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Introduction

In [5], the following result is proved: if J is a nondegenerate Jordan algebra

and z,y € J satisfy x oy = 0, then the U-operators U, and U, commute. The
interest of this question mainly comes from the connection between Moufang sets
and (quadratic) Jordan division rings established by De Medts and Weiss [10] in

2006.

Recently, in [24], the need of nondegeneracy in the main result of [5] is shown

by providing an example of linear Jordan algebra, having two elements with zero

product and non-commuting U-operators.
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On the other hand, the problem of regular imbeddings of algebraic systems has
a long tradition in the literature. In 1930, Van der Waerden [25, Section 13|, poses
the question of whether a non commutative ring without zero divisors imbeds in a
skew field. This question is answered negatively by Malcev [16], while Cohn [9] shows
that any ring without zero divisors imbeds in a simple ring without zero divisors. In
1963, Bokut [7] proves that every ring whose additive group is torsion free or of prime
exponent can be imbedded in a simple ring. In a similar fashion [2, 3], associative
systems with a sufficiently regular module structure are shown to imbed in primitive
systems with simple heart.

The possibility of imbedding Jordan systems in primitive systems with simple
heart is studied in [4]. Using the corresponding results in the associative setting
[2, 3, 7], imbedding theorems are established for special Jordan systems, but there
exist exceptional Jordan systems which cannot be imbedded in merely nondegenerate
systems. The examples exhibited in [4] are either based on Jacobson Counterexample
[11, ex. 3, p. 12], or in theorems on the existence of absolute zero divisors in free
Jordan systems which are due to Medvedev [21] and Zelmanov [26, 27, 28]. In the first
case, the ring of scalars ® should have characteristic two in the sense that 2® = 0,
and, in the second case, ® should be a field of characteristic either zero or quite big.

In this paper, we extend the construction of [24] to arbitrary rings of scalars, and,
as a consequence, we find examples of Jordan systems which cannot be imbedded in
a nondegenerate system without restrictions on the rings of scalars.

The paper is divided into four sections, plus a preliminary one devoted to listing
some basic notions and properties. In the first section we study the free special Jordan
algebra inside the Jordan algebra of hermitian elements of the free associative algebra.
The information here obtained on the rank of certain submodules of multilinear
elements is used in the second section to construct, over an arbitrary ring of scalars,
a Jordan algebra J having two elements z,y € J with x oy = 0 and U, U, # U,U,.
In the third section, we show that the example built in the previous one cannot
be imbedded in a nondegenerate Jordan algebra. We also give similar examples of
Jordan pairs and Jordan triple systems. Finally, in the fourth section, we show how
the construction given in Section 2 fits in the general framework of the problem on
associative and Jordan ideals studied by Zelmanov in [29], which leads us to some
open problems.

0. Preliminaries

0.1 We will deal with associative and Jordan systems (algebras, pairs, and triple
systems) over an arbitrary ring of scalars ®. In particular, we will NOT assume
1/2 € ®.
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The reader is referred to [12, 15, 19, 20] for basic results, notation, and termi-
nology, though we will stress some notions.

— When dealing with an associative system, the (associative) products will be
denoted by juxtaposition.

— Given a Jordan algebra J, its products will be denoted by z2, Uy, for z,y € J.
They are quadratic in x and linear in y and have linearizations denoted by zoy = V,y
and U, .y = {x,y, 2} = V42, respectively.

— For a Jordan pair V = (V*, V™), we have products Q,y € V7, for any
x eV ye V™7 o=, with linearizations Q, .y = {z,y, 2} = D, yz.

— A Jordan triple system J is given by its products P,y, for any z,y € J, with
linearizations denoted by Py .y = {z,y, 2} = Ly 2.

0.2 (i) A Jordan algebra gives rise to a Jordan triple system by simply forgetting
the squaring and letting P = U. By doubling any Jordan triple system 7" one obtains
the double Jordan pair V(T) = (T,T) with products Q,y = P,y, for any z,y € T.
From a Jordan pair V = (V,V ™) one can get a (polarized) Jordan triple system
T(V)=V*t @V~ by defining Pig,- (yT Dy~) = Qury™ & Q,-y™ [15, 1.13, 1.14].

