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ABSTRACT. We determine the Lie superalgebras that are graded by the root system
B(m,n) of the orthosymplectic Lie superalgebra osp(2m + 1,2n).

§1. INTRODUCTION

The notion of a Lie algebra graded by a finite root system has proved to be a
very useful one for studying many important classes of Lie algebras such as the
affine and toroidal Lie algebras and various generalizations of them: for example,
the extended affine Lie algebras of [AABGP] or the intersection matrix Lie algebras
of [S1], which arise in the study of singularities. Any finite-dimensional simple Lie
algebra of characteristic zero containing an ad-nilpotent element (or equivalently
a copy of sly) is a Lie algebra graded by a finite root system (see [S]). Thus, this
concept encompasses a diverse array of Lie algebras under one unifying theme -
they all exhibit a grading by a finite (possibly nonreduced) root system.

Our focus here and in [BE2] is on Lie superalgebras graded by the root systems
of the finite-dimensional basic classical simple Lie superalgebras A(m,n), B(m,n),
C(n), D(m,n), D(2,1;a), (o # 0,—1), G(3), and F(4) (a standard reference for re-
sults on simple superalgebras is Kac’s ground-breaking paper [K1]). In this work, we
investigate Lie superalgebras graded by the root system B(m,n) of the orthosym-
plectic Lie superalgebra osp(2m+1, 2n). These superalgebras differ from the others
by their complexity and most closely resemble the Lie algebras graded by the nonre-
duced root systems BC,.. The others have some similarities with the Lie algebras
graded by the reduced root systems, but there are many striking differences as seen
in [BE2].
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Our main results are

(i) the determination of the B(m,n)-graded Lie superalgebras for m > 1 in
Theorem 4.9 and a realization of them by a Tits construction in Theorem
4.21;

(ii) a classification of the B(0,n)-graded Lie superalgebras for n > 2 (Theorem
5.21);

(iii) a description of the B(0, 1)-graded Lie superalgebras (Theorem 6.20);

(iv) a realization of all B(m,n)-graded Lie superalgebras as unitary Lie superal-
gebras of hermitian forms, except for the B(0,1)-graded Lie superalgebras
whose coordinate superalgebra is not associative (Section 7).

When m = 0 exceptional behavior occurs, and when m = 0, n = 1 additional

degeneracies appear, which render these cases both more interesting and more chal-
lenging, and which require them to be treated separately.

To set the stage for our investigations, we begin with a brief review of the Lie
algebra case. Let g be a finite-dimensional split simple Lie algebra over a field F
of characteristic zero with root space decomposition g = h & P pen du relative to
a split Cartan subalgebra . Such a Lie algebra g is the F-analogue of a finite-
dimensional complex simple Lie algebra. Berman and Moody [BM] initiated the
study of Lie algebras graded by the root system A and following them we say,

Definition 1.1. A Lie algebra L over F is graded by the (reduced) root
system A or is A-graded if

(AG1) L contains as a subalgebra a finite-dimensional split simple Lie algebra g =
h o @MGA g, whose root system is A relative to a split Cartan subalgebra

h = do;
(AG2) L =D, cavqoy Lu, where L, = {z € L | [h,z] = p(h)x for all h € b} for
pe AU{0}; and
(AG3) Lo=>_,cally, L-p]-
In [ABG?2] this concept was expanded to include the nonreduced root systems
BC,. Let g be a split “simple”® Lie algebra whose root system relative to a split

Cartan subalgebra b is of type B,., C,, or D, for some r > 1. Then g = § &
EBMGAX g, where X = B,C, or D, and

Ap={te+e |1 <i#j<rjU{zxel|i=1,...,1}
(1.2) Ac={tete|1<itj<ryU{+2|i=1,...,r}
AD:{ie,ie]\1§z¢j§r}

The set
(1.3) A:{ieiiej |1<i#j<r}U{fe, £2¢ |i=1,...,1},

which is contained in dual space h* of b, is a root system of type BC,. in the sense
of Bourbaki [B, Chapitre VIJ.

31n all cases but two, g is simple. When g is of type D2 = A; X A; then g 2 sly @ sla, and
when g is of type D1, then g = §j, which is 1-dimensional.
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Definition 1.4. A Lie algebra L over a field F of characteristic zero is graded by
the root system BC, or is BC,.-graded if

(i) L contains as a subalgebra a finite-dimensional split “simple” Lie algebra
g=bh0 @MGAX g, whose root system relative to a split Cartan subalgebra
h=go is Ax (asin (1.2)) for X = B,C, or D;

(ii) (AG2) and (AG3) of Definition 1.1 hold for L relative to the root system
A of type BC,. in (1.3).

In both the reduced and nonreduced cases, the subalgebra g is called grading
subalgebra of L.

When viewed as a module under the adjoint action of g, a Lie algebra L graded
by a finite reduced root system is a sum of finite-dimensional irreducible g-modules
whose highest weights are the highest long root, highest short root, or 0. Therefore
L decomposes into (possibly infinitely many) copies of g, copies of W, and one-
dimensional trivial g-modules, where W is the irreducible g-module whose highest
weight is the highest short root. When A =A,., D,, Eg, E;, or Eg, then W = 0,
and when A = B,., C,., Fy, or Gg, then dimW =2r +1, r(2r — 1) — 1, 26, or 7,
respectively. By collecting isomorphic summands, we may assume that there are
F-vector spaces A, B, D so that

(1.5) L=(goA)eo(WeB)®D,

where D is the sum of all the trivial g-modules.

A BC,-graded Lie algebra L with grading subalgebra g has a similar decompo-
sition into a direct sum of finite-dimensional irreducible g-modules. There is one
possible isotypic component corresponding to each root length and one correspond-
ing to 0 (the sum of the trivial g-modules). Thus, if » > 2, there are up to four
isotypic components (compared to two or three when A is reduced). There is one
exception - when g has type Dy there are five possible isotypic components. The
larger number of components in the BC,-cases presents many complications not
seen in the reduced cases. When r > 3, the components can be parametrized by
subspaces A, B, C, and D, so that the decomposition is given by

(1.6) L=@geA)e(B) & Vel aD.

Here V' is an n-dimensional vector space over a field F of characteristic zero, and
(]) is a nondegenerate bilinear form on V' which is symmetric of maximal Witt
index or is skew-symmetric. Set p = 1 if the form is symmetric, and p = —1 if it is
skew-symmetric, so that

(v|u) = p(ulv) for all u,v e V.

Then

g ={z € Endp(V) | (z.u|v) = —(u|z.v) for all u,v € V},
s ={s € Endp(V) | (s.ulv) = (u|s.v) for all u,v € V and te(s) = 0},
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where tv denotes the trace, and g is a split simple Lie algebra. When

(i) n=2r+1and p =1, then g has type B,;
(ii) » = 2r and p = —1, then g has type C,; and
(iii) n = 2r and p = 1, then g has type D,..

The classification of the Lie algebras L graded by finite root systems amounts
to describing the coordinate algebra a = A @ B, the coordinate subspace C' (in
type BC,), and the Lie subalgebra D of L, which acts as derivations on a (on
b=A® B®C in the BC,-case), and to determining the multiplication in L. This
has been accomplished in the papers [BM], [BZ], [N], [ABG1], [ABG2], [BS].

§2. LIE SUPERALGEBRAS GRADED BY FINITE ROOT SYSTEMS

Let g be a finite-dimensional split simple basic classical Lie superalgebra over a
field IF of characteristic zero with root space decomposition g = h&EP pen B relative
to a split Cartan subalgebra h. Thus, g is an analogue over F of a complex simple
Lie superalgebra whose root system A is a root system of type A(m,n), B(m,n),
C(n), D(m,n), D(2,1;a), (o # 0,—1), G(3), and F(4). These Lie superalgebras
can be characterized by the properties of being simple, having reductive even part,
and having a nondegenerate even supersymmetric bilinear form. Mimicking the
definitions of the previous section, we say

Definition 2.1. (Compare [GN, Sec. 4.7].) A Lie superalgebra L over F is
graded by the root system A or is A-graded if

(i) L contains as a subsuperalgebra a finite-dimensional split simple basic clas-
sical Lie superalgebra g = bh @ @MGA g, whose root system is A relative to
a split Cartan subalgebra b = go;

(ii) (AG2) and (AG3) of Definition 1.1 hold for L relative to the root system
A.

