THE COMPOSITION STRUCTURE OF ALTERNATIVE
AND MALCEV ALGEBRAS.

SERGEI R. SVERCHKOV

ABSTRACT. We have constructed the element of degree 5 from the associative kernel of the free alternative algebra.
We show that this element has a minimal degree. Using this element we obtain decomposition of the varieties of
alternative and Malcev algebras.

1. INTRODUCTION

All algebras in this work are considered over a field F of characteristic 0. We use standard
definitions and notation from [1].

We will denote by Alt, Mal the variety of the alternative and Malcev algebras
respectively. Let Ass[x], Alt[X], Mal[ X] be a free associative, a free alternative, a free Malcev
algebras with set of generators X ={X,...,X ,..... The subalgebra SMal[X]of Alt[X]"
generated by the set X is called free special Malcev algebra. The elements of SMal[ X Jare called
Malcev polynomials. Let 7 denote the canonical homomorphism 7z : Mal[ X ]— SMal[X].

We will denote by « the multiplication in the algebra Mal[ X ], by [a,b] the multiplication
in the algebra SMal[ X ], where [a,b]=ab—ba is the commutator of a,b e Alt[X].

We will use right-handed bracketing in nonassociative words. For example,
M= X (X *X,)*(X;*X,)eX,  means M= ((X(X*X,))*(X*X,))X. We will denote by
T(a), ae Alt[X] the T -ideal in Alt[ X ] generated by a.

Definition. The nucleus (the associative center) of the algebra Alt[ X ] is the set
N(AIt[X])={ae Alt[X]| (a, AIt[X], Alt[X]) =0},

where (a,b,c)=(ab)c—a(bc) is the associator of a,b,c e Alt[X].

An ideal | < Alt[X] is called a nuclear ideal if 1 < N(AIt[X]), the maximal nuclear ideal
is called the associative kernel and is denoted by U (Alt[ X]). A nonzero element a €U (Alt[ X])
is called a nuclear element.

The Lie center of the algebra Mal[ X] is the set
Z(Mal[X])={aeMal[X]| J(a, Alt{X],AltfX]) =0,
where J(a,b,C) = (asb)sc+ (bsc)sa+ (cea)+b is the Jacobian of a,b,c € Mal[ X].

Let us shortly review the main results of this paper. We have constructed the element of the
associative kernel of Alt[X] of the minimal degree.

Theorem 1. The element | =1(x,y)=[X,[X,y]']eU, x,ye X, where U =U(ALT[X]) is the
associative kernel of the free alternative algebra ALT[X] ,and | =I(X,y) has a minimal degree.

Definition. The variety 9tis called composition of the varieties 9, ¢, and denoted by
M =MN,0MN, if VAeI IB< A, that A/BeMN, BeMN,.
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Let Alt, Ass, L =Var(l) denote the varieties of alternative algebras, associative algebras
and alternative algebras with the identity | =1(X,y), respectively. Using | =1(X,y) we obtain
decomposition of the variety of the alternative algebras.

Theorem 2. Alt = AssoL =L o Ass.

We have constructed the element m=m(X,Yy)= Xe(Xey)s(Xey)sX € Mal[X] which is an
analog of | =1(X, y) for Malcev algebras.

Theorem 3. The element m=m(X, y) = Xe(Xsy)e(Xey)ex € Z(Mal[ X]) and #(m)eT(l).

Let Mal, Lie, M =Var(m) denote the varicties of Malcev algebras, Lie algebras and
Malcev algebras with the identity m=m(X,y), respectively. Using m=m(X,y) we obtain
decomposition of the variety of Malcev algebras.

Theorem 4. Mal = LieoM =M o Lie.

Note that the centers of the free alternative and Malcev algebras were investigated by M.
Slater [2], G. Dorofeev [3], I. Shestakov [4], V. Filippov [5], I. Hentzel and L. Peresi [6]. First
examples of decomposition of the varieties Alt and Mal were obtained by V. Filippov [7, 8].

