — yz denote the commutator.
Then:

The trilinear form (z,y, z) — b([z,y],z) is alternating. (4.5.3)

Next, we have flexibility modulo Ker(g):
zy-x=x-yr = q(x)y, (4.5.4)
Indeed, for all v € M, b(zy - x,v) = b(zy,zv) = q(x)bly,v) = b(q(z)y, v) by
associativity and (4.5.1), and
q(zy - x —q(z)y) = q(zy - 2) — q(@)b(zy - z,y) + q(q(2)y)
= q(=)%q(y) — a(2)*b(y. y) + a(z)*a(y) = 0.

This proves xy-x = g(x)y, and the second formula follows by passing to the opposite
multiplication. An immediate consequence is

(x2?)r = (2%r)z = v(z2?) = 2(22) = q(x)2>. (4.5.5)

Since Ker(q) is a submodule, (4.5.4) can be linearized:

xy-z+zy-x=x-yz+z-yxr = bz, 2)y. (4.5.6)

Specializing z to y in (4.5.6) and also interchanging = and y yields
zy -y +yie=ay’ +y-yx = b(z,y)y, (4.5.7)
2y +yr-x =y +a-ay=blx,y)r. (4.5.8)

These imply the commutator formulas

[z.9*) =2y -y —y-ya, (4.5.9)
%yl =z -2y —yz -2, (4.5.10)
[2%,5%] = (e®y)y — y(yz®) = 2(zy?) — (v 2)a. (4.5.11)
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4.6. Lemma. Let x,y € M. We introduce the abbreviations
s:=uxy, t:=yx, a:= 17(517,3/2)17(y,:L'2)7 ¢ =byyquqy, €:=0byybs;.

Then the following identities hold:

h(z)h(y) = b(s, x*y?) + b(xy?, 22y), (4.6.1)
b(s%,t) = b(t?, s) = b(s,y*2?) = b(t, 2%y?) = a — ¢, (4.6.2)
h(s) — h(t) = h([z,y]), (4.6.3)
h(s) =a — b(sy,xs), (4.6.4)

h(t) = a = b(tz,yt), (4.6.5)
blzs,yt) = e —c, (4.6.6)
b(x,y)® = b(zy®,ya®) +c+e (4.6.7)

Proof. Formula (4.6.1) follows by applying (4.5.2) to h(z)h(y) = b(z, 22)b(y, y?).
For (4.6.2), we use again (4.5.2), applied to x1 = x, 1o = 32, 23 = y, 4 = 22, and
then (4.5.5) and the definition of ¢:

a =b(z,y*)b(y, 2*) = b(zy, y*=*) + b(zz®,y*y) = b(zy, y*z*) + c.

Since a — ¢ is symmetric in x and y, we also have b(yxz, 2%y?) = a — c¢. Next, by
associativity of b and again (4.5.2), as well as (4.5.4) and (4.5.1),

a = b(zy,y)b(yz,x) = b(xy - yz,yz) + bxy - 2,y - y=)

b
b(st,t) + q(x)b(y,y - yx) = b(s,t*) + q(x)b(yy, yz) = b(s,t*) +c.

Interchanging x and y switches s and ¢ and leaves a — ¢ fixed. Hence this proves
(4.6.2). Now expand and use (4.4.1) and (4.6.2) to obtain (4.6.3):

W[z, y]) = h(s —t) = h(s) — ha1(s,t) + ho1(t, s) — h(t)
= hs — 3b(s%,t) + 3b(t?,5) — hy = hs — hy.

Next, we rewrite a in a third form, using associativity of b and again the linearized
composition formula (4.5.2):

a = b(zy, x)b(xy,y) = b(s,x)b(s,y) = b(sQ, zy) + b(sy, xzs) = h(s) + b(sy, xs).

This is (4.6.4), and (4.6.5) follows by interchanging = and y.
By (4.5.4), at = q(x)y and ys = q(y)x. Hence, again by (4.5.2),

e =b(x,y)b(s,t) = b(xs, yt) + b(at,ys) = b(xs, yt) + ¢,
which proves (4.6.6).

For (4.6.7), observe first that b2 , = b(x?,y?) + by follows from (4.5.2). Now
multiply this by b, , and obtain

b3, = bayb(@®,y°) + e = b(xx®, yy?) + b(ay®,yz®) + e (by (4.5.2))
= b(xy®, y2?) +c+e (by (4.5.4)).

This completes the proof.
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4.7. Lemma. We use the abbreviations introduced in Lemma 4.6. Then for all
z,yE€E M,

b(s, [z,y]) = qu bt (4.7.1)
b(sy, [z y) = — b(sy, 1), (4.7.2)
(sy, t) = ( ) ( Y%) = dohy, (4.7.3)
b(xs,[2,y°]) = a+c—e—hy, (4.7.4)
hzhy =05, +3(a—e) —hy— Iy (4.7.5)

Proof. Formula (4.7.1) is easy: b(s7 [z, y]) = b(ay, zy) — b(zy, yz) = 292Gy — bs
by (4.5.1). Similarly, (4.7.2) follows from b(sy7 [:U,y]) = b(sy,zy) — b(sy,yx) =
qyb(s, ) — b(sy,t). Next, associativity of b and (4.5.2) as well as (4.5.4) imply

b(x, y)b(x,y*) = b(w,y)b(t, y) = b(xt, y?) + b(zy, yt)
= b(z - yz,y*) + b(s, yt) = q(x)b(y, y*) + b(sy, )

which is (4.7.3).
To prove (4.7.4), we have a — hs = b(xs, sy) by (4.6.4) and e — ¢ = —b(xs, yt)
by (4.6.6). Adding these two formulas yields

a—c+e—hs=b(xs,sy — yt) = b(xs, [z,3?]),

because of (4.5.9).
For (4.7.5), we begin by rewriting the right hand side, substituting from (4.6.7),
(4.6.4) and (4.6.5):

rhs = {b(zy”, y2®) + c+ e} +3(a —e€) + {b(sy,xs) —a} + {b(tz, yt) — a}
= b(xy?, yz?) + (a — ¢) — 2(e — ¢) + b(sy, xs) + b(tz, yt).