We would like to view L as a g-module in order to determine the structure
of L. However, a major obstacle encountered in the superalgebra case is that g-
modules need not be completely reducible. We circumvent this roadblock below
(and in [BE2]) by showing that a A-graded Lie superalgebra L must be completely
reducible as a module for its grading subalgebra g in all cases except when A is of
type A(n,n). To prove this, the following result is instrumental.

Lemma 2.2. Let L be a A-graded Lie superalgebra, and let g be its grading sub-
superalgebra. Then L is locally finite as a module for g.

Proof. By (AG2) it is enough to check that the module generated by any z, €
L, is finite-dimensional. Once we fix an ordering of the roots of g, there is a
triangular decomposition g = n~ @ h @ nt of g, and the module generated by z,,
is U(g)z, = U )U(h)U(n")z,. But the dimension of U(n")z,, is finite, since
dim U(n"), is finite for any v € ZA and L has only finitely many h-weight spaces.
Also, U(h)U(n")x, = U(n")z, because the action of U(h) is diagonalizable, and
again dim U (n™")U(h)U (n")z,, is finite by the same weight argument as above. [
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§3. B(m,n)-GRADED LIE SUPERALGEBRAS

Let V = V5@ V7 be a Zs-graded vector space over a field F of characteristic zero,
with dim V5 = 2m + 1 and dim V§ = 2n, with m > 0 and n > 1. We assume (|) is
a nondegenerate supersymmetric bilinear form of maximal Witt index on V. Thus,
we may suppose there is a basis {ug, u1, ..., usy,} of V5 and a basis {v1,...,ve,} of
Vi such that

(ug | ug) =1, (Ui | Wigm) =1 = (Wigm | w;) (t=1,...,m)

3.1) (05 [ Vj4n) = 1= =(Vjtn | v;) G=1....n)

and all other products are 0.
The space Endg(V') of transformations on V' inherits a Zs-grading: Endp(V) =
(Endr(V)); ® (Endp(V)); where z.u € Vi (subscripts read mod 2) whenever

x € (Endﬂ:(V))a and u € Vj,. Setting

(3.2) B
g={z€Endp(V) | (z.u|v)= —(—1?x“(u | z.v) for all u,v € V},

s={s € Endp(V) | (su|v)=(=1)*"(u]| s.v) for all u,v € V and str(s) = 0},

we have that g is the orthosymplectic split simple Lie superalgebra osp(2m+1, 2n).
(In displays such as (3.2), we assume all elements shown are homogeneous, and
our convention is that u = b (viewed as an element of Zs) whenever u € V;.)
The transformations s € s are supersymmetric relative to the form on V and have
supertrace 0. Thus, ste(s) = try,(s) — try; (s) = 0 whenever s € (EndF(V))G, and
the supertrace is automatically 0 for all transformations in (EndF(V))i. The spaces
9,5, V,F are all g-modules; they are irreducible and nonisomorphic (unless m = 0
and n = 1, where s 2 V); and according to the next result, each B(m,n)-graded
Lie superalgebra is a sum of copies of them.

Theorem 3.3. A Lie superalgebra L graded by the root system B(m,n) has a
decomposition as a module for g = osp(2m + 1,2n) as follows:

(gA)ae(Vel)eD when m > 1,
34) L=(¢ @geA)e(seB)a(Vel)eD when m =0 and n > 2,
(gA)®(s®B)@® D when m =0 and n = 1.

where D is the sum of the trivial g-submodules of L, V is as above the natural
(2m + 1 4 2n)-dimensional defining representation of g, and s is as in (3.2).

Proof. Using the basis in (3.1), we may identify linear transformations with their
matrices. The diagonal matrices in g form a Cartan subalgebra . The correspond-
ing even and odd roots are

A = {te; £ €, L€, 10, £05,£20, [ 1 <i<j<m, 1<r<s<n},

Ay ={&6,,+e; £, [1 <i<m, 1 <r<n},
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where for h = diag(0,b1,... by, —b1,...,—bm,C1,... ,Cny—C1,...,—Cpn) € b,
€;(h) = b; and 6,(h) = ¢, for any i,7. When m > 1, a system of simple roots is

H:{(Sl—(SQ,... ,5n_1—5n,6n—61,61—62,... ,em_l—em,em},

and the corresponding Cartan matrix is

0
A,y 0 0
~1
0 0 -1 0 10 0 |:
—1
0
0 : B,
0

while for m = 0,
II={01—0d2,...,0p—1—0pn,0n}

and the Cartan matrix is

0
An—l O
—1
0 0 -2 2
Let t1,... ,them € b be the dual basis to d1,...,0,,€1,...,€n. Then relative to
this basis of h, the coroots hi,... , hpym (ai(h;) is the (j,7)-entry of the Cartan
matrix) have the following expressions:
hi:ti_ti+1 (1§z§n—1)
By =ty + toi1 (if m>1)

Pntj = tntj — tntjt1 (1<j<m-—1)
thrm = 2tn+m

Now, suppose
n m
A= Zméz + Zujej,
i=1 j=1

and A(h;) = a; in Kac’s notation. The conditions for A to be the highest weight
of a finite-dimensional irreducible module are given in [K1, Thm. 8]. The first
condition is that a; € Z>q for 7 # n. Thus, putting in the above expressions for h;
and using the duality, we have

7TZ‘—7Ti+1:CLiEZZO i=1,...,n—1
M = Hj+1 = Gnyj € Lo j=1,...,m—1
2,um = Un+m GZZO-
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The second requirement is a, — (@p+1+ - - Gppm—1 + %aner) =keZspiftm>1,
and %an:keZzo if m=0. Thus, a, =k + pp if m > 1 and a, = 2k if m =0,

which implies 7, = k € Z>¢ for all m, and hence that 7 > ... > 7, > 0is a
partition. The final condition is that when k£ < m, then ap1x+1 = = aptm =0,
which says pir+1 = -+ = pm = 0. This happens only if y,, € Z>o. Thus the only

roots that give finite-dimensional irreducible modules when they are the highest
weight are
201, 01+ 02, & if n > 2,

201, 01 +e€1, 01 if n=1and m >0,
201, &1 ifn=1and m=0.

Now 247 is the highest root, so the corresponding irreducible module is the adjoint
module g; 61 + 02 (or 61 + €1 if n = 1) is the highest weight of s; and 47 is the
highest weight of the natural module V. However, when m > 1, +2¢; is a weight
of s, which is not a root of g. On the other hand, the nonzero weights of V' are
roots, and they are the nonzero weights of s when m = 0. Finally, if m = 0 and
n =1, then s and V' are isomorphic.

It follows from Lemma 2.2 that any Lie superalgebra L graded by the root system
B(m,n) is, when viewed as a g-module, a sum of finite-dimensional modules such
that, in any composition series of these modules, only copies of g, s (for m = 0 and
n > 2), V and the trivial module appear, possibly with the parity changed. The
final step in the proof is to argue that L is a completely reducible g-module, and
to check this, it is enough to prove the following:

“Let X be a g-module with a diagonalizable action of h and with a submodule
Y such that both X/Y and Y are one of the modules listed above (possibly with
the parity changed). Then there is a submodule Z such that X =Y & Z.”

Since any finite-dimensional B(0,n)-module is typical and hence any finite di-
mensional B(0, n)-module is completely reducible (see [K2]), it will be assumed that
m > 1 and that the modules involved then are only g, V', and the trivial module.
By diagonalizability of the action of h on X, if X/Y and Y are isomorphic (possibly
with the parity changed) with highest weight p, take linearly independent elements
Zp,Yu € Xy so that X = U(g)x, + U(g)y,. But U(g)z, and U(g)y, are strictly
contained in X (the dimension of their highest weight spaces is 1), and both X/Y
and Y are irreducible. The only possibility is that both submodules are irreducible
and that X = U(g)z, @ U(g)yu, so that X is completely reducible.