2. THE NUCLEAR ELEMENT | =1(X, ¥) =[X,[X, Y]]

We will use the next notations in A= Alt[X]:
aob :%(ab+ba),

aD, . =acbhoc-aocob,

J(a,b,c)=[[a,b],c]+[[b,c],a]+[[c,a],b],
where a,b,ce A.
The next identities are well-known in the alternative algebras (see [1]):

12aD, . = J(a,b,c) +3[a,[b,c]], (D
J(a,b,c)=6(a,b,0), (2)
[acb,c]=[a,cob]+[b,coa]=[a,c]ob+[b,c]oa, 3)
(a’,b,c)=2(a,b,c)ca=2(a,boa,c), 4)
(Xey)D,p, =XD,p oy + YD, o X, (5)
(a,b,c)o[a,b]=(a,b,co[a,b])=0, (6)
([a,b]’,b,c)=0, (7)

([a,b*,x, y)°[a,b] =0, (8)

(x.[x yI'l,a,b) =0, )

2L, y,2),t]= (% ¥l z,O) + I([y, 2], X, ) + I([Z, X], ¥, 1) , (10)
J([a,b],x,y) =[J(a,x, y),b]+[I(b,x,y),a]-2J(a,b,[x, y]), (11)
([a,b],b,c)=(a,b,[c,b]) =[b,(a,b,c)]. (12)
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Definition. The element n e N(A) is called an J -annihilator element of the algebra A if
n(ALAA)=(A A AN=0.

The J -annihilator of the algebra A is the set of all J -annihilator elements of A and is denoted
by JA.

Lemma l. JAis a nuclear ideal.

PROOF. It is sufficient to prove that JA< A. Let ne JA and x e A. We only need to show that
nx,xn € JA. We have

ab=%[a,b]+aob, (13)

Therefore, it remains to prove that [n,X],ne X e JA.
But
(no x,a,b)i)(n,a,b)o X+(X,a,b)oen=0,
(In,x],a,b) =[(n,a,b),x]+[(x,a,b),n]—-2(n, x,[a,b]).
Hence, [n,X],Xone N(A).

Set d =(a,b,c), then
1
d[n,X](B)E[d,[n,X]]‘Fd O[n,X],

and

[da[na X]](i) 6(d,n,X)—[n,[X,d]]—[X,[d,n]](;)o,
d o[n,x];[nod,x]—[d,x]on =0.

(10)

This gives d[n,x]=0. Similarly, d[n,x]=0. Consequently, [n,X] e JA.

Furthermore
1 1
d(nox) = —[d,nox]+do(nox)=—([d,n]Jex+[d,x]ed)+nD, ; +Nodox = 0
( )(13)2[ J+do( )(3)2([ Jox+[d,x]ed)+nD, o
Similarly, (neX)od =0. Consequently, nox e JA.
The lemma is proved.

Our next goal is to prove that | =1(x,y)=[X,[X, Y]'] is a nuclear element in A= Alt[X],
for X,y e X . Note that Ig) N(A) and I(a,b,c)( = )I o(a,b,c)(l3= (a,b,c)l . Therefore | € JA if

13),(10 ),(10)

and only if
[X.[x,yT']e(a,b,c) =0,

for a,b,c € X . We will prove it in a few steps.
In the following lemmas 2 and 3, we will construct the intermediate identities.

Lemma 2. In the variety Alt the following identities are valid:
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[x,ylo(x*,a,b) =~[x,a]o(X*, y,b), (14)

[x, ylo(x*,a,b) =[x*, y]o(x,a,b), (15)
([x,a]eb,x*,y) = ([x*,a]eb,x,y), (16)
([y,cl.x y) o (x*,a,b) = ([y,cl, X", y) o (x,a,b), (17)
((x,alDpy ¢ % ¥) =0, (18)

((x,a, b)D[y,c],)UX’ y)=0. (19)

PROOF. The identity (14):

[X’ y]O(Xz,a,b)-l-[X,a]O(Xz, yi‘b)(?)_[bi‘ y]O(Xz,a’X)—‘,—[b’a]O(XZ’ y’X)=O *

The identity (15):

[X9 y] ° (Xzs a, b) - [sz y] ° (X: a, b)(3i4) 2([X9 y] ° (X’ a, b ° X) - [X’ y ° X] ° (X: a, b))

(?)_ 2([X9 a] o (Xa yab o X) _[X, a] o (X’ y oX, b)) (T)O )

The identity (16):

([Xa a]oba Xza y) _([Xzaa] Oba X, y) (T)(([Xa a]a Xza y)_([XZ’a]’ X, y)) ob+ (ba Xza y) O[Xa a]
_(ba X, y) o[ija]

(4)715)0'

The identity (17):
([yac]a X, y) ° (Xza a, b) - ([ya C]a Xza y) ° (Xa a, b) (E)(Ca[ya X]a y) ° (Xza a, b) - (Ca[ya Xz]a y) ° (Xa a, b)
=(C=[ya X] ° (Xzaaab)a y) _(Ca[ya Xz] ° (Xa a, b)a y) _(Ca(xza a, b)a y) O[ya X] + (C,(X, a, b)a y) o[y’ Xz]

(4)
_ 2 _ 2 o =
(15;(6)(()(’()( ,a, b)a y) (X ’(X’ a, b)’ y)) [y, C] (4)0 .