(ii) An associative system R gives rise to a Jordan system R(*) by symmetriza-
tion: over the same ®-module (the same pair of ®-modules, in the pair case), we
define 2% = zz, U,y = zyz, for any z,y € R in the case of algebras, P,y = zyz in

the case of triple systems, and Q -y~ = 2%y~

9x%, 0 = %, in the pair case.

0.3 A Jordan system J is called special if it is a subsystem of R(*) for some
associative system R. Otherwise J is said to be exceptional.

0.4 An absolute zero divisor of a Jordan algebra (resp., triple system) J is an
element x € J such that U,J = 0 (resp., P,J = 0). An absolute zero divisor in
a Jordan pair (V*,V7) is any element x € V7 such that Q,V~7 = 0. A Jordan
system is said to be nondegenerate if it has no nonzero absolute zero divisors.

0.5 We recall that the McCrimmon or nondegenerate radical (also called small
radical in [15, 4.5]) Mc(J) of a Jordan system J is the smallest ideal of J which
produces a nondegenerate quotient. A Jordan system J is said to be McCrimmon
radical if J = Mc(J).

0.6 We recall the following identities valid for arbitrary Jordan algebras which
will be needed in the sequel:

(i) (woy)oz={zy,2}+{y z 2},
(ii) Ugyoz={zoz,y,x} — Uy(y o 2),
(iii) {x,y,z} ot ={xot,y,z} —{x,yot,z} +{zx,y,z0t},
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(IV) {:L,Z’y’ Z} = {m7m7yo Z} - {JIQ,Z,y},
(v) {xoy,z,t} ={x,y,z0t} +{y,z,z0t} — {xoy,t, z}.

Indeed, (i, ii, iv) follow from Macdonald’s Theorem [14], (iii) is the linearization
of (ii), whereas (v) is the linearization of (iv).

0.7 A Jordan algebra J is said to be unital if it contains an element 1 € J, called
the unit of J, such that

? =U,1, Uyx=ux, (1)
for any = € J. In a unital algebra, (1) determines the unit univocally.

0.8 Given a Jordan algebra J over @, let ®1 be a free $-module of rank one
spanned by 1. Then the direct sum J := ®1 & J becomes a unital Jordan algebra
with unit 1 called the (free) unital hull or (free) unitization of J with squaring

(Ml +2)* = N1+ (2hz + z?)
and U-operator
Unite(pl +y) = Npl + (Upy + pa? + 22 ux + Az 0 y) + A\y),

for any A\, u € ®, x,y € J. The algebra J C J becomes an ideal of J [18].

0.9 Local algebras of Jordan systems are introduced in [22]:

— Given a Jordan triple system J, the homotope J(®) of J at a € J is the
Jordan algebra over the same ®-module as J with products z(>® = 22 = P,a,
Uéa)y = U,y = P, P,y, for any z,y € J. The subset Kera = Kerja = {z € J | P,x =
P,P,a = 0} is an ideal of J(@ and the quotient J, = J(“)/Kera is called the local
algebra of J at a. When J is nondegenerate, Kera = {z € J | P, = 0}.

— Given a Jordan pair V, the homotope V() of V at a € V™7 (0 = %) is the
Jordan algebra over the same ®-module as V7 with products z(>% = 22 = Q,a,
éa)y = Uy = Q:Quy, for any z,y € J. The subset Kera = Kerya = {x €
Vo | Qur = QuQua = 0} is an ideal of V(%) and the quotient V7 = V(@ /Kera
is called the local algebra of V at a. When V is nondegenerate, Kera = {z €
V=e | Qux = 0}

0.10 Since @ is an associative, commutative, unital ring, given a free ®-module
W of finite rank n, all bases of W have cardinality n, and, moreover, any spanning
set S C W with cardinality less than or equal to n, has necessarily cardinality n and
is indeed a basis of W [13, Prop. 7.20].
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1. The Free Special Jordan Algebra

1.1 Given a set X, FAss[X] will denote the free associative algebra over X. It
is a free ®-module with a basis consisting of the associative algebra monomials or
words x;, - - - x;, , for arbitrary x;,, ..., z; € X. The algebra FAss[X] is Z-graded by
the degree or length of words, and also Z*X-graded by the composition of words.