Up to a nonzero factor, the Casimir operator C' of g (see [K1, Sec. 5.2]) acts as
14 2(n —m) times the identity on g, and as n — m times the identity on V. Hence
if X/Y is trivial and Y is adjoint, or if X/Y adjoint and Y trivial, it follows that
X = ker C®imC is completely reducible. Also, if n > m, then 142(n—m) # n—m,
so if X/Y is adjoint and Y = V or conversely, then X =Y @ Z, where Y and Z
are the two different eigenspaces of the action of C.

If X/Y is trivial and Y is the natural module, then as modules for the semisimple
Lie algebra gg = 02m+1 D 8Py, X = Fv @ Vg & Vi with ggv = 0. Then gjv = 0,
since Homg, (g7, V5) = Homg,(g7,V7) = 0, because g1, V5, Vi are nonisomorphic
irreducible gg-modules. Thus gv = 0 and X = Fv & V as g-modules, so X is
completely reducible. In case Y is trivial and X /Y is natural, again X = Fv@V;d Vi



8 GEORGIA BENKART, ALBERTO ELDUQUE

as gg-modules, with gv = 0. Now, Homg, (g7 ® V5, F) = Homg, (g7 ® V1, F) =0, so
g1Vi C Vi1 (indices modulo 2) and again X is completely reducible.
If Y 2V and X/Y = g, a similar argument can be used because
= Homg, (Vo ® Vi ®@ V5 ® Vi, Vg)
= Homgo(vﬁ ® Vv()? V()) ® Homgﬁ (VI 029 Vi? V%))
=0,

Homyg, (91 ® 91, V5)

because Hom,,, ., (Vo®Vj, V5) = 0 unless m = 1 (see, for instance [BZ, Appendix]),
but then n > m. Similarly, Homy, (g7 ® g1,V7) = 0 and Homg, (g7 ® g5, V5) =
0 = Homg, (g7 ® g5, V7). Therefore, as gg-modules, X = g5 @ g1 ® V5 ® Vi with
Y 2 V5 @ Vi, and by the above, Z = g5 @ g7 is a submodule with X 2Y ¢ Z.

Finally, if Y is adjoint and X /Y is natural, again as gg-modules X = g5 & g1 @
Vo @ Vi with Y = g5 @ g7. Now, Homg, (g7 ® Vg, g5) = Homg, (g7 @ go ® Vo, F) =
Homy, (g7 ® g5.V5) = 0 and, in the same vein, Homg, (g7 ® V5,97) = 0 (unless
m = 1, but then n > m) and Homg, (g1 ® Vi, g5) = 0 = Homg, (g7 ® V7, 91). Thus,
any B(m,n)-graded Lie superalgebra is a completely reducible g-module.

By collecting irreducible summands of g which are isomorphic up to a change
of parity, we may suppose that there are superspaces A, B, C, and D over F such
that L has a decomposition as in the statement of the theorem. [

In the decomposition (3.4), we identify the grading subalgebra g with g®1 where
1 € Ag.

The g-module homomorphisms among the modules g,s, V,F (as listed in Table
3.5 below) play a key role in our investigations.

Table 3.5

the homomorphism forms a basis for
TRy [z,y] Homgy(g ® g, 9)
TRYr>x0Yy Homgy(g ® g, 5)
TRS+> T oS Homg(g ® s, g)
T ® s [z,s] Homg(g ® s, 5)
St [s,t] Homg(s ® s, g)
sS@tr—sot Homgy(s ® 5,5) (m =0)
TR U T Homg(g® V, V)
S@u > s Homgy(s @ V, V)
URV > Yy Homy(V ® V, g)
UR V> Ty Homy(V ® V) s)
T ® y — str(ay) Homg (g ® g, F)
s @t ste(st) Homg(s ® 5, )
u®v— (u|v) Homgy(V @ V,F)
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Besides the homomorphisms in this table or those obtained by symmetry (for
instance, s®@x — sox generates Homgy(s®g, g)), there are no other homomorphisms
among these modules. Thus, for example Homg(g®V, g) = 0 unless (m,n) = (0, 1),
where V 2 s.

Appearing in this table are the supercommutator product [, | and the circle
product o on Endg(V'), and two special transformations -, ,, and o, on V, which
are associated to any two homogeneous elements u,v € V. Their definitions are
given by

[2,y] = 2y — (=1)"yzx

o1 —on’ (2y)

(3.6) Yuw (W) = u(v | w) = (=1)"v(u | w)
Tuv(w) =u(v|w)+ (—=1)"v(u | w)
Ou,w — 5u,v - mﬁtt(gu,v)I

for all homogeneous z,y € Endp(V), u,v € V. Observe that

(3 7) [’Yu,mf)’u/,v’] = Vyu,o(u)v’ + (_1)(ﬂ+®)w7u’,7u,v(v’)

[Vu,vyo'u’,v’] = Onyyy o (u'),0’ + (_1)

Proof of the assertions in Table 3.5. 1t is easy to check that all the maps given in
the table are indeed nonzero homomorphisms. Also the three last lines of the table
are clear.

a) Notice first that g has a Z-grading as in [K1, 2.1.2], g = g2 ® g_1 ® go @
g1 @ g2, with gg = g—2 @ go ® g2 and g7 = g—1 @ g1. The spaces g_» and go are
contragredient irreducible go-modules and go ® g_o generates g ® g as g-module.
Moreover, go = Fc® [go, go] where [go, go] = 02m11@5ly, [c, 2] = ix; for any z; € g;
and ¢ = —2,—1,0,1,2, and 09,,+1 centralizes go B g_o.

Once a Cartan subalgebra § of go, hence of g, and a system of simple roots
are fixed, we may take a highest weight vector v € go and a lowest weight vector
w of g_o (as go-modules). Then v ® w generates g ® g as a g-module. Hence
any ¢ € Homg(g ® g,9) is determined by ¢(v ® w), which belongs to b (the zero
weight space). By its invariance under ad ¢, ¢ respects the Z-grading. Since 09,41
centralizes go ® g2, ¢(v ® w) is centralized by 02,,+1. Then ¢ restricts to ¢ €
Homg(g®g, 8), where g = g_o® (Fc®sl,) Dga = sp,y,,. Since dim Hom(g®g, g) =1
(see, for instance, [BZ, Appendix]), it must be that dim Homg(g ® g,g) = 1 too,
and the assertion of the first line of Table 3.5 follows.

b) Let xos, (resp. x_as5,) be a highest (resp. lowest) weight vector of g (notation
as in the Proof of Theorem 3.3). Then za5, ® x_25, generates g ® g as a g-module.
Since any ¢ € Homg(g ® g,V) takes z25, ® _25, to the zero weight space of V'
and p(xgs, ® _os,) is annihilated by the ideal 09,,+1 of gg, it follows that ¢ = 0
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unless m = 0. If m = 0, then ¢ is even and dim Homg(g ® g,V) < 1. Hence for
n =1, V = s and we obtain the second line of the table. However, for n > 2, if
© # 0, it can be assumed that p(x5®yg) = ste(zgyg)uo for any x5, ys € g5, because
Homgy vy (sp(V1) ®@sp(V7), V1) = 0 and Homgy(vy) (sp(V7) ®sp(V7), F) is spanned by
the supertrace form ([BZ, Appendix]). Take z5 = 7, and 7 = 7Yy,,0,- Then
[z1,25] = 0, so

Un+1

0 = ¢([z1, 5] @ 25) + (g ® [21, 75])
= 21.¢(25 ® 7p)