The identity (18):

2([x, 8]0y 14> % y)(;@([x, aJe[y,cl,x*,y)—([x*,ale[y,cl, X, y) o5 0.

The identity (19):
2(%.2b)Dy, %) 5 (42D)[Y.1 X Y) ~(OC.ab)oly.Cl. X, y) 5 (120X )~ (.2 b). x.y) el yoc]
+(qy.cl, X2, y)o(x,a,b)—([y,c], X, y)o(x2,a,b)(4§]7}0.

The lemma is proved.

Let f(a,b,c,...)e Alt[X], where a,b,ce X and d,(f)=d,(f)=d.(f). Set

Af = Z (_1)(7 f (yo'(])7 Yo(2)s yo'(3)9"') 5

6633

where Yy, =a,Yy,=Db,y,=cC.
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For example, A(a,b,c)=6(a,b, c)(; J(a,b,c).

Lemma 3. In the variety Alt the following identities are valid:

A([Xa aa b]D[y,C],Xa X’ y) = 0 ° (20)
A(XD[X,a],[X,b]’ yﬁ C) = 0 ’ (21)

PROOF. The identity (20):

2A([X7 aa b] D[y,C],X 2 Xa y) = A(([Xa aa b] + [ba Xa a]) D[y,C],X 2 X’ y) = A((‘] (X’ a’ b) + [X’[a’ b]]) D[y,C],X i X’ y)
= A(J (X, a, b) D[y,c],x’ X, y) + A([Xa [a7 b]] D[y,C],X’ X, y) (18;19) 0.

The identity (21):

A(XD[X’a]’[X’b]a y: C)OZ)A([XZ,&] O[Xa b]: y: C) (?) A([Xzaa]a y> C) O[X’ b] _A([X’ a]a ya C) O[Xz’b]

(?)_ A(([Xzaa]’ Y, X)0[C,b]+([xz,a],b,C)0[X, y]+ ([Xzaa]:ba X) O[C: y]—A([X, a]: Y, XZ)O[CJ b]

_([X: a]’ba Xz) O[C: y]_([xa a]’b,C)o[Xz’ y]) (?)’(Z)A(([Xzaa]:ba C)O[Xa y]_([xa a]aba C)O[Xz’ y]) .

From (12) we have

A([Xza a] O[Xab]’ Y, C) (T) A([Xzaa]a Y, C) O[Xa b] _A([Xa a]a Y, C) O[Xzab] (E)_ A([Xza y]a a, C) O[Xa b]
+(X, y.[c,a]) o[x,b]+(X*,a,[c, y]) o [x,b]+([X, y],a,C) o [x*,b] = (X, ¥, [C,a]) o[x*, ]
+(X9 a,[C, y]) O[Xzab])(i)_ A(([Xza y]aaa C) O[Xa b] _([Xa y]aaa C) o[ijb]) = A(([Xza y]aba C) O[Xa a]
_([Xa y],b,C)O[Xz,a]) .

Therefore

A(([X27 a],b,C) O[Xa y]_ ([Xa a],b,C) O[XZ’ y]) = _A(([Xza y]aba C) O[Xa a]_ ([Xa y]’ba C) O[Xzo a])
= A(([X*,b], y,¢)o[x,a] - ([x,b], y,c) o[x*,a]). (22)

On the other hand

2A(XD[X,Y],[X,a]3b9 C) (?) A(([X29 y] O[X9 a],b,C) - ([X2= a] O[Xa y],b,C)) (T)A(([Xza y],b,C) O[X’ a]
+([Xa a],b,C) O[Xza y] _([Xzaa]aba C) O[Xa y] - ([Xa y],b,C) O[ija])(z A(([Xza y]aba C) O[Xa a]

6)
_([Xa y]a ba C) °© [Xza a]) - ([Xa a]a ba Xz) °© [Ca y] - ([Xa a]a Y, C) ° [Xza b] - ([Xa a]a Y, Xz) ° [Ca b]
+H(DX,alb. x)e[e, Y1+ (1x,al, . €) o [x,b]+ (X, 2], ¥, X) °[e,b]) = A(([X", y1.b,c)[x.a]

_([Xa y],b,C) O[Xzaa]) - ([Xa a]a Y, C) O[Xzab] + ([Xza a]a Y, C) O[Xab])) (2=2) 2A(([X29 y],b,C) O[Xa a]
_([Xa y]aba C) O[Xza a])) .