Replace here a — ¢ by b(s, y*x?) (using (4.6.2)) and e — ¢ by b(xs, yt) (using (4.6.6)).
Then

rhs = b(xy?, y2?) + b(xy, y?2?) — 2b(xs, yt) + b(sy, xs) + b(tx, yt)
= b(zy?, y2®) + b(zy, y*2%) + bws, sy — yt) + b(yt, tx — xs).

Now use (4.6.1) to expand the left hand side of (4.7.5) and form the difference § of
the left and right hand side:

0= b(s, [z, yQ]) + b(gcyQ7 [z, y]) + b(xs, yt — sy) + b(yt, xs — tx).

By (4.5.10), s — tx = [22,y] so

0= b(s7 [mQ,yQD + b(a:y2 + yt, [xQ,y]) + b(xs, yt — sy).
Furthermore, by (4.5.7), zy? + yt = b(x,y)y, and therefore the middle term is

b(ay® +yt, [z, y]) = bla, y)b(y, [+, y]) = 0,
because of (4.5.3). It follows from (4.5.11) and (4.5.9) and associativity of b that
§ = b(s, [2%,y°]) + blzs, yt — sy) = b(s, z(zy”) — (y*x)z) + b(zs,y’x — xy®)
= b(sz, vy?) — b(ws, y*x) + b(xs, y*x — vy?) = b(sx — x5, 1Y?).

Here sz = (vy)x = q,y by (4.5.4), and b(zs, 2y?) = ¢.b(s,y?) by (4.5.1). Thus

0 = qu{bly, 2y*) — (s,9*) } = au{blyz,y?) — blay,y*)}

= —@b([2,y],y*) = a:b([y*, 4, 2) = 0,

by (4.5.3) and (4.5.4). This completes the proof.
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4.8. Lemma. With the notations of Theorem 4.1, the formula

N(v) N(w) = N(vew) = (1 —af){3b(z-zy, [z,4°]) + (1 + H)h(z,y])}
+3(1 = aB)b([z,y], —Azy -y + pyz - © + Auxy) (4.8.1)

holds for allv =X ® x, w = pu®y in all base extensions of k ® M.

Proof. Since all constructions are compatible with base change, it suffices to
prove (4.8.1) for A\, u € k and x,y € M. We use the abbreviations introduced in
Lemma 4.6, put

L:=NA@z)Npey), R=N((Aoz)e(uay),

and expand L and R as polynomials in A, u:
L=>) LNy, R=Y R\
i,j ,J

Then (4.8.1) will be a consequence of the following relations:

Loo — Roo = (1 — aB){ (1 + B)h([z,y]) + 3b(zs, [z,y*]) }, ( )
Lo — Rio = =3(1 — af)b(sy, [z,9]), ( )
Lo1 — Rop = —3(1 — aB)b(tz, [y, z]), (4.8.4)
Liy — Ri1 = 3(1 — ap)b(s, [z,9)), ( )
Li; — R;; =0 otherwise. ( )

Let us prove (4.8.2). Clearly, Loo = N(0 ® )N (0 & y) = hyhy. The expansion of
Roo = N (ba,y & (as + (t)) yields

Roo = bi,y — 3by yq(as + Bt) + h(as + 5t)
= bg,y - 3bz,y{(a2 + 62)QIQy + aﬁbs,t}
+ Oé?’hs + Ol2ﬂh21(87 t) + Olﬂ2h21(t, S) + ﬁ3ht.

By (4.4.1) and (4.6.2), ha1(s,t) = 3b(s%,t) = 3b(t?,s) = ha1(t,s) = 3(a — ¢), and
a?B+ ap? = af(a+ B) = af as well as o? + 32 = (a+ 8)? — 2af = 1 — 2ap.
Hence,

Roo = b?c,y —3(1 — 2af8)c — 3afBe + a®hy + 3af(a — c) + 3y
=03, —3c+3aB(atc—e)+a’hs + Phy. (4.8.7)
Observe that 1 +a® = (1+a)(1—a+a?)and 1 —a+a?=1-a(l—a) =1-af.
Hence 1+ a® = (1 — af)(1 + «) and by symmetry, 1+ 33 = (1 —af)(1 + 3). Now
(4.8.7) and (4.7.5) imply

Loo — Roo = 3(1 —aB)(a+c—e) — (14 a®)hy — (1 + 52y
=(1-af){3(a+c—e)—(1+a)h, — (1+B)h}.  (4.8.8)

This formula is symmetric in («, ) and (8, y) but contains no explicit commutators.
To introduce them, we use (4.7.4) and (4.6.3):
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Loo — Roo = (1 — aB){3b(zs, [z,5°]) + (2 — a)hs — (1 + B)h¢ }
= (1 —aB){3b(xs, [£,4%]) + (1 + B)(hs — ht) }
= (1 —ap){3b(ws, [z,9%]) + (1 + B)h([z,y]) }.

This proves (4.8.2). — Next, we establish the relations involving L;o — R;o for ¢ > 0.
On the left, we have

NQA@z)N(y) = (N’ = 3Age + ha)hy,
whence
Lio = —3qzhy, Lo =0, Lgy=h,.
On the right, expansion yields
N(A@z)e(08y)) = N(byy & (as+ Bt + \y))
= Rog — 3\bgy (absy + Bbyy) — 3N°by 4y
+ Mgy (as + Bt y) + Nhot (y, as + Bt) + A2h,.  (4.8.9)
Here bs , = by, = b(z,y?) because b is associative, and, by (4.4.1),
ho1(as + (Bt y) = 3b((as + ﬂt)Q, Y)
= 3{a®b(s%,y) + B°b(t*, y) + aBb(st,y) + apb(ts,y) }.
Now b(y, s?) = b(ys, s) = qub(z,s) = qyb, > and b(t?,y) = b(t, ty) = q,b(t,z) =

q,b(y, 2?) as well as b(st,y) = b(s, ty) = q,b(s,z) = q,b(y, z?), using (4.5.4). Hence
Ry, the coefficient of A in (4.8.9), is

Ry = 3{ — by yb(2, y?) + (o 4+ 32 + aﬁ)qyb(y,xQ) + aﬁb(ts,y)}.
Furthermore, o + 32 + a8 = (a + )2 —af =1 — af, so
Rig = 3{ = byyb(z,y%) + (1 — aB)aybly, =) + apb(ts. y)}.
Hence, using (4.7.3) and (4.7.2),
Lio — Rig = 3{ — azhy + by b(x, %) — (1 — aB)q,bly, z%) — afb(sy, 1) }
=3(1 — aB){b(sy. 1) — qyb(y. %)}
= =3(1 - aB)b(sy, [z, 4]),

which proves (4.8.3). Formula (4.8.4) follows by symmetry.