= ste(z3)r1.u0 # 0,

a contradiction. Thus Homg(g® g, V') = 0 unless (m,n) = (0,1). Notice that, since
all the modules involved are contragredient, Homg(g®g, V) = Homg(gRg® V,F) =
Homg(g® V, g).

c) g®s is generated as a g-module by go5, ® 5, where 1 is the lowest weight of s.
Thus, p=—(01+d2) ifn>2, p=—(01+e€)ifm>1landn=1, and p = —6; if
m=0,n=1. Any ¢ € Homg(g ® s, g) takes ga5, ® 5, to the weight space gas, 44,
which is one-dimensional. This establishes the third line of the table, and since
Homgy(g ® 5,9) = Homg(g ® g,s) as in b), it also proves the validity of the second
TOW.

d) The same argument as in c¢) proves that Homg(g®s,s) and Homg(g® V, V) are
one-dimensional. Using Homg(g ® s,5) = Homgy(s ® s, g) and Homg(g ® V,V) =
Homg(V®V, g), we obtain lines 4, 5, 7 and 9 of the table. Also, this argument shows
that Homg(g®s, V) = 0 (since 201 — (01 + d2) or 26; — (61 + €1) for m = 0 is not a
weight of V') unless (m,n) = (0,1). Hence, Homy(g®s,V) =0 = Homg(g®V,s) =
Homgy(s ® V, g) unless (m,n) = (0,1).

e) Since VoV =2 V*@V = Endg(V) = gbs®FI, it follows that Homg(V ®V,s) is
one-dimensional, as is Homg(s®@V, V'), proving lines 8 and 10 of the table. Moreover,
Homy(V ® V, V) is trivial unless (m,n) = (0, 1).

f) Finally, to find the dimension of Homg(s ® s,5) for m = 0, we may assume
n > 2 by e). Then any ¢ € Homg(s ® 5,5) is determined by the image of
Toiv @ Oupyivnsn € 825, ® @_2s,, which belongs to s = spanp{oy, v,,, | J =
1,...,n}. Since both oy, 4, and oy, v, ., are annihilated by vug,v;, j = 3,... ,n,
and by Vu, 0,40, it follows that ©(0y, v, @ 0w,y vers) € Flow,, ). Thus
dim Homg(s ® s,5) < 1, as required. [J

Vnt1 — Ova,vnt2

§4. B(m,n)-GRADED LIE SUPERALGEBRAS WITH m > 1
AND THE TITS CONSTRUCTION

To facilitate the investigation of B(m,n)-graded Lie superalgebras with m > 1,
we use the following result which, in more generality, was first proved in the Lie
algebra context in [BZ, Prop. 2.7]. With slight modifications to accommodate for
the parity of terms and some changes in the notation to make the statements more
compatible with the results of the next sections we have:
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Lemma 4.1. Let L be a Lie superalgebra over F with a perfect subsuperalgebra g.

Under the adjoint action of g on L, assume that L is a direct sum of

(1) copies of the adjoint module g,
(2) copies of some nontrivial module V,
(3) copies of the trivial module F.

Assume that

(1’) dimHomgy(g® g,9) =1 = dim Homg(g ® V, V)
(2’) dimHomy(V ® V,g) =1 =dimHomy(g ® g,F) = dim Homgy(V ® V,F)
(3’) Homg(V®V,V) =0=Homy(g® V,g) = Homyg(g ® V,F).

Suppose that Homg(g ® g,F) = Frx, Homy(V ® V,F) = FA, Homy(V @ V,g) =
Fr (where k,\,m are supersymmetric or superskewsymmetric), and the following
conditions hold:

There exist f,g € gg U g1 such that [g,9] = 0, x(f,9) = 0 = k(g, f) and
[[f,9], 9] #0.

There ezist f,g € ggUg1, and u € VGUV; such that f.(g.u) #0, g.(fu) =0
and 0 = k(g, ).

There exists f € ggUgi and u,v € VgUV; such that w(f.u,v) = 0 = 7(u, f.v)
and ANu,v)f #0

The mappings gV @V — g given by fQu®v — 7(f.u,v) and fQuURv —
(=) 7 (u, fv) are linearly independent;

There exists 0 # 9 € F such that 9x(m(u,v), f) = (=1)EFDIN(f.u,v) for
allu,v €V, and all f € g.

Then L= (g A) & (V& C) & D where

(a
(b
(c

)
)
)
)

A is a unital (super)commutative associative F-superalgebra;
C is a unital associative A-module;
D is a trivial g-module and a Lie superalgebra;

(d) Multiplication in L is given by

(4.2)

“ (w(u,v) @ x(e ) + Au,v) (e, )

d,foad=(-)"fods [duod=(-1)"usde,
[d,d'] (is the product in D)

forall f,ge g, a,d € A, u,v eV, c,d €C,d,d €D, where
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X:C®C — A is an A-bilinear form which is supersymmetric (resp.
superskewsymmetric) if m is superskewsymmetric (resp. supersymmetric)
e b= A C isan A-algebra under
(a+c)(d + ) = (ad’ + 97 x(c,d)) + a.c + (—1)‘;/5a’.c
e D s a subsuperalgebra of L
e (,):bxb—=D, (a+c,d+)— (a,d)+ (c,c) is F-bilinear,
with its restriction to A x A being always superskewsymmetric and
its restriction to C x C' being supersymmetric (resp. superskewsymmetric)
if X is superskewsymmetric (resp. supersymmetric)
o [d,(8,8)] = (dB,B) + (~1)¥(8,dB') holds for de D, 3,3 € b,
In particular, (b,b) = (A, A)+ (C,C) is an ideal of D
e ¢:D — Derp(b), d— ¢(d) where ¢(d):a— da, ¢(d):c— dc,
is a representation with (A, A) C ker ¢, and such that
(b,b) acts trivially on A
o k(,) is supersymmetric, and the relations
(=) (a-d’,d") + (=1)*%a - a",a) + (=1)* ' (d" - a,d’) = 0
{a,cc’) = (a.c,d’) — (=1)*c,a.c') (recall that cc' =9 x(c,c))
hold for all a,a’,a"” € A and ¢,c € C. In particular,
if (A, A) =0, then (a.c,c’) = (—1)*(c,a.c).

e Moreover, the following relation must hold for wy,ws,ws € V, ¢1,c2,c3 € C:

O

Conversely, the above conditions are sufficient for L = (g® A) @ (V@ C) @ D,
satisfying (a)—(d), to be a Lie superalgebra.

“

” in (4.3) signifies summation over the cyclic permutation of
O

The notation

the variables.

Lemma 4.4. The hypotheses (1)-(3), (1°)-(3’), and (i)-(v) of Lemma 4.1 are
satisfied by every B(m,n)-graded Lie superalgebra (m > 1) with respect to g =
osp(2m+1,2n), V its natural (2m + 1 + 2n)-dimensional module with a nondegen-

erate supersymmetric bilinear form (|) as in (3.1), ¥ = %, and the mappings

~—

m(

<

u
U

)
(4.5) Alu,v) = (u | v)
)
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Proof. By Theorem 3.3, we may assume that a Lie superalgebra L graded by
B(m,n) for m > 1 has a decomposition of the form

L=@goA)a(Vel)eD,

where g = osp(2m +1,2n), and V is its natural (2m + 1+ 2n)-dimensional module.
Thus, assumptions (1)-(3) hold. The results on the dimensions of the homomor-
phism spaces in (1)’-(3)’ are shown in Table 3.5.

Observe that

ste(u(v | 2) = (=1)"(v|u) = (u]v) for all u,v €V,
so that

(4.6) oup(w) =u(v|w)+ (=1)"v(u | w) —

Then for any f € g,

stt(vuvf)—ﬁtt(( |/ ) = (=1)"ste(v(u \f,)_)
) ( fvl ) ( )M”fﬁtt(v(f-U\f))

In particular,

(4.8) )
5tt(7u,v7u/,v’) - _2(_1)17(u’+
= =2(=1)" T ([ ) (v [ v) + 2(=1)" T (| o) (| 0)
= 2((~1)" I [ V) ) — ()T (| W) [ )
Conditions (i)-(v) of Lemma 4.1 assert the existence of elements of L which

satisfy certain relations. In verifying that these conditions are met relative to the
mappings in (4.5), we use the basis of (3.1) and equation (3.7).