Thus

A(xD[X,a],[X,b], y,C)=—-A(XxD, b,c).

[x.allxyl’
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From this we conclude that the polynomials A(XD[x,a],[x,b]’ y,C), A([x*,a]e[X,b],y,c) are
skew-symmetric with respect to a,b,c,y. We will denote this property by (s).

Finally,

A([Xzoa] O[Xa b]a y,C) (T) A(([Xzaa]a Y, C) O[Xa b] - ([Xa a]a Y, C) O[Xzab])(i) A(_([ya a]a Xzac) O[X’ b]
+[(a, y,C), Xz] ° [X, b] + [(XZ’ y,C), a] O[X,b] + ([ya a]) X, C) O[X2)b] _[(a9 y,C), X] O[X2)b] _[(Xa y9C)9 a] O[X2)b]

— 2 o] —_ o] 2 = 2 o] _— (o] 2
= AT, 7,021 Db] =[x Y, 0, 211X, b])_=_ A(Xb,ale(x,Y,0)~[x.b,ale (. ¥,0))
- %A(([xz,b, al+[a, %%, b)) o (X, Y, ) - ([x,b,a] +[a, x,b])* (<, y,©)) (;)%A(J (¢.b,a)o (X, y.©)
-J (X7 b9 a) °© (Xz’ Y, C)) (; 3A((X2 ) b: a) ° (X9 Y, C) - (X: b: a) ° (Xz > Y, C)) (?) 0.
The lemma is proved.

Set k=[x,Yy].

Lemma 4. The algebra A= Alt[ X] satisfies the identities

(y,a,b)o[k*,x]=0. (23)
(a’ b’ C)O[kz’ X] = ([X’ a" y]o[xz’ y]’b’ C)_([Xz’a’ y]O[X’ y]’b’ C) M (24)
(a’ b’ C)O[kz’ X] = ([X’ a" b]O[y, C]’ X2’ y)_([xz’a’ b]o[y’ C]’ X’ y) (25)

+([X2’b]°[y: C],[X, a]> y)_([xa b]O[y,C],[Xz,a], y) .

PROOF. The identity (23):

2 — o 2 —— [e} [e} = [e} [e]
(yaaab) [k ’X](Gié)) (yaxab) [k aa](3) 2(yaxab) [kaa k](3)’(6)2k [(yaxab)aa k]

(;)(([y, X],b,ack)+([x,b],y,ack)+([b,y],x,ack))o k(j)—%(kz,b,ao K)+(([x,b]ok,y,a)

+([X»b] °d,y, k) + ([ba y] ° ka X, a) + ([b: y] oda,X, k)) ok (4),(?),(6)_ ([X:b] ° ka Y, X) O[aa y] _([ba y] ° ka X, y)) O[Xa a]

= 0.
(6).(9)
The identity (24):

(a,b,c)o[k*,x] = -2(y,b,c)e[[x,a]o[x,y],x] = —2(ye[[x,a]e[X,Y],X]b,C).

(22) )09
But

ayellx.aJe[x, y],x]= 2([[x, al,[x*, yII+[[x yL.[x*,all) y sl al,[x’,y’11-2[x.a, y]o[X*, Y]
HIx, y*LIx*,all+2[x",a, y][X,Y] 5 2Axalx, y*Tox1+[[x, Y’ L[, all+2[x*,a, y]o[X, Y]

3)

-2[x,a, y]o[x*, Y] g)[[xz,a],[x, y 11+ 2[[x,alo[x, Y21, x]+[[x, y*1.[x*,all+ 2[x*, &, y]o[X, Y]
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=2[x,a,yJo[x*, y]=2[[x,a]e[X, y*1, X]+2[x*,a, y]o[X, y] - 2[X,a, y]o[X*, Y]

(f)z([xzaaa y] O[X, y] —[X, a, y] O[Xz, y])mod N (A) ,
Hence

(a,b,c)o[k?, x] = ([x.a,y]o[x*, y],b,c) = ([x*,a, y]o[X, y],b,C).
The identity (25):
From (7) we have
([x.yT',b,c) = 2([x,b]°[x,y], y,c) (7)2(([C,b] o[X,y1, ¥, X)+([x,b]o[c, Y], ¥, X))

= 2([x.b]e[c, y1, ¥, %)

Therefore

([x,yle[z,y].b,c) = ([x,b]°[y,c],z, )+ ([z,b]<[y,CL. X, y) . (26)
Consequently,
(a,b,c)o[k?, X] 5 (%, yle[X*,y1,b,0) = ([x*,a, y]°[x, y1.b, ©) (%, ble[y,c],x*,y)
+([x*,b]e[y,cl,[xal, )~ ([x*,a,b]o[y,cl,x, y) — ([x,b]°[y,c],[x",a], y)
The lemma is proved.