Next,

Rag = —3bs yqy + 3b(y?, as + Bt) =0,

because b(y?, s) = b(y?,zy) = qybs,y = b(y?,t) by (4.5.1), and o + 8 = 1. Since
R3y = hy, we obtain Ly — Ry = 0 for 7 > 2.

Let us consider (4.8.5). Clearly, L11 = 9¢,q,. On the other hand, a straightfor-
ward expansion and (4.4.1) shows that

Rii = =3(a® + $%)quqy — 3aBbs s + ahiri(x,y,s) + Bhiti(z,y,t)

= —3(a® + $*)¢uqy — 3aBbs + 3{ab(s,s) + ab(t,s) + Bb(s,t) + Bb(t, 1)}
Now b(s, s) = b(zy, zy) = 2¢,q, as well as b(t,t) = b(yz, yx) = 2¢,q,. Hence
Ry = —3(a” + ﬂz)qqu — 3afbs, + 6(a + B)qzqy + 3bs ¢
=3{(2—a® = 3%)qzqy + (1 — af)bs}.
From a+ 3 = 1 it follows that a? + 3? = 1—2a/3, so we finally obtain, using (4.7.1),
L1 — Ry = 3{(3 —1-2a0)gsq, — (1 — aﬁ)bs,t}
=3(1 —ap) (2qqu — bs,t) =3(1- aﬁ)b(s, [a@y})

This proves (4.8.5). Finally, it is easily seen that L;; — R;; = 0 for the remaining

cases (ij) = (33),(32),(23), (31), (13),(22), (21), (12). This completes the proof of
Lemma 4.8 and also of Theorem 4.1.
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4.9. Definition. Let a € mg(k) be a primitive sixth root of unity. We define a
functor
A,: scomp;, — uccomp,

from symmetric to unital cubic compositions as follows. For a symmetric composi-
tion € = (M, q, %), let A,(€) = (kd M, N,1®0,e) be the unital cubic composition
defined in Cor. 4.3. For a morphism t: € — €’ of symmetric compositions let
A,(Y): Ay(C) — A, (€) be defined by A® x — A @ ¥(x). Then A, is compatible
with the functor A: qcform; — uccomp,, of 2.5, i.e., the diagram

Aq
scomp; ——< - uccomp;,

v |s

qcform,, — ucformy

is commutative, cf. also the diagram in 3.12.

We now extend Prop. 2.6 to the functors C, and A:

4.10. Proposition. Let o € (k) be a primitive sizth root of unity and put 8 =

a~t = 1—a. Composing the functors 2: uccomp,, — ucformy, and T': scomp,, —

qcform; with the natural transformations ¢ and 9 of 2.6 yields natural transfor-
mations
('"AgoC, — Iduccomp,, » ¥:ChoAp — Idscomp, -

If 3 € k™ then ¢’ and 9" are isomorphisms.

Proof. (a) In more detail, ¢’ is given as follows. For a unital cubic composition
A = (A,N) let 2(A) = X be the unital cubic form obtained by omitting the
multiplication, cf. 3.1. Then (j := (% is defined as in (2.6.1). Thus by Prop. 2.6(a),
it remains to show that (x is a homomorphism of algebras. Consider the product
x on A as in (3.9.1), where now # = 1 —a = a™ !, s0 a = a+ 3 = 1 and
a?+ 3 = (a+ B3)* —2a8 = —1. Then
Brxy+ayxx= {1+ a)zy+ (1+ B)yz — Ty — Tyx}
+a{(1+ a)yz + (1 + B)ay — Tyx — Toy}
=B +1+a+Day+ (B +06°+a+a’)ys - Ty - Tye
= 3oy — Ty — Tyx. (4.10.1)

Since (x preserves unit elements, we may restrict attention to elements of the form
v=0®zand w=08y of kP X, where z,y € A and & = k(z). Then

C(0dz) x(0dy) =Bz — T, - 14)By — Ty - 14), (4.10.2)
while by (4.3.1) (with « replaced by a~!) and (4.10.1),
(0@ )0 (0@§) = G (b, 9) @ (@b x g+ agx))
=(x ((QTxTy — 3B(x, y)) ®r(a ey 4+ ay * :E))

= (x ((le.Ty — 3B(x,y)) ® K(3zy — Tuy — Tyx))
= (2T,Ty — 3B(z,y) — T(3zy) + 2T, Ty) 14 + 3(3zy — Ty — Tyx).
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This agrees with (4.10.2) because 47, T, — 3B(z,y) — 3T (xy) = 41, T, — 3T, T, (by
(3.2.1)) = T, T,

(b) For a symmetric composition € = (M, q,x) let M = T(€) = (M,q,h) €
qcform,, asin (3.12.1). Then ¥} := Yoy asin (2.6.2). Since Yoy preserves quadratic
forms by 2.6(b), it remains to show that it preserves products. For v = A @ = and
w=p®yin k@ M the traces are Toy(v) = 3\ and Top(w) = 3p by (2.5.2). Now
use the definition of the x-product in (3.9.1), where the algebra product is taken in
the algebra Ag(€) with product as in (4.3.1) but with o and § interchanged. Then
a similar computation as in (4.10.1) shows

viw=(14+a)vew+ (14 L)wev—Ty(v)w— Ty(w)v
= 1+ ) {( A\ +bey) ® (Bry +ay*a + Ay + px) }
+ (14 B){(Ap+bsy) @ (By*z+ axxy + pz + Ay) } — 3dw — 3w
= {3\ +3byy) D 3(x*y+ Ay + px) } — 3 w — 3w
=3{(by,y — A) Dz xy}.