(i) Take f = Yuppr,00 € 81 and g = Yyou;, € g5 Then [g,g] = 0, x(f,g) =
ste(fg) = 0. Also by (4.8), k(g,9) = ste(v2, .,,) = 2((uo | wi)(ur | ug) — (uo |
uo) (ug |u1)> = 0. But

[fa g] = —[g, f] = _77u0,u1(um+1),v1 = ~Yuo,v1 and
[[f: 9], 9] = [9: Yug,on] = Vg ug (wo)vr = ~Yur,v1 7 0.

(ii) Set f = Yugv1s § = Yos,ve, a00d u=wv1. Then fou =0, g.u= —2v9, f.(g.u) =
—2f.wy = —2up # 0, while k(f,g) = 2((u0 | v2)(v1 | v2) + (uo | v2)(v1 | vg)) = 0.
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(iii) For this one, let f = vy, v,,,, and v = v = ug. Then 7(f.u,v) = Vyuo =
0 = m(u, fv), and A(u,0)f = (u] 0)f = f £0.

(iv) This requires checking that the maps g@ V @V — g given by f @ u®@ v —
F(f,0) = Yo a0d [ S UG v > (~1)x(u, f0) = (—1) 71, are lincarly
independent. Letting f = vu,,0,, ¥ = ug, and v = u1, we have

’Y’Yuo,vl (UO)yul = _’Y,U11u17 7“«07’}%(),1@(“1) = 07
and clearly f ® u ® v — 7y, f., is not 0.

(v) We need to show there is some scalar ¥ € F such that Js(7(u,v), f) =
Iste(Yuof) = (1) (fu | v) = (=1)@HF\(f.u, v) for all homogeneous f € g,
u,v € V. But according to (4.7), this can be accomplished by taking ¥ = %

As a result, all the hypotheses of Lemma 4.1 are satisfied in any B(m,n)-graded
Lie superalgebra (with m > 1). Therefore the conclusions given in the statements
labelled by e in Lemma 4.1 must hold for these superalgebras. [

Therefore, we have the following description of the B(m,n)-graded Lie superal-
gebras (m > 1):

Theorem 4.9. Assume L =(g® A) @ (V® C) @ D is a superalgebra over a field
F of characteristic zero with g = osp(2m + 1,2n) for m > 1, with V' as in Section
8, and with F-superspaces A, C, D satisfying the following conditions:

(a) A is a unital (super)commutative F-superalgebra;

(b) C is a left unital A-module;

(¢c) x:CxC — Ais an F-bilinear supersymmetric form and hence, b = A®C
18 a unital F-algebra with multiplication:

(a+c)(d +¢) = (aad’ +2x(c,d)) + (a.c' + (=1)"

c

da.c);

(d) D is a trivial g-module and a Lie superalgebra, and there is a linear map
¢ D — Endg(b) with d — ¢q4 such that if d(5) := ¢a(B) for all 5 € b, then
d(A) C A, d(C) CC forallde D;

(e) there is a bilinear superskewsymmetric map (|) : bx b — D with (A | C) =
0;

(f) the product in L is given by:

z®a,7 ®d] = (—1)% ([z, Y] @ ad’ + ste(z2'){a | a'>)
[z@a,u®c =(-1)"2.u® a.c
(4.10) [u® e,v® ] = (=17 (a0 @ x(e, ) + (u| v)(e | )

(d.p@ )= (-1)Pp©ds
[d,d'] (is the product in D).
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Then L is a Lie superalgebra if and only if

e A is an associative superalgebra;
e (' is an associative module for A;

e D is a Lie subsuperalgebra of L and ¢ : D — Dergp(b) is a representation of D
as superderivations on the algebra b;

o [d(BA)]=B|F)+ (-1 (B |df) fordeD, 5,5 €b;

. Z@(—1)51g3<51 | B2083) =0 for (1, 82,83 € b;

e (A|A) Ckero and (b|b)A=0;

o (c] ) = (=) e — (=1 x(e, ). fore,d, " € C.

Moreover, the B(m,n)-graded Lie superalgebras for m > 1 are exactly these Lie
superalgebras with the added constraint that

D= (A|A)+(C|C).

Note that the last condition “e” above is a consequence of (4.3).

Suppose L = (g® A) @& (V® C) ® D is a B(m, n)-graded Lie superalgebra for
m > 1. Thus, A, C, D are F-superspaces satisfying the constraints of Theorem 4.9.
As in that theorem, let b = A @ C be the algebra with multiplication prescribed by
(c), and define Dy C Der(b) by

D..(A)=0
(4.11) D, (") = (—1)6(5/+C7,)X(c/,0/’).c - (—1)867/)((0, . fored, " eC
Daa=Dac=Dca=0

Then for L modulo its center Z(L) ={¢ € L | [¢, L] = 0}, we have

(4.12) L/Z(L) = £(b), where

(4.13) £6) L (g0 A) @ (Ve C)® Dyy.

The multiplication on £(b) is that given by (4.10) with D replaced by Dy and
(3| ') = Dy for all B, € b

Remark 4.14. Note that it follows from the relation

[E,Dgp] = Dgpp + (—1)*’Ds g

which holds for E € Dy, 3,5 € b, that Dy is a subsuperalgebra of gl(b). Hence
all the conditions of Theorem 4.9 are satisfied by £(b), and as a consequence,
£(b) is a B(m,n)-graded Lie superalgebra. Furthermore, any B(m,n)-graded Lie
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superalgebra with coordinate superalgebra b is a cover of £(b) in the following
sense.

Recall that a central extension of a Lie superalgebra L is a pair (L ) con51st1ng
of a Lie superalgebra L and a surjective Lie superalgebra homomorphism 7 : L—
L (preservmg the gradlng) whose kernel lies in the center of L. If L is perfect
(L = [L,L]), then L is said to be a cover or covering of L. Any perfect Lie
superalgebra L has a unique (up to isomorphism) universal central extension (E, )
which is also perfect, called the universal covering superalgebra of L. Two perfect
Lie superalgebras L, and Lo are said to be centrally isogenous if Li/Z(Ly) =
Lo/Z(Ly).

We present two different constructions of the B(m,n)-graded Lie superalgebras
for m > 1, — a Tits construction and then a unitary construction in Section 7.

The Tits Construction.

In [BZ, 3.28] a (generalized) Tits construction is presented starting with the
Jordan algebras of two symmetric nondegenerate bilinear forms. This construction
has a super-counterpart which we discuss next. (There is a slight discrepancy in
the notation used here compared to [BZ], as we have switched the roles of A and
2. This change is inconsequential.)

Assume 2 is a unital (super)commutative associative superalgebra over the field
F (of characteristic zero). Let V = V5 @ V7 be a superspace over 2 endowed with
an even supersymmetric 2-bilinear form (, ),. Let J(V) := A& V, the Jordan
superalgebra of the form. Thus, the product in J(V) is given by

(4.15) (@+v)(B+0) = (af+ (v]|v'),) +av + (=) Fo.

The space of 2-linear derivations of J(V) which map V to V is just the Lie
superalgebra D(J(V)) of A-linear skew symmetric transformations £ : V. — V
such that (Ev | v'), = —(=1)E%(v | Ev’), for all homogeneous E € Endg(V),
v,v" € V viewed under the supercommutator product. The mapping

(4.16) Dy (v") = (=) (v [ o), 0" — (=17 [ o),

belongs to D(J(V')) and satisfies

Dv,v’ — _(_1)61;/Dv’,v

(4.17) .
[Eva,v’] = DEU,U’ + (_]-) vDU,EU’

for all E € D(J(V)), v,v" € V. In the special case that 2 = F, and the form (|),
on V is nondegenerate, the Lie superalgebra D(J(V)) is simply osp(V).