1.2 The free associative algebra FAss[X] is equipped with a natural or standard
involution *, defined by fixing all the elements in X, hence “reversing” words, i.e.,

(Tiy - @i,)" =Ty, o Ty

For an element u € FAss[X], the trace of u is given by {u} = uw + u*. The set
H(FAss[X],*) of *-symmetric elements of FAss[X] is a subalgebra of FAss[X](+)
containing X.

Notice that, when dealing with symmetric elements, a,b, c € H(FAss[X], %), the
trace {abc} = abc + (abe)* = abe + ¢*b*a* = abe + cba of the associative product abe
coincides with the Jordan product {a,b,c} defined in (0.1) and (0.2)(ii).

1.3 Tt is not difficult to prove that H(FAss[X], %) is a free ®-module with basis
consisting of all x-symmetric associative words together with the traces of associative
words which are not *-symmetric. When 1/2 € ®, a basis of H(FAss[X], *) is given
just by the set of the traces of all associative words (k-symmetric or not).

1.4 Following [20], a trace of an associative monomial of length n in X will be
called an n-tad (tetrad when n =4) in X.

1.5 The free special Jordan algebra FSJ[X] on X is the subalgebra of FAss[X](*)
generated by X. By (1.2),

FSJ[X] C H(FAss[X], %).

1.6 Notice that both FSJ[X]| and H(FAss[X],*) are graded submodules of
FAss[X].

From now on, in this section, we will assume that X is a set of four elements,
namely x1, z2, 3, T4, and study the ®-submodule ML(FSJ[X]) of FSJ[X] consisting
of all multilinear elements of degree four.

For an arbitrary ®-submodule W of FAss[X ], = will denote congruence modulo
W in FAss[X]| (u=w v & u—v e W).

1.7 LEMMA. The ®-module ML(FSJ[X]) is spanned by the elements of the form
{aob,c,d}, and {a,boc,d}, where a,b,c,d are pairwise different elements in X .
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PROOF: Just notice that
(aob)oc)od =@ @m {aob e d} +{eaob,d),
(aob)o(cod) =g {a,b,cod) + {ba,cod} = {cod,b,a} + {cod,a,b},
{a,b,c} od=.6)u) {aod,b,c} —{a,bod,c}+ {a,b,cod}
={aod,b,c} —{a,bod,c} +{cod,b,a}.m

Let M be the ®-submodule of FSJ[X] spanned by all elements of the form
{aob,c,d}, where a,b,c,d are pairwise different elements in X.

1.8 LEMMA. The ®-module M is spanned by a set Syy C M of cardinality less
than or equal to 9.

ProoOF: Taking into account that aob = boa by (0.1), M is spanned by a set
S of at most 12 elements {a o b, ¢, d} given by choosing arbitrary ¢ and d in X with

c #d.
By (0.6)(v) and the fact the {z,y, 2z} = {z,y,2} (0.1), we have that

{aob,c,d} ={cod,bja} +{cod,a,b} —{aocb,d,c},

which allows us to express {z1 o xo,x3, 24}, {z1 0 x3, 22, x4}, and {z1 0 24, 2, x3} as
a ®-linear combination (with coefficients 1 or —1) of the remaining elements of S.
Thus, we just need to take

S =S\ {{z1 0 w2, x5, w4}, {w1 0 3, T2, 4}, {T1 0 T4, T2, 73} }. W

1.9 PROPOSITION. The ®-module ML(FSJ[X]) is spanned by a set Sy, rsy[x])
of cardinality less than or equal to 11.

PROOF: In the following equality, we will make calculations in H (FAss[X], *) C
FAss[X], allowing elements outside FSJ[X]:

{a,boc,d} =0.6)ui1) {aob,c,d} +{a,c,bod} —{a,c,d}ob
=p —{a,c,d} ob=—{acdb} — {dcab}
= —{aoc,d,b} + {cadb} —{doc,a,b} + {cdab}
= {cadb} + {cdab} = {c,ao0d,b} = {b,aod,c}.