Hence the product # induced from x on (k@ M)/k-1 is, after the identification with
M, simply given by z %y = 3x xy. This shows that indeed Yon(x *y) = 3(3zxy) =
(3x) * (3y) = Van(x) x Iom (v).

Finally, it is clear from Prop. 2.6 that ¢’ and ¥’ are isomorphisms if 3 € k*.
Hence:

4.11. Corollary. If 3 € k* and if k contains a primitive sixth root of unity then
the categories uccomp, and scomp, are equivalent.

We will see in the next section that the condition on the existence of the sixth
root of unity can be omitted after replacing unital cubic compositions over k by
unital cubic compositions of the second kind over a suitable quadratic extension of
k.

5. Unital cubic compositions of the second kind

5.1. Quadratic algebras. Following [knus, III, §4], we mean by a quadratic al-
gebra an algebra K € k-alg which is finitely generated and projective of rank 2
as a k-module. Such an algebra has a canonical linear form g, the trace, and a
quadratic form ng, the norm, as well as an involution ¢ which satisfy

% — tig(z)x+nkg(z)lg =0,

x4 u(x) =tg(x)lk, z(z) =ng(x)lk,

for all x € K.

Being of rank 2, K is in particular faithful as a k-module. By [knus, I, (1.3.5)],
the map A — Alg is an isomorphism of k onto a direct summand of K. Hence
K=K /k - 1 is finitely generated and projective of rank 1 over k.

5.2. Conjugations. Let K be a quadratic algebra and let Y be a K-module. A
conjugation on'Y is a k-linear map j from Y to itself which satisfies j(j(y)) = y and
Jlyp) = jly)e(p), for all y € Y and p € K. Note that this definition generalizes the
definition of a Galois descent datum [knus, III, p. 115] insofar as K is not assumed
to be étale over k.

Let mody, be the category of k-modules and let mod ;. be the category whose
objects are pairs (Y,j) consisting of a K-module Y and a conjugation j, with
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morphisms K-linear maps commuting with the conjugations. By abuse of notation,
the explicit reference to j will often be suppressed. For X € mody let

E(X)=(X & K, Idy ® 1),

be the base extension from k to K (with conjugation Idx ® ¢ induced from ¢), and
for (Y, j) € modg y, let

D(Y,j) =Ker(Idy —j) ={zx €Y : j(z) = =},
the fixed point set of j. Then it is easy to see that we have functors
E : mod; — modg/;, (“extension”), D : modg/;, — mody (“descent”),
and that D is right adjoint to E, i.e., that there are natural bijections
mod,; (E(X),Y) = mod, (X,D(Y)).

By general facts from category theory [maclane], there are natural transformations

7 : ldmoda, — Do E, e:EoD — Idmody (5.2.1)
which in the present situation are given as follows:

nx(z) =2z ® 1x € D(E(X)) (zr € X € mody),
ey(y@p) =yp ey (y=3(y) €Y € modgyy).

Standard results on Galois descent [knus, Chapter III] say that if K is étale, then n
and € are isomorphisms, and D and E are quasi-inverse equivalences of categories.
More generally, there is still the following result.

5.3. Lemma. Let K be a quadratic algebra and put K° := Ker(tx) and K :=
K/k-1k. Then the following conditions are equivalent:

(i) K has surjective trace,
(i) Id — ¢ induces an isomorphism K — K9,
(iii) for all X € mody, the map x — x ® 1 is an isomorphism of X onto the
fized point set of j:=Idx ® ¢ in X @ K = E(X),
(iv) 7:Idmod, — D o E is an isomorphism.

Proof. (i) = (ii): Clearly ¢ :=1Id — ¢ = 2Id — 1x ® tx vanishes on k- 1x and
takes values in K°, thus inducing a homomorphism K — K°. Since tx is surjective
the sequence 0 — K% — K LKk — 0 s exact, so K° is finitely generated
and projective of rank 1. Therefore, it suffices to show that ¢ ® k(p) # 0 for all
prime ideals p of k, where k(p) denotes the quotient field of k/p. After changing
base from k to k(p), we may assume k is a field and then have to show that ¢ # 0.
If char(k) = 2, ¢ = 1x @ tx # 0 is clear. If char(k) # 2, K = k- 1x ® K, and
o|K° = 21d # 0.

(ii) = (iii): By (ii), we have an exact sequence

0 k—> K~ KO 0 (5.3.1)

where i(\) = A+ 1k, and it splits because K is projective. Hence tensoring (5.3.1)

with X yields the exact sequence 0 — X — X @ K “Y X @ K9 — 0. This
shows that the fixed point set of j in X @ K is X ® 1 =2 X.
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(iii) <= (iv): Evident.

(ili) = (i): Let I C k be the image of tx and put X = k/I. Then IX =0 and
—xz =z for all x € X because 2 =tx(1x) € I. Hence for all x € X and p € K,

(ldx ® ) (@ @) = 2@ (tx (1) - 1k —p) = te(We ® lx —z@p =2 Db

This shows Idx ® ¢ is the identity on X ® K, so by (iii), the map  — 2z ® 1k
is an isomorphism X = X ® K of k-modules. On the other hand, the sequence
can

0 — k — K &5 K — 0 is split-exact. Tensoring with X yields the (split-)exact

sequence 0 — X =, X® K — X ® K — 0 which implies X ® K = 0. Since
K is faithfully flat, it follows that X = 0.