Similarly, we assume W = W5 @ Wi is a module for a unital (super)commutative
associative superalgebra A endowed with an even supersymmetric A-bilinear form
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). Welet J(W) := A® W, and set D(J(W)) := {e € Enda(W) | (ew |
W)y, +(=1)%(w | ew’),, =0 for all w,w’ € W}. We define the analogue of (4.16):

(418)  dyw (") = (1) (| w"), 0 = ()P W | w"),,

for all w,w’,w” € W.

Proposition 4.19. Assume 2 and A are unital, (super)commutative associative F-
superalgebras. Let J(V) =A@V (resp. J(W) = ADW ) be the Jordan superalgebra
corresponding to an even supersymmetric Ql—b@linear (resp. zfl—bilinear) form on the
A-module V' (resp. on the A-module W ). Let D(J(V)) and D(J(W)) be subsuperal-

gebras of D(J(V')) and D(J(W)) containing respectively Dy,y = {Dy . | v,0" € V'}
and dw,w = {dy w | w,w" € W}. Then

T(J(V)/A,JW)/A) = (DI (V) @A) & (Ve W)s (Ao D(J(W)))

with a superanticommutative multiplication given by

4.20
( o) [D®a,v®@w) =(-1)"Dv®aw, [a®d,v®w) = (—l)gﬁa.z}@dw
¢ pew v @)= (1" (Dow & (W] w)y + @]V, & duw)
e DRa,a®d =0
e [D®a,D ®d]=(-1)""[D,D'|®ad,
o a®dd ®d]=(-1)"% ®[d,d]

for any homogeneous elements D € D(J(V)), d € D(J(W)), a,d’ € A, o,/ € U,
v, o' € V, w,w' € W, where Dy, v and dy, . are as in (4.16) and (4.18), is a Lie
superalgebra.

Proof. Because (ZND(J(V)) ®A) D (AR D(J(W)) is a Lie superalgebra and V @ W
is a module for it, the split null extension (D(J(V)) ® A) @ (A @ D(J(W)) @
(V ® W) is a Lie superalgebra. Therefore, as in [BZ, Prop. 3.9], to show that
T = T(J(V)/A,JW)/A) is a Lie superalgebra amounts to verifying that the
Jacobi sum J (41, l2,03) = Z:o(—l)[l[3 [¢1,[l2,03]] is O for the triples

{E®a,v@w,v @uw'}
{01,02,05} = {a®@e,v@w,v @ w'}
{v@w,v @uw, v @w"}.

The argument in [BZ, 3.29], with appropriate parity signs inserted, provides a proof
of this proposition. [

Lemma 4.1 enables us to realize any B(m,n)-graded Lie superalgebra for m > 1
via this construction, just by repeating the arguments in [BZ, Thm. 3.53].
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Theorem 4.21. Assume that L is a Lie superalgebra graded by B(m,n) form > 1
over a field F of characteristic zero. Then there exists a unital, (super)commutative
associative superalgebra A and a Jordan algebra J(W) = A @ W associated with
an A-module W having a supersymmetric A-bilinear form such that L is centrally
1s0genous to

TIWV)/F,JW)/A)=(g@A)d (VW) ddww

where g is the split simple Lie superalgebra osp(2m+1,2n) and V is its natural (2m-+
14 2n)-dimensional module having a nondegenerate symmetric bilinear form (|) as
in (3.1) relative to which g is the space D(J(V')) of skew-symmetric transformations.
The multiplication in T (J(V)/F, J(W)/A) is that given in (4.20) above.

Remark 4.22. The translation between this realization of B(m,n)-graded Lie
superalgebras (m > 1) and the description in Theorem 4.9 is easy to establish. In
the superalgebra 7T (J(V)/F, J(W)/A) of Theorem 4.21, set (v | V') = (v | V')y,
C =W, x(c,d)=—(c|)w forall ¢, € C =W, and (A | A) = 0. Note that
Yup = —Duyyp for u,v € V, and deer = (¢ | ¢/). Then for example, the relation

[v®ev @d] = (1) (Dv,v/ @|d)y +]|v), ® dc,c/> in (4.20) just says
e v @] = (=1 <%7v/ @ x(e,d)+ (v ]v){c] c’)) as in (4.10).

§5. B(0,n)-GRADED LIE SUPERALGEBRAS (n > 2)

By Theorem 3.3, a Lie superalgebra L graded by the root system B(0,n) of
g = 0sp(1,2n) decomposes as

L=@geA)e(sB)a(VelC)eD

for suitable superspaces A, B,C, D. The grading subsuperalgebra g is identified
with g® 1 where 1 € Aj. Because the g-homomorphisms in Table 3.5 are the super
versions of corresponding ones in the ungraded case (compare [ABG2, Chap. 2]),
we may suppose that following hold:

e there is a unital multiplication on a = A @ B (with 1 € Aj) together with a
superinvolution 1 such that n 4= I and n |[p= —1;

e there are even bilinear mappings
axC—C, (a,¢) — a.c with l.c=c¢
CxC —a, (e,d)— x(c,d)=cx +cod

with (¢, c’) = cxc’ € A supersymmetric and (c, ') — coc’ € B superskewsymmetric
so that x(c,c )7 = (—=1)°“x(c/, ¢), and hence there is a product on b=A® B @ C
given by

(5.1) (a+c)(d + )= (ao/ + 2x(c, c’)> + <a.c' + (—1)&,5(0/)’7.0);
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e there is a bilinear superskewsymmetric map (|) : b x b — D with (A | B) =
(A C)=(B|C)=0;

e there is a superanticommutative product on D and a linear map ¢ : D —
Endp(b) with d +— ¢4 such that if d(5) = ¢4(B) for all 3 € b, then d(4) C
A, d(B) C B, d(C) C C for all d € D;

e the multiplication on L is given by

(5.2)

[d,p® )= (~)"p©dp
[d,d'] (is the product in D),

forall z @, 2/ ®@ad € (g@A)UGBERB),u®c,ocd eVRC, deD, pfe
(g A)U (s ® B)U(V ®C), where

voz =24 4+ (=1)% 22 —
(5.3) (=1 1—2n

aod =ad + (1) da, [a,¢'] = aa — (-1)*“d/a Va,o’ €a

ste(22') T Vz,2/ €gUs

and 7y, € g and o, € 5 are as in (3.6) and (4.6).

The arguments in [ABG2] adapted to the super case tell us that L is a Lie
superalgebra if and only if the conditions derived in (i)-(v) below hold:

(i) The validity of the Jacobi superidentity with at least one of the elements taken
from D is equivalent to the following: Relative to its product, D is a Lie super-
algebra (a subsuperalgebra of L), ¢ : D — Derp(b) is a representation of D as
superderivations on the algebra b relative to the product in (5.1), and

[d, (8,00 = (dB, ') + (=1)(3 | dF)
for d € D, 8,5" € b. In particular, (A | A), (B | B), (C'| C) are ideals of D.

(ii) For 21 ® a1, 22 @ a2, 23 @ a3 € (g ® A) U (s ® B), the Jacobi superidentity is
equivalent to the two relations

(5.4)

0 =str(z12223) (Z(—l)ala?’ (o | 012043>)

O

_ (_1) 22 _35tt(212322) (Z(_l)(a_ﬁ-a—z)a—s <a1 | a3a2>>

O
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(5.5)
= - Z(—l)ﬁiﬁoadszlzzza ® (o, a2, a3)

(@)
+ Z(—1)(51+z72)53+(d1+d2)d3212322 ® (a1, a3, a2)
O

— ZO:(—1)Z123+a1a35tt(2122)23 &® (<C¥1 | a2>a3 — 1 _12n[[011, 042], a3]>
_ (_1)21%% I® (Z(_l)alag [041, a2a3]>
O

s sti(azsz) 1) (o)
+(-1) 1-on g( Y o osel)

where (a1, ag,a3) = (v1az)as — ag(asas), (the associator). The first corresponds
to the D-component and the second to the (g ® A) @ (s ® B)-component.