(1)

Using (1.7), (1.8), (1) and the fact that, the expression {a,b o ¢,d} remain the
same when we exchange a and d, or b and ¢, the ®-module ML(FSJ[X]) is spanned
by the set

S =Sy U{{z1, 22 023,24}, {w1, 22 0 24, w3}, {1, T3 0 T4, T2} }.
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Let Smrrsyfx)) = S U {{z1, z20x3, 24}, {21, 22024, 23} } = S\ {{z1, 23024, 22} },
and

N =& < Svprsix)) >= M + @ < {z1,22 023,74}, {21, 22 0 T4, 73} > . (2)

We just need to prove that {1, z30x4, 22} € N, i.e., {z1,23024, 22} =n 0, but

{z1, 230 24,22} = {T1237420} + {T124322}
={z1 ox3, x4, 22} — {w3x12922} + {71 0 24, 3, 22} — {TyT12372}
=N —{303301$4$2} - {304301333$2}
= —{w3,x1 0xg, 22} + {w3x47120} — {4, 71 0 3, 22} + {T4237122}
=N (1),(2) — 121,20 3, T4} + {237421 72} — {21, 72 0 74, ¥3} + {41371 72}

=N {z3xgri20} + {rgx301202} = {w3 024, 21,25} =5 0. W

1.10 Recall that the ®-submodule ML(H (FAss[X], %)) of multilinear elements
of degree 4 of H(FAss[X],*) is a free module of rank 12 with basis B consisting of
the 12 different multilinear tetrads in the elements of X:

B = {{$1902303904}, {301$2904303}, {$1$3332304}, {$1303334$2},
{r1zg2oms}, {m1242320 ), {womr 2324}, {T2m1 2423},

{zszimons}, {wsz1mana}, {wamimons}, {Tamizsma} }.

1.11 Given a tetrad {x;, z;,z;,x;, } and a permutation o € Sy, we have that
{wi, wio i wis } EMLEsIX)) THi00) iy 0 i 5 Tina) - (1)

Indeed, we can proceed as in the proof of [11, Cohn’s Theorem on page 8|: the
assertion is true for o = (1, 2), (2, 3), (3,4) since

{abed} + {bacd} = {aob,c,d} € ML(FSJ[X]),

{abcd} + {acbd} = {a,bo c¢,d} € ML(FSJ[X]),
{abed} 4+ {abdc} = {a,b,cod} € ML(FSJ[X]),

for any pairwise different a,b,c,d € X; but this implies (1) since (1,2),(2,3),(3,4)
generate the whole symmetric group Sy.

1.12 PROPOSITION. The ®-module ML(FSJ[X]) is free of rank 11. Hence. any
spanning set of 11 elements of ML(FSJ[X]) is a basis of ML(FSJ[X]).
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PROOF: Let Sy, (rssix)) be a spanning set of ML(FSJ[X]) of cardinality at most
11 (1.9). By (1.10) and (1.11), the set C' = Syr,rsyx)) U {{z1220324} } is a spanning
set for ML(H (FAss[X], %)). But ML(H (FAss[X], %)) is a free ®-module of rank 12
(1.10), and C has cardinality at most 12, hence we can use (0.10) to obtain that
C has exactly 12 elements and it is a basis of ML(H (FAss[X], x)). In particular,
the elements of Sy, (rsyx]) are linearly independent, and Syip,(rsj[x]) is a basis of
ML(FSJ[X]), which is then a free module of rank 11. The last assertion follows from
(0.10). m

1.13 In the proof of (1.12), the fact that C' is a basis implies, in particular, that
{.’171.@2.@3{174} Zzd < SML(FSJ[X]) >= ML(FSJ[X])
Moreover, using (1.11), for any o € Sy,

{Zo()Zo@2)To3)To)} € P < Sunrsix]) >= ML(FSJ[X]).

2. A Counter-Example

Throughout this section we fix X to be the set of three elements x, y, z.

The following results are devoted to extending the construction given in [24,
Theorem 1] to arbitrary rings of scalars.

By straightforward computation we have:

2.1 LEMMA. In FAss[X],

Uy, Uslz = UyUpz — UpUyz = {(xw 0 y) 22y} — Usoyz. W

2.2 Let I be the ideal of FSJ[X] generated by x oy, and J = FSJ[X]/I. For an
element u € FSJ[X], we will write u =u+ I € J.