Theorem 1. The element | =I(x,y)=[X,[X,y]']eU, X,ye X, where U =U(ALT[X])is an
associative kernel of the free alternative algebra ALT[X] ,and | =I(X,y) has a minimal degree.

PROOF. First of all, we note that there are no elements of degree 4 in N(A) (see [6]), neither in
U < N . It remains to prove that
(a,b,c)o[k*,x]=0. 27)
We have
6(a,b,c)[k*,x]= Aa,b,)°[[x, yI', X] = A((Ix.a,b]e[y,c]. X, y) = (IX,a,b]°[y,cl, X, )
+([X2, b] °e [ya C],[X, a]a y) - ([X> b] ° [y, C]a[X25 a]a y)) .
But
201,201 = (D¢, a,b]-[x.b.a]) = AU (¢ a.b) + [ [a.b]]) = 2A(J(x.a.b)
Hx,[a,b]]) e X =4A[X,a,b]oXx.

Hence

A(([Xa a, b] ° [y’ C]’ X2> y) - ([X2> a, b] ° [y’ C]> X, y) (T) ZA(([Xa a, b] ° [y’ C] °X, X, y) - ([X’ a, b] oXo [ya C]’ X, y)
=2A([X,a, b]D[y,c]’xﬂ)(’ y)=0.

(20)

On the other hand
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A(([x*,b]e[y,cl.[x,al, y) = ([x.b]o[y.cL.[x*,a], y)) 5 A(([x*,b]ely,cl,[x.al,y)
~([x,b1,[x*,a]o[y,c], y) = ([y,c].[x*,ale[x,b], ¥)) 5 A(([x*,b]ely,cl,[x.al,y)

+([Xa a],[Xz,b]O[y,C], y) - 2([y5 C]a X O[Xa a] O[Xa b]: y)) = A(XD[x’a]’[x’b]z[ya C]’ y) (;)O :

Consequently, (a,b,c)o[k* x]=0. The theorem is proved.

2. THE COMPOSITION STRUCTURE OF ALTERNETIVE ALGEBRAS.

Let D(A) be the associator ideal of A= Alt[X], L(A) - the T -ideal of A generated by
I =1(x,y)=[X[X, y]']. Itis clear that D(A)is a T -ideal of A.

We will denote by adi the operator of the differential substitution X — a. For example,
X
d
(a, b’ C)d_y[xa [X7 y]Z] = 2[X:[X: y] ° [Xa (a, b, C)] 5

d
(@,b,0) [x[x Y1 =[(@b,0).[x. yF1+2[x,[(@,b,). y]o[x y1].

Let 91 be a variety of F -algebras, 9 X ] is the free algebra in 9. Let a set V < IM[ X].
We will denote by Iy (V) the ideal of 9M[X] generated by V , by (V)g the F -module of
IN[X] generated by V , by Toy (V) the T -ideal of IM[X] generated by V . We will denote
by 91(V) the variety defined by the set of the identities V . Let an algebra B € 1. Let us denote
by 9(B) the variety generated by the algebra B .

Let f = f(x,...,X,) be a homogenous polynomial in M[X] and b,,...,b, € M[X]. Set
PG Xy oo = F(Benby) for by, b, € MLX].

Definition. A F-module Bc9M[X] is called f-bimodule of 9M[X] if
VaeB, b,....b, € M[X]

(adi F(X,,0s X)) =0, (28)

i X=by ... xn=b,,
fori=1,..,n.

It is evident that if an algebra B < 9[X] is af -bimodule then Vb,..,b, €B
f(X1°"'°Xn)|x1:b1 X 0. Therefore B € M1(T).

n (28)

Proposition 1. LetB is a T -ideal and a f -bimodule of 9t[ X ] then 9t = 9(B) Mi(f).

PROOF. Let an algebra C e and ¢:IM[X]—>C is the canonical homomorphism. Then
C/@p(B)eM(B) and ¢(B) e M (). The proposition is proved.