To examine (5.4), suppose first that z; € g (and so o; € A) for all i. Then 25023 €
s, 50 str(z1(z2 0 23)) = 0 as ste(g s) = 0, and str(z12223) = —(—1)2%str(212322).
Equation (5.4) reduces to

0 = str(z12223) (Z(—l)ala3<a1 | g 0 a3>>

O

in this case. As we can find 21, 29,23 € g with ste(z12223) # 0, it must be that
0=3(—1)"% (v | azoas) for all a; € A. However, apaz = sapoas+ 3[az, as),
and when as,a3 € A, then [ag,a3] € B. Because (A | B) = 0, we see that
(a1 | g 0 avg) = 2(v1 | aerz). Thus

(5.6) 0="> (-1)M% (a1 | azes)

O

fora; € A (i=1,2,3).
Assuming next that 2, 20 € g and z3 € s gives [29, 23] € 5 so that ste(z1[22, 23]) =
0 and str(z12023) = (—1)*2%3str(212322). Thus, (6.2) becomes

0 = str(z12223) (Z(l)a1a3<a1 | [ae, ozg]))
¢)
Using the relations [4, B] C A, AoB C B, [A, A] C B, and Ao A C A, we determine
that (5.6) holds whenever oy, s € A, and a3 € B.
The other remaining possibilities for zi, 29,23 € gU s can be treated in exactly
the same way to show that (5.6) holds for any a1, a2,a3 € AU B. Thus, (5.4) is
equivalent to (5.6).

Using the basis in (3.1) (with m = 0) we identify linear transformations with
matrices whose rows and columns are numbered from 0 to 2n, and we let E; ; be
the matrix with 1 in the (7, j)-position and 0’s elsewhere.
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For (5.5) we assume now that z; = Eo1 — (1 Epyi1n42, 22 = E11— GEny1 1 +
(1 —¢2)Eoo0, 23 = E10— GEont1, (¢ = %1, 2, € gwhen (; =1 and 2 € s
when ¢; = —1). Then all the elements 2122 = Ea 1, 2023 = E19— (1 —(2)(3E0 n+1,
2321 = (1(3Ep,n+2 have zero supertrace, and

212923 = Ey 9, zozgz1 = (1 — (2)C1¢3Eo n+2, 232122 =0

2123292 = (1 — (2) Ea 0, 222123 = 0, 232221 = (1230 n12-

Therefore (5.5) with this substitution becomes

0=—(=1)M%Ey0® (a1, a2,a3) — (1) (1 = (2)1¢3Eont2 @ (a2, a3, 01)
+ (—1) @RI (] VB o @ (o, g, a2)
— (1)@ GG Fy e @ (a3, az, 1),

which implies

(a1, 02, 3) = (=1)*2%3 (1 — (o) (eu1, @3, @2).

In particular, with ¢; = 1, (a, 4,a) = 0, and with {; = —1, (a,B,A) = (a,A,B) =
0. If Qo,03 € B, (CQ = C:g = —1), (al,ag,ag) = 2(—1)022&3(041,&3,042) =
4(avy, g, avg) so that (a, B, B) = 0 too. These results combine to say that (a,a,a) =
0 that is

(5.7) a is associative.

When a is associative, equation (5.5) reduces to

1 _12n[[041a042],043]),

0= Z(—1)27153+d1d35tt(zlz2)23 R <<041 ‘ CM2>Q3 _
O

Then from the substitution 21 = E1 9 — GG Eon+1, 22 = Eo1 + (FEni1,0, and
z3 = Ea9 — (3Ent1amnt2 + (1 — (3)Eo 0, we deduce str(z223) = str(z321) = 0, and
str(z122) = —(1 4+ (1(2), so that

0 ap € Aand as € B, or as € A and oy € B,

far lazas = { 7,

1—2n o1, o], as) otherwise.

Alternatively, we may write

1

(5.8) (1 | ag)az = m[[

a1, ag] + [of o], o]

for all a1, a9, a3 € a. Therefore, the validity of Jacobi superidentity in this case
(which is the same as (5.4) and (5.5)) is equivalent to the three conditions (5.6),
(5.7), and (5.8).
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(iii) The Jacobi superidentity for z®a, z’®a’ € (g A)U(s®B), and u®c € VRC,
gives the relation

(5.9) -
0=2.(z"u) ® (a.(e.c) — (aa).c) — (=1)"* 4 (z.u) ® (¢ (a.c) — (d'ar).c)

1 /
1_2n[a,a].c).

—str(22")u ® <<a | a)e —

Letting 2 = Fs 1 —CEpti1nt2, 2 = E10—( Egnt1, where ¢, (" € {£1}, and u = ug
(asin (3.1)) gives z.(2".u) = z.v1 = ve, 2’'.(z.u) =0, and ste(z2’) = 0, so that (5.9)
simplifies to va ® (a.(a’.c) — (a).c) in this case. Thus,

(5.10) (ad).c = a.(d/.c)

for all a, @’ € a, ¢ € C; in other words, C is an associative a-module. Moreover, if
z=F10—C(Eont1, 2’ = Eo1 + ('Epnt1,0, and u = ug, then ste(zz') = —(1 + ¢¢'),
so that we obtain the conclusion

0 ac€Aand o € B,or o € A and a € B,

(@, 0/)e = {

1 / :
s la,a’l.c otherwise.

This last condition may be subsumed into one expression as

1

(5.11) (a,a)e = 21— 2n)

([a, o] + [a”, (o/)”]).c

for all o,/ € a, ¢ € C. Thus, the conditions for the Jacobi superidentity to hold
are (5.10) and (5.11) here.

(iv) Suppose u®@c,v@d e VRC,x €g,s€s, z€gUs,ac€a,ac A, and b€ B.
Then various substitutions in the Jacobi superidentity show that in order to have
a Lie superalgebra the following must hold:

1 1
(a) 0 :[a:yyuvv]®iao(c*c’)—i—acoow,@i[a,coc']

— (1) ([ )z @ (¢ | ) — Vouo @ (a.c) x
— (=1)"%t ey, 1y ® ek (a.c)
1 1
(b) 0 :[s,’yu’v]®§bo(c*cl)+soauvv®i[b,coc’]
— (=Y ) (w| v)s @ (¢ | Vb — Ogu @ (bc) o

— (1", ., @ co (b.d)
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1

(c) 0 :xo'yum@i[a,c*c’]—l—[x,aum]@ ao(cod)

N | =

[e]]

— O ® (a.c)oc — (=1)""%q, , ,co (a.c)

1 1
(d) 0 = so%’v®§[b,c*c’]—l—[s,aum]@?bo(coc’)

— Ao @ (b.c) x ¢! — (=1)5¥ Ty @ ek (bo)
(e) 0 = ste(zyue){a | cxd) + ste(zoym)(a | coc)

— (zau | v){ac| &) — (=17 (y | zv){c | a.c).

Let us consider (e) first. If z € g and o € A, then ste(zo,,) = 0, while
ste(27u0) = (20 | 0) = (1) (20 | u) = (zu | v)+(=1) (v | z.u) = 2(z.u | v).
Thus (e) is equivalent to 2(a | ¢ x /) = (a.c | ) — (=1)*(c | a.c), and since (A |
B) =0, to 2{a | x(¢,)) = (a.c| ) = (—=1)*{c | a.c/). If instead z € s and a € B,
then stv(z7y,,,) = 0, while ste(z0,,) = 2(z.u | v) and (u | z.v) = (=1)**(z.u | v).
So we obtain 2(« | x(¢,c)) = (a.c | ) + (—=1)%(c | a.¢/). The combined result is
that

(5.12) 2(a | x(e,d)) = (ae| &) — (=1)*c | a".c)

for a € a, ¢, € C. Using the multiplication in b from (5.1), we see that equation
(5.12) can be rewritten as

(5.13) 0=(a|c- )+ (=)@t | o) + (=1)* (e | ¢ - a).