5.4. Modules with additional structure. The foregoing considerations extend
in a straightforward manner to the situation where mod; is replaced by a cat-
egory of modules with some additional algebraic structure, for example, a (not
necessarily associative) multiplication. Then a conjugation is required to preserve
the additional structure, and the analogously defined functors D and E have the
same properties as above. We will need in particular the case of modules equipped
with polynomial laws which is more involved. Let pol, be the category whose
objects are triples (X, V] f) consisting of k-modules X and V and a polynomial
law f on X with values in V. A morphism from (X,V, f) to (X', V', f') is a pair
of k-linear maps ¢: X — X’ and ¢ V' — V' such that ¢g o fr = ff o pr for all
R € k-alg. Similarly, define poly ;, to be the category whose objects are quintuples
(Y, iy, W, jw,g), where (Y,jy) and (W, jw) are in modg/, and g € P(Y,W) is a
polynomial law, compatible with the conjugations in the sense that the diagram

(kY )a — (kW )a

mi J/kjw (5.4.1)

(kY )a g (kW )a

is commutative. Here () is restriction of scalars to k, cf. (1.2.2). Morphisms in
poly , are defined similarly as in pol,. Then there is a base extension functor
E : pol;, — polg;, given by

E(X,V,f) = (E(X),E(V),E(f) = f® K).

There is also a descent functor which requires more care:

5.5. Proposition. Given (Y, jy, W, jw,g) € poly ., there is a “descended” poly-

nomial law f = D(g) € P(D(Y),D(W)), uniquely determined by the condition
that, for all R € k-alg, and putting X = D(Y) and V := D(W) for short, the
following diagram is commutative:

XoR—" ~vVeR

iX®IdR\L li\/@IdR (5.5.1)
(xY) ®R44>) W)®R

(x9)r

Here ix: X — Y and iy: V. — W denote the inclusion maps. This defines a
functor D : poly . — pol,, compatible with taking homogeneous components and
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right adjoint to E : pol, — poly ., so there are natural transformations n and e
as in (5.2.1).

Proof. Let koo = k[t1,t2,...] be the polynomial ring in countably many inde-
terminates, and let k-alg’ be the full subcategory of k-alg having the single object
koo. For a k-module M, let M, be the restriction of the functor M, to k-alg’. By
[roby, Prop. IV.4], a polynomial law f € P(X,V) is the same as a natural trans-
formation f’: Xa» — Va. More precisely, any f € P(X,V) induces by restriction
a natural transformation f’: X, — Vj/, and this establishes a bijection between
P(X,V) and the set of natural transformations from X, to Var. Since koo is free
as a k-module, the exact sequence

Id—jy

0 XXy LY

remains exact upon tensoring with k... Hence ix ® Id;_ maps X ® ko iso-
morphically onto the fixed point set of jy ® Idx_, and the same is true for iy.
Since (xg)k.. commutes with the conjugations by (5.4.1), it induces a unique map
fho: X ® koo = V ® koo. It remains to show that this defines a natural transfor-
mation X, — Vy; i.e., that for every k-algebra homomorphism ¢: koo — koo, the
diagram

foo

oo o0

1d®¢l lld@«: (5.5.2)

is commutative, where we have abbreviated fo = fi. and X = X ® ko and
similarly for V.. This follows by chasing the diagram below whose sides and bottom
are commutative and where the vertical arrows are injective, being induced from
ix and iy:

Xoo — Vo

A

7 A

Yoo — Wy
The proof of the remaining statements is left to the reader.

5.6. Corollary. Let K be a quadratic algebra with surjective trace. Let V € mody
and (Y,j) € modg , and let g € ‘P(Y, E(V)) be a polynomial law compatible with
the conjugations j on'Y andId®t on E(V) = VK. Then the descended polynomial
law f = D(g) takes values in V. In particular, if V =k and g is a form of degree
d then D(g) is a form of degree d on X = D(Y).

Proof. By Prop. 5.5, D(g) takes values in D(E(V)) which is canonically iso-
morphic to V by Lemma 5.3.

5.7. Definition. Let K be a quadratic k-algebra with surjective trace. An involu-
tion of the second kind on a K-algebra A (not necessarily associative or unital) is a
conjugation J as in 5.2 which is, in addition, an anti-automorphism of the k-algebra

wA. The category uccompg}k of unital cubic compositions of the second kind is

defined as follows. Its objects are triples (A, N, .J) where (4, N) € uccompy is a
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unital cubic composition over K and J is an involution of the second kind of A which
is compatible with N in the sense of 5.4; i.e., such that (A,J,K,i, N) € poly /i
Morphisms are defined as expected. Here, the descended k-module H := {z € A:
J(z) = x} is the set of hermitian elements of A. In general, it does not inherit
an algebra structure from A because J is not an automorphism of A but if A is

associative or alternative, it will be a Jordan algebra over k. Since K has surjective
trace, N induces by Cor. 5.6 a k-valued cubic form N = D(N) on K.

We also introduce the following category scomp g /- 1ts objects are pairs (é, 7)
where € = (M,g, %) € scompy is a symmetric composition over K and j is a
conjugation on M compatible with ¢ and * as explained in 5.4. In particular,

Jlexy) =j(x)*j(y) (5.7.1)

(no reversal of factors). By Cor. 5.6, ¢ induces a quadratic form ¢ = D(§) with
values in k on M = D(M). Because of (5.7.1), % induces a multiplication « = D(%)
on M, making D(é,j) := (M, q,*) a symmetric composition over k. We thus have
a descent functor

D : scompy/, — scomp,, , (5.7.2)

which is, as in 5.2, right adjoint to the base extension functor
E : scomp; — scompy . .

Since K has surjective trace, the unit 7 of this adjunction is, by Lemma 5.3, an
isomorphism
7 : Idscomp, — Do E. (5.7.3)

We now specialize the quadratic algebra K to
K = k[t]/(t* =t +1). (5.7.4)

Thus K is a free quadratic algebra with basis 1 and p := can(t) and the relation
p> — p+1=0, and the functor g of 3.7(c) is (represented by) the affine scheme
defined by K; i.e., wg(R) is in natural bijection with Homy._a1g (K, R), by associating
with 7 € g(R) the homomorphism K — R sending p — r. In particular, tx(p) =
nk(p) =1 and p € we(K). The involution ¢ of K is given on p by

p)=1—p=pt (5.7.5)
The discriminant of t? —t + 1 is —3, so K is étale if and only if 3 € k.