Our goal is to prove that D(A) is a I-bimodule, L(A) is an ass-bimodule,
where ass = ass(X, Y,z) =(X, Y, z). In this case, from Proposition it follows Theorem 1.
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A set V < Ais called Lie-closed if [V,a]cV . It is easy to show that if V is Lie-closed
than 1,(V)=V +V o A (see [ ]).

Set LO(A) = ([X,[X, y]]2 | X, y € A)F s DO(A) = ((Xa ya Z) | X, y € A)F .
Now, we will describe the structure of T -ideals D(A) and I(A).

Proposition 2. D(A)=D,(A)+ D,(A)c A,L(A)=L,(A)+L,(A)A.

PROOF. It suffices to prove that D,(A) and L;(A) are Lie-closed. The first equality follows
from (2), (10). The second follows from the next identity:

[[x.[x YTI'1, 2] = 1% 20X, YI 1+ 2[%,[[%, y1, 2] o[X, yl =%z, yI']

+2[X,[[X, 2], ylo [X, Y11+ 20X, [[X, [y, z]]=[X, Y11,
ie.
(D%, 0% YT 1, 21 = [[%, 21.0%, y I 1+ 20, [[%, 20, yTo [%, Y11+ 206, [, [y, 211 e [%, y11. -+ (29)
The proposition is proved.

Let f(x,x*,a,...,b), g(a,b,...,c) e Alt{X], wherex,a,...,b,....ce X and X,a,...,b,...,c are
different. Set
o(f)=f(x,x*,a,..,b)- f(X*,x,a,..,b),
A(a,b)(g)=g(a,b,....c)—g(b,a,...,c),
(6°A(a,b))(f)=05(A(a,b)())

For example, we have from (15)
5([x,y]e(x*,a,0)) =0, (30)

Lemma 4. The algebra A= Alt[ X] satisfies the identities:

(D¢, y1.al.b,x)) =0, 31)
5([(@,b,[x, yD. X)) = 0, (32)
[(&,b,x)o[X,y],x]=0, (33)
@ b,c>di[x,[x, yI]=0. (34)

y
51X, Yo (a,b.[x, Y1) =0, 35)
S, ylold,[x, yI) =0, (36)
2(@b,[x, yI).x]o y =[(@b[% Y2, X, (37)
(@b, y)olx yl.x] = @.b,[x yP). (38)
@ b,c>di[x,[x, yI]=0, (39)

X
S0, 2% A1) =0, (40)
S([1XC, 21,0, yT]od) = 0, @1)
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(8o ALY, D)X, 2,Y]o[x,d]+[X*,2,d][X,y]) =0, (42)

(8o A(y, D))([[X*,2],[x,d oy =0, (43)
where d =(a,b,c).

PROOF. The identity (31):

([[x*, y].al.b, X) = 2([[x, ylex,a],b, %) = 2([[x, yl.a]o X,b, ) +2([x, y]o[x,a]. b, X)

oo (. y1.80,0,X7).
The identity (32):
25([(a,b,[x*, y1),X]) & 5(([a,bLIx*, y1, %)+ ([o,[x*, y11,8,%) + ([[x*, y],a],b, X)) w0
The identity (33): 2[(a,b, x)o[X, y], X] AL b,[x*, y]), X]-[(a,b,[X, Y1), X*] 50
The identity (34):

(a,b,C)diy[X,[X, Y]Z](;)[X,[y, X]o(([a,b],c,x)+([b,c].a,x)+([c,a],b,x))] = 0.

(33)
The identity (35):
S([x, 1o @.b.[x. yD) = 61X, y1o (=(a, Y:[x,b]) +([2, 1.0, ) + ([a,b], ¥, X))

=-5([x*,y]e(a, y:[x.b]) = 5([a, ylo (X%, y,[X,b])) =0

(30)
The identity (36):
25(1x*, ylo[d,[x, y1D) 5 S([x*, ylo(([a,b],c.[x, y]) +([b,c],a,[x, y]) +([c,al,b,[x, y])) 50
The identity (37):

4@, b,[x, yD, x]oy = 2(([a,bL.[x, y1. )+ ([b,[x, y1I. 8, X) + ([[x, yI.a].b, x) o y

=0 (DL Y10 + 200,06, YT1o y.2,%) + 2([[x. y).ale y.b. ) - 2(,a, ) o [b.[x, Y]]

—2(y,b,X)0[[X, y]aa] = ([aab]a[xa yz],X)-l-([b,[X, yz]]aaa X)_2([b9 y]O[X, y]aaa X)

(3),(4),(6)

+([[%, y*1.al,b,x) = 2([y,ale[x, y1.b, )+ 2[x, y]o[b, (y,a, )]+ 2[x, y][(y,b, x),a]

10
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= 2
- (CRLAR S IR

The identity (38):

2(a,b, y)olx,y1.x] = [(a,b.[x, y* D, x]-2[(a,b,[x, y])o ¥, x] sl@b,[x, y* D, x]-2[(a,b,[x, y]), X]e y

—2(a,b,[x,y])o[y,x] = (a,b,[x,y]z).