2.3 THEOREM. The elements z,y € J satisfy oy =0, but UzUy # UyUs.

PROOF: Clearly zoy =7Toy =0, since zoy € I. Now, by (2.1), it is enough to
prove that {(zoy)zxy} & I.

Let us assume, on the contrary, that

{(zoy)zay} € I. (1)

—

By [23, 1.9], I is the outer hull of ® < zoy > U, FSJ[X], where ™ denotes the
unital hull (0.8). Thus, (1) implies that we can find a Jordan polynomial f(x,y, 2,t) €



COMMUTING U-OPERATORS AND NONDEGENERATE IMBEDDINGS 9

FSJ[Y], where Y is the set of four elements z, y, z, t, such that {(x o y)zzy} =
f(z,y,z,x0y), and all the Jordan monomials of f contain the variable t. By degree
considerations (1.6), we can write f = g + h, where g, h € FSJ[Y], ¢ is multilinear,
and h(z,vy, z,t) is a linear combination of U;z and z ot?. Now we will argue as in [11,
Theorem 1.2]. Notice that g € FSJ[Y] C H(FAss[Y], %), and again by (1.6) and the
fact that z occupies inside positions in the associative monomials of {(z o y)zzy}, ¢
is a linear combination of

{zzyty, A{xzty}, {tzay},

{tzyz}, A{yztx}, {yzat},

and h is a scalar multiple of U;z. Hence f has the form

flx,y, z,t) =ar{xzyt} + a{zzty} + as{tzay}+
ag{tzyx} + as{yztz} + ag{yzaet}+ (2)

artzt.
Therefore

{(zoy)zzy} =ar{zzy(z o y)} + as{zz(z o y)y} + az{(z o y)zay}+
ag{(zoy)zyx} + as{yz(zoy)r} + asg{yzx(xoy) }+ (3)
az(xoy)z(zoy).

We just need to compare the coefficients of the associative monomials in (3) as
in [11, Theorem 1.2], to obtain

a1:a2:a5:a620
ag=A+1, ag=A, ar=-2\
for some A € ®. Going back to (2),

=+ D{tzzy} + Mtzyx} — 202t = {tzxy} + Mtz(zoy)} — 2\U, 2
= {tzzy} + Mt, z, (x o y)} — 2\U; 2,

so that {tzzy} € FSJ[Y], but {tzxy} is multilinear, hence {tzzxy} € ML(FSJ[Y]),
which contradicts (1.13). m

3. Nondegenerate Imbeddings

We start with a direct consequence of [5, 9.5].
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3.1 PROPOSITION. Let J be a Jordan algebra which imbeds in a nondegenerate
Jordan algebra. If x,y € J satisfy x oy =0, then U, and U, commute.

PROOF: We may assume that .J is a subalgebra of J, where J is nondegenerate.
If x,y € J satisfy x oy = 0, we can apply [5, 9.5] to J to obtain that the U-operators
U, and U,, defined in J, commute. Hence so do their restrictions to .J, i.e., the
U-operators U, and U, in J commute. ®

Taking into account the above result, we get a Jordan algebra that enriches the
list of “pathological” examples of [4, Section 2].

3.2 COROLLARY. The Jordan algebra J of (2.2) does not imbed in a nondegen-
erate Jordan algebra. m

Next, we show how use the algebra of (2.2) to obtain analogous examples of
Jordan pairs and triple systems.

3.3 Let J be the Jordan algebra defined in (2.2). Let J be the free unitization
of J (0.8), T the Jordan triple system obtained by forgetting the squaring of J, and
V := V(T) the Jordan pair obtained by doubling 7" (0.2)(i).

If T imbeds in a nondegenerate Jordan triple system T, so that we may assume
that T' C T', then we have the map ¢ : J — T}, given by

p(r) =z + Ker 1,

for any = € J, where T} is the local algebra of T' at the element 1 (0.9). But ¢ is an
algebra homomorphism since, for any x,y € J,

2y _ R _ _
?(%) =((0.7)(1) applied to 7) $(Usl) = Uzl + Kerz1

=0.2)() Pol +Kerz1=¢ gy (x + Kerz1)? = (p(x))?,
and

p(Uzy) ~((0.7)(1) applied to J) p(Uslhy) = UsUry + Kerfl

=(0.2)(1) Py Pry + Ker% 1 =(0.9) Um—i—Ker;l(y + Ker% 1) = Uw(m)¢(y)'
Moreover, ¢ is injective, since ¢(z) = 0 implies z € Kerz1, hence
z =(0.1(1) 17 =0.2)0) Nz =0.