5.8. The functor C. Let (fl, ]\7, J) be a unital cubic composition of the second
kind over K /k, with K as in (5.7.4). Then (A, N) is a unital cubic composition over
K and p € 7g(K), so we may apply the functor C, of 3.12 and obtain a symmetric
composition C,(A, N) = (A/K - 1,§,%) over K. Moreover, J leaves K - 1 stable
and hence induces a conjugation j on the K-module fl/K - 1. We claim that j is
compatible with ¢ and *, so that

C,(A,N,J):= (C,(A,N),j) € scomp /. (5.8.1)

Indeed, let T and Q be the linear and quadratic trace forms of N, cf. 2.2. From
compatibility of N and J and since J fixes the unit element of A, it follows that
T and Q are compatible with J as well. Hence, the same is true of the quadratic
form H, = T? — 3Q, which implies that the quadratic form § induced by H, on
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M = ;1/ K -1 is compatible with j. The multiplication % on M is induced from the
multiplication

z¥y=1+pzy+ 1 +p Hyz —T(x)y — T(y)zx (5.8.2)

on A, cf. (3.8.1). By applying J to this equation and using (5.7.5) as well as
T(J(a:)) = (T (x)), one sees that J(z %y) = J(z) * J(y). Hence the multiplication
% on M is compatible with the conjugation j. This proves (5.8.1), and it is easily
checked that we have in fact a functor C ot uccompg{} r — scompy .. Combining
this with the descent functor (5.7.2), we obtain a functor

C:=Do Cp : uccomp(l?/k — scompy,. (5.8.3)

Remark. The symmetric composition (M, q,*) = C(fl, N, J) can also be obtained
as follows. Instead of first forming the quotient 121/ K -1 and then taking the fixed
point set of j, one can take first the fixed point set H = D(A J), which is a k-
submodule of A containing k-1, and then pass to the quotient H = H/k-1. Indeed,
since (by definition) the unit element of A is a unimodular vector, we have the split-
exact sequence 0 — K — A — M — 0 of K-modules. Applying the functor D
yields the split-exact sequence 0 — k — H — M — 0 (where M := D(M)) of
k-modules, so M = K. Moreover, it is easily seen that H is closed under the
multiplication (5.8.2). Since the quadratic form Hy restricted to H takes values in
k, it follows that g and * on M are also induced from the corresponding structures
on H.

5.9. The functor A. There is a functor A in the opposite direction as follows.
Let (€, j) € scompyy, cf. 5.7. We apply the functor A -1 of 4.9 to € and obtain a
unital cubic composition A, (&) = (K®M,N ) € uccompy over K. Now extend
the conjugation j on M to a conjugation J on A=KoM by

J(p @) = 1(p) ®jx) (ne K, ze M).

Then J is an involution of the second kind of A. Indeed, it is clear that .J fixes
the unit element 15 @ 0, so it suffices to prove the antiautomorphism property for
elements of the form 0 @ z. Since the action of j on M is compatible with % and g,
we have j(z *y) = j(x) % j(y) and ¢(b(z,y)) = b(j(x),(y)). Hence it follows from
(5.7.5) that

The cubic form N of A is given by N(u®z) = p® —3ug(z )er(x x*x). This readily
nnphes that N is compatible with the ConJugatlon J on A. Altogether, we see that

_1(¢ j) = (Ap_l(Q), J) is a unital cubic composition of the second kind and
one checks easily that this defines a functor Ap—l : scompy , — uccompg)/k.
Now combine this with the extension functor E to obtain a functor

A= Ap—l oE :scomp, — uccompg}k. (5.9.1)
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5.10. Proposition. With K, A and C as above, there are natural transformations

cAoC—1d @ (5.10.1)

uccomp .,

9 :CoA — Idscomp, - (5.10.2)

™

If 3 € k* then E and 9 are isomorphisms, and hence the category of symmetric
compositions over k is equivalent to the category of unital cubic compositions of the
second kind.

Proof. By Prop. 2.6(a) and Prop. 4.10(a), there is a natural transformation
('t A,-10C, — Iduccomp, » given as follows: If A = (A, N) € uccompy then

Cuoi)=(u—T(z)) 1+ 3z, (5.10.3)

for all z € A, u € K. Here T denotes the linear trace form of the cubic form N.
Now suppose that (2,.J) = (A, N,.J) is a unital cubic composition of the second
kind. Since the conjugation J is compatible with T, and since the conjugation on
C p(ﬁl, J) is induced from J by passing to the quotient modulo K -1, it is clear from
(5.10.3) that ¢} commutes with the respective conjugations. Hence we obtain a
natural transformation

¢ Ap—l o Cp — Id (2)

uccompk/k

by defining CE’Q-[ S
tained by combining ¢ with the natural transformation e : EoD — Id, cf. (5.2.1):

) = (5 The desired natural transformation (5.10.1) is then ob-

C:AOC:Ap—lOEODOCPLAP—IOCPC—”>Id (2)

uccomp ., .

Similarly, by Prop. 2.6(c) and Prop. 4.10(b), there is a natural transformation 9’ :
C,0A, -1 — Idscomp, Which is simply multiplication by 3. If (€,75) € scompy
then this map obviously commutes with the conjugations. Hence we obtain a
natural transformation

9" :C,o0A, 1 —1d

scompy

by defining 1‘}2’é H= 19%. The asserted natural transformation 9 is then obtained by
combining ¢ with the inverse of n of (5.7.3):

~ ~ ~ ~ " -1
§:CoA=DoC,oA, 1 0E > DoE = ldecomp, -
The last statement is clear from the corresponding statement in Prop. 4.10.

6. Transfer of regularity conditions

6.1. Separable polynomial laws. While non-degeneracy of a polynomial law
descends from faithfully flat base extensions by Lemma 1.5(d), this property is not
preserved under base extension even in the case of fields:
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Example. Let k& be an imperfect field of characteristic p, suppose a € k is not
a p-th power, and consider the polynomial law f of degree p on X = k x k with
values in k given by

f(z) = 2] — ax}

for all x = (x1,29) € Xp = R X R, R € k-alg. Then f is anisotropic (f(z) # 0
for all 0 # x € X), in particular, Ker(f) = 0. Now put R = k[t]/(t” — a) and let
7 = can(t), so that 77 = a. Then z = (7,1) € Ker(f ® R) since f is additive.