(4).(37)

The identity (39):
(a,b,C)%[X,[X, Y]z](;)[(a, b,c),[x, yI'1+[x.[(([a,b],c, y) +([b,cl,a, y) +([c,al,b, y)) o [X, Y]]

= [(ao b,C),[X, y]Z] _[(aa ba C),[X, y]Z] =0.

(10),(38)
The identity (40):

[[x*,z1,[x, 1] 5 2%zl x,[x, I =[[x, z1,[x*, 311+ 2[x,[x, z]o[X, I]] 5% z1,[x*, 311

5
The identity (41):
[[X*, 21,0, y]le (;2[X,[X,Z]°[X, ylle J +[[x, 2L.[X*, y]]oJ (;)[[X,Z],[XZ,Y]]OJ :
The identity (42):
(8o ALY, D)[X*,2,d]e[x, YD) = (§ o A(Y, ))(I (X*,2,d) ~[z,d, X’ ]-[d, X*,2]) o [X, Y]

_ o o 21— _(So 2 .
o G AW DX Y, 2]0[d, ] = =(5oA(Y, D)X, 2, y]e[x,d].

The identity (43):

(8o ACY, D)X, z].[x,d o yID 5 (0= AlY, D)X, 2], [x,d]le y +[[X*, zL[x, yI]od +[[X*, 2], y]o[x,d]

HIX, 2z, d]o[x,y]) =

(40),(41),(42)
The lemma is proved.

Note that from (34), (39) it follows that D,(A) =((X,Y,2)| X,y € A)¢ is a | -bimodule. Now
we will prove that D,(A)o A is a | -bimodule too.

Write  P(X, X, %5 | Yy, Y,) = Z [Xa(l),[xo-(Z)a Y1]°[Xg(3): Yo 1I, for X, %;,X%s, Y, Y, €A.

€93
Note that p(X,,X,,X;|Y,,Y,) is an identity in the Cayley—Dickson algebra. Let us list the
elementary properties of the polynomial p(X,,X,,X;|Y,,Y,).

11
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Proposition 3. The algebra A= Alt[ X] satisfies the identities:
Voes, p(Xa(l)’ X2y Xo(3) 1Y, Y1) = POXL X0, X5 Y5 Ya) s

P(X, X, X| Y, y) =6l(X,y) =6[X,[X, yI'],

POX X, X[ X, ¥) = p(Y, X, X[ X,X) =0, (44)

P(Z,X, Y| X, X)+ p(Z,X,X|y,X)=0, (45)

P(Z, X, XY, Y)+4p(Z, X% Y[ X, ¥)+ P(Z, Y,y | X, X) =0, (46)
P(Z%, %, X|Y,Y) =P, + Py + P, —2P, +6Ps +2P, — 4P, +2P, +2Py — 4Py 47)

where
p, = p(z,z,y|x2,y), P, = P(Z,Z,Y[XoY,X), Py = P(Z,Z,X| Yo X, Y), P, = P(Z,X, Y| yoZX),
Ps = P(Z,X, Y[ XeZ,Y), pg = p(z,xz,y|z,y), P, = P(Z,X°oY,X|Z,Y), Py = P(Z,X°Z,X]Y,Y),

Py = P(Z, Y%, X|Z,X), Py = P(Z, Yo Z,X| X, Y).

PROOF. The identity (44) is trivial. The identities (45), (46) are the linearization of (44). The
elegant identity (47) is a polynomial on three generators. It is easy to check that (47) is an
identity in the Cayley—Dickson algebra; so is in the free associative algebra. By A. Iltyakov’s
results [9], it is an identity in A= Alt[ X ]. The proposition is proved.

Lemma 5. The F -module D,(A)o Ais a | -bimodule and the next identities are valid in A.

p(X, X, x|dey,y)=0, (48)
P(X,X,Xx|doz,y)=0, (49)
p(doX, X, X|y,y)=p(doy,Xx,x|y,y)=0, (50)
p(deoz,x,x|y,y)=0, (51)

where d =(a,b,c).