But this is impossible by (3.2) since T, is a nondegenerate Jordan algebra by 1,
3.1(1)].
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Similar arguments apply to the Jordan pair V', so that we have the following
result.

3.4 COROLLARY. (i) The Jordan triple system T of (3.3) does not imbed in a
nondegenerate Jordan triple system.

(ii) The Jordan pair V of (3.3) does not imbed in a nondegenerate Jordan pair. m

4. Some Open Problems Inside the Counter-Example

4.1 Let FJ[X] denote the free Jordan algebra over a set X. Given a Jordan
algebra J and an element f € FJ[X], we will say that f =0 in J if every evaluation
of f vanishes in J, i.e., u(f) = 0 for any algebra homomorphism p : FJ[X]| — J.

4.2 Given a set of variables X. Let ¥ : FJ[X] — FSJ[X] be the natural Jordan
algebra epimorphism fixing all the elements in X. Let us consider f,g € FJ[X]
satisfying

(i) ¥(g9) € Idpassix)(¥(f)) NFSI[X], where Idpasx)(¥(f)) is the ideal of
FAss[X] generated by ¥(f).

(i) ¥(g) € Ildpssix)(¥(f)), where Idpgyx](¥(f)) denotes the ideal of FSJ[X]
generated by W(f).

(iii) For any nondegenerate Jordan algebra J, and any Jordan algebra homo-
morphism p : FJ[X] — J, p(f) = 0 implies p(g) = 0.
We claim that

(iv) the algebra J = FSJ[X]/Idpgx)(¥(f)) cannot imbed in a nondegenerate
algebra.

Otherwise, if J imbeds in a nondegenerate Jordan algebra J. , we have the homomor-
phism p : FJ[X] — J given by u(h) = V() + Idpgsx)(¥(f)), for any h € FJ[X],
contradicting (iii).

4.3 The algebra J of (2.2) fits in the general situation described above when X
is the set of three elements x, y, z, and we take f = z oy, and g = [U,, U;|z. Here,
(4.2)(i) is established in (2.1) and lies underneath [5, 4.1], (4.2)(ii) is proved in (2.3),
and (4.2)(iii) in [5, 9.5].

4.4 (i) The algebra J = FSJ[X]/Idrgx(¥(f)) of (4.2) is exceptional by Cohn’s
Lemma [8, page 255; 11, Lemma 1 on page 10; 17, Corollary to Cohn’s Criterion on
page 763] without assuming (4.2)(iii).



12 ANQUELA, CORTES, SHESTAKOV

(ii) In the algebra J = FSJ[X]/Idpsx](¥(f)) of (4.2) we can find the ideal

M = (Idpassx) (¥ (f)) NFSI[X])/ Idpsyix) (¥ (f))

which is nonzero by (4.2)(i) and (4.2)(ii). In the case when @ is a field of charac-
teristic not two, we can apply Zelmanov’s result [29, Theorem 1] to show that M is
McCrimmon radical, so that, in particular, J is degenerate again without assuming

(4.2)(iii).

4.5 This leads us to the following problem that can be viewed as a general frame
in which [5] fits:

(I) Does condition (4.2)(i) imply (4.2)(iii)?
The above can be weakened to an alternative problem:

(IT) Assuming condition (4.2)(i), is it true that if f = 0 in a nondegenerate
Jordan algebra J, then ¢ =0 in J?

Notice that in (I) we are just assuming that a particular evaluation of f vanishes in
J,ie, p(f) = f(a,...,a,) =0, for particular elements a4, ...,a, € J, and wonder
whether the same evaluation u(g) = g(a,...,a,) vanishes. In (II) we assume that
every evaluation of f vanishes and wonder if the same holds for g (see (4.1)).