Therefore, we introduce the following notion: A polynomial law f € P(X,V)
is said to be separable if X and V are finitely generated and projective k-modules
and f® F is non-degenerate, for all fields F' € k-alg. This generalizes the separable
quadratic forms of [uqf, §3]. It can be shown that a linear map f: X — V between
finitely generated and projective modules, considered as a polynomial law of degree
1, is separable if and only if it is an isomorphism of X onto a direct summand of

V.

By Lemma 6.2 below, separability behaves well under base change. Note, how-
ever, that separability does not imply non-degeneracy: Let p € Z be a prime. The
form f of degree p on Z given by f(z) = zP (for all z € R, R a Z-algebra, i.e.,
an arbitrary commutative ring) is clearly separable, because f ® F' is anisotropic
for any field F. But let for example R = Z/p?Z. Then z = plg € R is not zero,
satisfies 22 = pz = 0, and hence for all S € R-alg and all z € S, we have

f(zs +x) = (pls + x)P = a”,
because pP = p?pP~2 =0 and (f) =0 (modp) for 0 < i < p. Hence z € Ker(f ® R).

6.2. Lemma. Let f € P(X,V).
(a) If f is separable then so is f ® R, for all R € k-alg.

(b) Conversely, let R € k-alg be faithfully flat and f ® R separable. Then f is
separable.

Proof. (a) Tt is well known that finitely generated and projective modules re-
main so under base extension. Any field F' € R-alg can be considered, by restriction
of scalars, as a field in k-alg. With the usual identifications, (f®xR)QrF = fQ F
whence Ker ((f @ R) @g F) = 0.

(b) If Xg and Vg are finitely generated and projective over R then so are X and
V over k by [bac, I, §3.6, Prop. 12]. Let F' € k-alg be a field. After replacing k by
F and correspondingly R by R® F' (which is still faithfully flat over F, i.e., # {0}),
we may assume that k£ is a field, and then must show that f is non-degenerate.
Let m C R be a maximal ideal and L = R/m. Then L is an extension field of k
via k — R — L. Since f ® R is separable, (f ®; R) ®g L is non-degenerate. But
(fRrR)®rL = f® L, and L is obviously faithfully flat over k (being an extension
field). Hence f ®j L non-degenerate implies f non-degenerate by Lemma 1.5(d).

6.3. Definition. A unital d-form X = (X, N, 1) is called separable if N is separable
in the sense of 6.1. Similarly, a quadratic-cubic form 9 = (M, f2, f3) € qcform,,
as in 2.5 is called separable if f = fo + f3 is separable. We show next how the
functors C and A of 2.5 interact with non-degeneracy and separability.

6.4. Proposition. Let X = (X, N, 1) € ucform;, and M = C(X) = (X,q,h) €
qcform,, as in 2.5. The canonical map X — X = X/k -1 is denoted by k.

(a) Then n(Ker(N)) C Ker(q + h), and equality holds if 3 € k*.
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(b) If C(X) is separable then so is X, and the converse holds if 3 € k*.

Proof. (a) By Lemma 2.4(a), ¢+ h = k.(Hz+ Hs). Hence Prop. 1.6 shows that
z € Ker(qg+h) if and only if z € Ker(Hz+ H3). By (1.4.3), we have Ker(Hs + H3) =
Ker(Hs) N Ker(Hs). One sees by a straightforward computation, using (2.4.1) —
(2.4.4) as well as the description of the kernel of a quadratic and a cubic form in
(1.4.4) and (1.4.5), that z € Ker(Hz) N Ker(Hs) if and only if

T(2)? = 3Q(2), (6.4.1)
2T (2)T(xz) = 3B(z,z) forallz e X, (6.4.2)
3T(2)Q(z) = 2TN (), (6.4.3)
9T (x)Q(z) = 27Nay(z,2) for all z € X, (6.4.4)
9T (2)Q(z) = 27Nay(z,2) for all z € X. (6.4.5)
We also have
z€Ker(N) = zeKer(T)NKer(Q). (6.4.6)

Indeed, z € Ker(N) implies Naj(z,2) = Nai(z,2) = 0 for all 2 € X. Putting
x =1 yields T(z) = Na1(1,2) = 0 and Q(z) = Na1(2,1) = 0. Moreover, B(z,z) =
&(x,z,1) = 0 follows by linearizing the condition Noj(z,2z) = 0 with respect to x
in direction z.

Now (6.4.1) — (6.4.6) show that Ker(N') C Ker(Hj+ H3), and hence x( Ker(N))
C r(Ker(Hy + Hs)) = Ker(q + h), by (1.6.2).

Suppose 3 € k. Then X = k- 1@ X° where X° = Ker(T), so s: X° — X is
an isomorphism of k-modules. For an element w € Ker(q + h) let z9 € X be its
inverse image. Then zy € Ker(Hz) N Ker(H3) by (1.6.1), so (6.4.1) and (6.4.3) —
(6.4.5) show that zy € Ker(NV), and therefore w = £(z) € x( Ker(NN)), as desired.

(b) As lx is a unimodular vector, X =~ k @ X as a k-module. Hence X is
finitely generated and projective if and only if X is so. Now let C(X) be separable
and let F' € k-alg be a field. After extending the base from k to F', we may assume
that k itself is a field. Then r(Ker(N)) C Ker(q+h) = {0} implies Ker(N) C k- 1.
But if -1 € Ker(N) then 0 = N(XA-1) = A% implies A = 0, because k is a field.
Hence Ker(N) = {0}.

Now assume 3 € k* and C(X) separable. As before, we may assume k to be a
field. Then Ker(q + h) = s(Ker(N)) = s({0}) = {0}.