PROOF. It is clear that from (49), (51) it follows that D,(A)c A is a | -bimodule.
The identity (48):

2[x,[x,d o y]o[X, Y]](§)5([[X2,d °YL[X, y]])(§)5(([[xz,d]° Y,[% YID+ (X, ylod,[%, y11)

(?)5(%[[X27d]’[xa Y+ Y. [X7, d o[, YIT+ X7, yIo[du[X, I+ X, YLIX, YIled) =

(40),(30),(36),(41) )

The identity (49):

2[x,[x,d 0 z]o[X, Y]]g)5([[xz, ylL[x,dez]]) = %(5°A(y, D)([[X*, yL.[x.de 2D 50

(48)

12
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The identity (50):
[xod,[%, Y1+ 2[x,[xod, y]o[X, Y]] xo[d,[x, yI'I=2[y,[xod, x]o[x, Y]]

(3)(49)(27)

5 Xo[d, D6 YPI=1y,[d,CTo [ Y11 = xold,[x, yI']+2X[%[d, X]o[X, y]] = 0

(34),3)

[yod,[x, yI'1+2[x,[yed, y]o[X, yil =, yeld.[x, yI1+[x,[d,y*]e [X,Y]](;)YO[d,[X,Y]z]

—[yza[d,X]O[X,Y]]g)YO[d,[X,Y]2]+2y [y.[x.d]e[x, 1] =

(39)

The identity (51):

PZod, X XI YY) o= o P Ao X] Y, Y)=2p(2,d oy, X| X, Y) —0)—5p(20d X X[ Y,Y)

F2P(Y,0 02X X, )+ 2P(2,8 X Y [ XY) = =3 P(Zod, X X] Y, Y) + 2p(,d 02X X.Y)

1 1
—p(Z,dOy,y|X,X)(5=0)—E p(ZOd,X,X| y,y)+2p(y,dOZ,X| X’y)+§ p(ZOd,y,y|X,X).

Hence

3p(zod, X, X|Yy,y)=4p(doz,X,y[X,y)+ p(zod,y,y[X,X).
But

p(zod, X, X| y,Y)(z)—“p(dOZ,X,Y\X,Y)— p(zod,y,y|X,X).
Consequently,

p(zed,x,x|y,y)=0.
The lemma is proved.

Lemma 6. D(A)is a |-bimodule, L(A)is an ass-bimodule.

PROOF. From the lemmas 4, 5 it follows that D(A)is a |-bimodule. From proposition 2, the
identities (9), (4), (27) it follows that L(A) is an ass-bimodule. The lemma is proved.

Theorem 2. Alt = AssoL =L o Ass.
PROOF. From the lemma 6 and the proposition 1 it follows that Alt = AssoL = Lo Ass. The
theorem is proved.

3. THE COMPOSITION STRUCTURE OF MALCEV ALGEBRAS.

Now we will construct the element m=m(X,y) = Xs(Xey)e(Xey)eXx € Mal[ X] which is an
analog of | =1(x, y) for Malcev algebras.

We have
4[X=[Xa y]Z] ° X(?) 4[X9 X O[Xa y]Z] = 4[X5[X’ y] D[X,y],x] + 4[X’([X3 y]o X) O[Xa y]]

13
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@:)[x,[[x, YLIX, Y1, XTI+ 40X, [X, y o X]e [X, Y11,
where aDy = (aocb)oc—(aoc)ob is aJordan differentiation.

Hence,

DX, [0% YLIX Y1, X101 = 40%,[%, YT Jo x = 4%, [X, y o X]o[x, Y] e T (1)

Set
m=m(X, y) = —Xe((Xey)+((Xsy)*X)) = Xo(Xey)+(Xsy)eX € Mal[X],

where X,y € X, M =Mal[X] is the free Malcev algebra.

Lemma 7. The algebra M = Mal[ X] satisfies the identities:

J(m(x,y),a,b)=0, (52)
J@b.0mx.y)=0. (53)
dx
J(a, b,c)im(x, y)=0. (54)
dy
PROOF. It is easy to check that
J(xe(xey)=(xy), %.2) = 0. (55)

Hence
J(m(x,y),a,b) = 0.

(11),(55)
The identities (53), (54) can be proved in the same manner as (52). The lemma is proved.
Remark. In difference from an alternative case, the identities (52)-(54) are easily checked
by computer.
From the lemma 7 and the proposition 1 it follows the theorem 3, 4.

Theorem 3. The element m=m(X, y) = Xe(Xsy)e(Xey)ex € Z(Mal[ X]) and z(m)eT(l).

Theorem 4. Mal = LieocM =M o Lie.
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