There is always the difficulty that condition (4.2)(i) is not given for f and g
but for their images ¥(f) and ¥(g) in FSJ[X]. So it is hopeless to expect positive
answers to (I) and (II) for arbitrary f and g satisfying (4.2)(i). In that case, given f
and g satisfying (4.2)(i) (for example, f = g, for an arbitrary f € FJ[X]), we could
replace g by ¢’ = g + h, where h is any s-identity, so that U(g) = ¥(¢’'), and f, ¢’
also satisfy (4.2)(i). As a consequence, if (II) had a positive answer, and f = 0 in a
nondegenerate Jordan algebra J, , then both ¢ =0 and ¢’ =0 in J, , hence h = 0 too,
concluding that J would be an i-special Jordan algebra, which is not true in general.

We can reformulate the above problems as follows (see also [24]):

(I)’ Assume condition (4.2)(i) for f and g. Can there be found ¢’ such that
g—¢' is an s-identity and, for any nondegenerate Jordan algebra J, , and
any Jordan algebra homomorphism p : FJ[X] — J, wu(f) = 0 implies
pu(g') = 0.

(IT)’ Assume condition (4.2)(i) for f and g. Can there be found ¢’ such that
g — ¢’ is an s-identity, so that f = 0 in a nondegenerate Jordan algebra
J implies ¢/ =0 in J?

Next we give a partial positive answer to the above problems when we restrict
to special Jordan algebras regardless their nondegeneracy.
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4.6 PROPOSITION. If f and g satisfy (4.2)(i), then, for any special Jordan
algebra J, and any Jordan algebra homomorphism p : FJ[X]| — J, p(f) = 0 implies

n(g) = 0.

PROOF: If J is special and R is an associative algebra such that .J is a subalgebra
of R, then we have the inclusion maps j : J — R and k : FSJ[X] — FAss[X],
and, for any Jordan algebra homomorphism p : FJ[X] — J. , we can find an associa-
tive algebra homomorphism 7 : FAss[X] — R such that zkW¥ = ju (apply the fact
that FAss[X ] and FJ[X] are free objects to the restriction of ju to X). Now,

w(g) = julg) = k¥ (g) = m¥(g).

but ¥(g) € Idpassix](¥(f)) by (4.2)(i), hence ¥(g) has the form
U(g) = AU(f) + > ai®(f)+ Y Wb+ > cxP(f)dy,
i j k

where a;, b;, ci, d, € FAss[X], A € ®, and

o) = Na(R () + D _ma)m((f)) + 3 A(W(N)Eb;) + D Aler) E(V(f)7(dy)

J k
(1)
since [ is an associative algebra homomorphism. Therefore, if pu(f) = 0, then
7(U(f)) = TRU(f) = ju(f) = 0, which implies (g) = 0 by (1). m
The above result enables us to use the strategy of [5, Proof of 9.5] when dealing

with problems (I), (II), (I)” and (II)’, so that they now reduce to study the particular
case when J is an Albert algebra.

On the other hand, Zelmanov’s result [29, Theorem 1] can be used to take a first

step towards the solutions to problems (I)’ and (II)’.

4.7 PROPOSITION. Let f and g satisfy (4.2)(i), and assume that the ring of
scalars ® is a field of characteristic not two. There exists a positive integer n and
an s-identity h such that g = g™ + h lies in the ideal of FJ[X] generated by f.
In particular, for any Jordan algebra J, and any Jordan algebra homomorphism
p:FIX] — J, u(f) =0 implies u(g) = 0.

PROOF: By using [29, Theorem 1], the quotient

M = (Idpassix) (¥ (f)) NFSI[X])/ Idpsgix) (¥ (f))

is McCrimmon radical. Thus M is locally nilpotent by [6, 3.11], hence nil, and there
exists a positive integer n such that

U(g") =V(9)" € ldrssx)(¥(f))- (1)
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But VU is surjective, hence Idpg x](¥(f)) = ¥(Idpsx)(f)), and (1) implies that
there exists h € Ker ¥ such that ¢" +h € Idp x(f). ®

4.8 Finally, taking into account (4.4)(ii), we may forget about (4.2)(iii) and
consider the following problem:

(II) Do (4.2)(i)(ii) imply (4.2)(iv)?
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