6.5. Proposition. Let MM = (M, fo, f3) € acform,, and let Noy be the cubic form
of A(PN) as in (2.5.1).

(a) Then v ® z € Ker(Non) if and only if

z € Ker(3f2), (6.5.1)
3v=1%+ f3(2) =0, (6.5.2)
fo1(x,2) = fo1(z,2) =0 for allx € M. (6.5.3)

In particular, 0 ® Ker(fz + f3) C Ker(Non). If k has no 3-torsion, then

KeI‘(Ng;n) = 0 D Ker(f2 —+ fg) (654)

(b) If A(MN) € ucformy is separable then so is M, and the converse holds
provided 3 € k*.
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Proof. (a) Put N = Noy for short. From (2.5.1) it follows easily that

Not(A® @, p®y) =3\ — 3pfo(z) — 3Afr1(z,y) + for(z,y).

Here f11 and f2; denote the polarizations of fs and f3. By (1.4.5), v®z € Ker(N) if
and only if N(v®z) = Noy(v® 2, \Px) = Noy(ABz,vdz) =0 for all \Gz € ko M.
It is straightforward to show that these conditions are equivalent to (6.5.1) — (6.5.3),
and are implied by v = 0 and z € Ker(N). If k£ has no 3-torsion then (6.5.1) —
(6.5.3) are equivalent to v = 0 and z € Ker(f2) N Ker(f3).

(b) This follows by observing that M is finitely generated and projective if and
only if k@ M is so, and by applying (a) to M @ F where F € k-alg a field.

6.6. Definition. Recall (3.1) the functor {2 from unital compositions to unital

forms which omits the multiplication. For a unital degree d composition 2 =
(X,-) = (A, N), we define separability by

2 is separable <= 2(2) = X is separable, (6.6.1)
<= N is separable.

Thus separability of 2l is not defined in terms of the algebra A (this would be rather
awkward, since we don’t even know whether A is alternative), but solely in terms
of the form N.

A symmetric composition € = (M, q,*) is called separable if the quadratic
form ¢ is separable. Recall from (3.12.1) the functor 7: scomp — qcform,, € —
(M,q,h). Since T is compatible with base change, and Ker(¢ @ F + h ® K) =
Ker(¢®@ F)NKer(h® F) (by (1.4.3)) =Ker(¢® F) (by (4.4.2)), we see that

¢ is separable <=  T(C€) = (M,q, h) is separable. (6.6.2)

Note that the underlying module of a separable unital or symmetric composition
is, by definition, finitely generated and projective.

Now combine Prop. 6.4(b) and 6.5(b) with (6.6.1) and (6.6.2) and the compat-
ibility of the functors {2 and T with C, and C as well as A,-: and A. Then
Prop. 4.10 implies:

6.7. Corollary. Let 3 € k* and o € wg(k) a primitive sizth root of unity. Then
C. and A, -1 induce quasi-inverse equivalences between the categories of separable
unital cubic compositions and separable symmetric compositions.

It is possible to formulate a twisted version of this result, using the functors C
and A of §5. The details are omitted.

6.8. Strictness. We call a symmetric composition € = (M, g, *) strict if the con-
gruences (4.5.4) are equalities, i.e., if

(xxy)*xx=x*(y*xz)=q(x)y, (6.8.1)
for all x,y € M. From 4.5 it is clear that
q non-degenerate — € strict,
and it can be shown that separable symmetric compositions are strict as well.
In a similar vein, let us call a unital cubic composition 20 = (A4, N) strict if A is

an alternative algebra and satisfies the characteristic polynomial y of 2.3, i.e.,
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x(z;z) = 2° — T(x)z? + Q(x)z — N(2)1 =0

for all z € A® R, R € k-alg. — Here the relation between non-degeneracy and
strictness is less clear than in case of symmetric compositions. It is claimed in [bb,
Satz 3] that N non-degenerate implies A alternative. Similarly, it is claimed in
[berg, p. 142, Satz 4] and [bb, Satz 4] that non-degeneracy of N implies that A
satisfies x. I have not been able to verify the arguments given by Baumgartner
and Bergmann. On the other hand, Schafer [schafer:n, Theorem 2, Theorem 3]
proved that this is true if k is a field of characteristic different from 2 or 3.

The following result is the analogue, in our setting, of [elmy, Prop. 4.1, Prop. 4.2] ]
We leave it to the reader to formulate and prove a twisted version like [elmy,
Prop. 5.1, Prop. 5.2].

6.9. Proposition. The functors C, and A, preserve strictness.

Proof. Let 2 = (A, N) € uccomp, be strict. We compute the product (z*y)=z,
defined as in (3.9.1), where now 3 = a~! =1 — a. A straightforward computation
shows that

(zxy)xx = 3(m2y—|—xyx—|—ym2)—STI(my—i—ym)—STyx2+3(T$Ty—Tmy)x+Tfy. (6.9.1)
On the other hand, « 4 y satisfies the polynomial x(t;x + y), whence
(x+9)° = Topy(r +y)? = Nz +y) - 1= Qz +y)(z +y).
By expanding and comparing the terms quadratic in  and linear in y, we obtain
22y + zyx + yr? — Tp(vy + yx) — Tyx? = Noy (2, y)1 — Quy — B(z,y)z. (6.9.2)
Combining (6.9.1) and (6.9.2) and using (3.2.1) yields
(zxy)*x = (T2 - 3Q.)y + 3Nay (x,y) - 1. (6.9.3)

Now pass to the quotient A = A/k-1 and recall that the quadratic form g on C, ()
is induced from Hy(x) = T2 — 3Q,. Then (6.9.3) implies (i % §) x & = ¢(&)y, and
the second equation of (6.8.1) is proved similarly.

Let € = (M, q,*) be strict and A,(€) =2A = (A, N), thus A =k & M with the
multiplication e of (4.3.1) and the cubic form N of (4.1.1). We first show that A is
alternative. It suffices to prove the alternative law for elements of the form u = 0®x
and v = 0 ® y. Then the assertion follows by a straightforward computation,
using (6.8.1) and the identities (4.5.7) and (4.5.8) which follow from (6.8.1) by
linearization and are now equalities (instead of congruences modulo Ker(q)).

The fact that A satisfies the characteristic polynomial is likewise a straightfor-
ward computation, using the formulas (2.5.2) and (2.5.3) for the trace and quadratic
trace of N.
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