Now we tackle (a)-(d). For these it is helpful to quote the following relations
(compare (3.7)):

(5.14)
(1) [$, ’Vu,v] ’Vz.u,v + (*1)@1’)%@ v
(i) 2o00uy =204y + (—1)2 @5, (as str(g s) = 0)
= Vo= (1) Yuw— 1o (as uv]z) = (1) u(zo | )
(iii)  ZoYuw = 0w — (—1)" 0z
(iv)  [z,0u0] = Opuw + (=1)""04y 2.0
(V) [37 7u,v] = Os.uw — (_1)§ﬂau s.v
(Vi) 500w = Oeup + (=100 — 1425
(Vil) SO Yuvw = Vs.u,v + (_1)57 u,8.v
(Vlll) [37 O'u,v] = Vs.u,v — (_1)5117“,5 v

Applying the first two of these, we see that (a) becomes
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1 1
0= Ve.uo & <2a o (C * Cl) + 5[@, COC/] — (a.c) * Cl>

(5.15) + (=)™ vz ® (;a o(cxc)— %[a, coc]—(=1)"cx (a.c')>

—(u|v)r® <(—1)a(c+°/)<c | a — 1 —22n [a,coc’]).

Setting u = vy, v = vg, and & = Yy, 0, gives (u | v) =0, z.v =0, Ypuo # 0, SO
that (5.15) implies
1
(a.c)*c = e (exd)+ §[a,c<>c’].

Similarly,

and

S 2 g L
T 12T T Ty,

Analogously, (iii) and (iv) can be used to show equation (c) is equivalent to

{clcha [x(e, ') = x(e, )", al.

1 1
(a.c)oc = 5[a,,c>x< A+ 5a° (cod)
- 1 1
(—1)%co (a.d) = —i[a,c* 1+ 5%° (cod).

(5.17) X(e,a.d) = (=1)*x(c,c)a

forae A, c,d € C.

Equations (b) and (d) can be dealt with the same way. Using (v) and (vi) we
have that (b) is equivalent to

1 1
(b.c)ocd = 5bo(c*c’)+ §[b,c<>c/]

(—=1)co (b.c) = —%bo (cxd)+ =[b,cod]

N —
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while from (vii) and (viii) we have that (d) is equivalent to
/ 1 / 1 /
(b.c)xc = 5[(),0*0] + Qbo (cod)

b 1 1
(=1)%cx (b)) = i[b,c* ] - §bo (cod).

Consequently, (b) and (d) combined are equivalent to

(5.18) X(e,b.¢) = —(=1)"x(c, )b

(e = ———[x{e, ) = xle )", )

for b € B, ¢,¢ € C. As a result, conditions (a)-(d) are equivalent to

x(a.c, ) = ax(c,c)

(5.19) x(e,a.d) = (=1)%x(c, )
1
1-2n
for a € a, ¢, ¢ € C. Thus, the Jacobi superidentity with two elements from V @ C

and one from (g ® A) U (s ® B) is equivalent to (5.12) and (5.19) holding.

<Cv Cl>a = [X(C7 C/) - X(C, C,)nva]

Recall that x(c,)? = (=1)%x(¢/,¢). A form satisfying that property and the
first two relations of (5.19) is said to be n-superhermitian.

(v) What remains to be determined is when the Jacobi superidentity holds for three
elements w; ® ¢; € V& C (i =1,2,3). First of all, we have

0= 2:(—1)“7“‘734'6153 (’ywl,wQ.wg ® (€1 % €2).C3 + Oy s - W3 @ (€1 © C2).C3
O
+ (w1 | wa)ws & (cq | 02>03> or

0= Z(_l)wl athercs ((w2 | w)w1 ® x(c1,c2)es

O
— (=1)"™"2 (wy | ws)we @ x(c1,¢2)".c3

2
+ (’U)l ‘ WQ)'LUg (024 (<61 ‘ 02>03 — 1—on (Cl 002).63)) or

0110 2
0= Z(_l)wl 3+cics ((uﬂ | wa)ws ® (<01 | ca)es — T o (c10¢9).c3

O
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But we may choose wy,ws, ws with the property that (wy | we) # 0, (w1 | ws) =
0 = (w2 | w3) to conclude that the Jacobi superidentity is equivalent to

(5.20)

1
(c1 | ca)es =

1—-2n

(X(Cl,cz) - X(Cl,Cz)n)-Cs

— (=1)=%x(c1, 3)co + (1)@ (cg, e5).c1.

We have completed the analysis of when the Jacobi superidentity holds for su-
peralgebras having a B(0,n)-decomposition. Putting this all together, we have
the following classification result for Lie superalgebras graded by the root system
B(0,n), (n = 2).

Theorem 5.21. Assume L = (g® A)® (s ® B)® (V®C) & D is superalgebra over
a field F of characteristic zero with g = osp(1,2n) forn > 2, s and V as in Section
3, F-superspaces A, B,C, D, and with multiplication as in (5.2). Then L is a Lie
superalgebra if and only if

o a=A® B is a unital associative superalgebra together with a superinvolution
n such thatn |a= 1 and n |p= —1;

e (' is aleft unital associative module for a;

o x:C xC — aisn-superhermitian;

e D is a Lie subsuperalgebra of L and ¢ : D — Derp(b) is a representation of D
as superderivations on the algebra b = a ® C' with product

(a+c)(a +) = (oza/ + 2x(c, c’)) + (a.c' + (—1)076(0/)’7.c>

such that d(A) C A, d(B) C B, and d(C) C C;

(A
o [d(3]8)) = <dﬂ|ﬁ> +(=1)%(3|dB") forde D, B, €b;
o > (-1 1)P198(31 | Baf33) = 0 for Bu, Ba, B3 € b;

o (a|a)' = m[[a, o] —la, 7,0 for all a,d/,a” € a;

e (a|de= ﬁ([a,a’] - [a,o/]”).c foralla,o' €a, ceC;

e (c|da=E=x(e,d)—x(c,d),a]  foralla€a,c,d €C;

o (c|d) = ﬁ(x(c ) — x(e, c/)”).c”
+(=1)EEHN (e — (1) x(e, )¢ for e, d ¢ € C.

Moreover, the B(0,n)-graded Lie superalgebras for n > 2 are exactly these Lie
superalgebras with the added constraint that

= (Al A)+(B|B)+(C|C).
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Remark 5.22. A Lie superalgebra L = (g A) @ (s @ B) & (V®C)® D graded by
the root system B(0,n) for n > 2 can be decomposed relative to the even subalgebra
gg of g, which is a simple Lie algebra of type C,, to obtain

L=(ggoA)oGEGeoB) e (Vie(AeoBaC) e (BoCaD),

where V7, (the space of odd elements of V') is the natural 2n-dimensional module
for gg, and s; is the subspace of sg of elements of zero trace. From this it is
evident that L has a BC,-grading with grading subalgebra of type C,, in the sense
of [ABG2|. By passing to the Grassmann envelope, results from [ABG2] can be
quoted to obtain that a = A @ B is associative (but only when n > 4).

Remark 5.23. For b = a® C, the coordinate superalgebra of a B(0,n)-graded Lie
superalgebra with n > 1, we define Dy, C Der(b) by the formulas

(524) Da,a’ (O/,) = ﬁ[[av O/] - [Oé, a/]n’ O/,] for all O[,Oé/, o cq
aar () = 2(1f12n)([oz,o/] - [a,a’]").c for all o, € a, c € C,

D
Deo(a) = 25-[x(e,d) = x(c, )", 0] forall a € a, ¢,c € C;
D

c,c’ (C//) = 1j2n <X(Ca C/) - X(cv cl)n) .
+(=1D)H (e — (=1)7 x(e, &), el ¢ e C.
Dyc =0= Dc,,.

Then L/Z(L) = £(b) where

(5.25) 206) L (geA) @ (50 B)® (Ve C)® Dyy.

The product on £(b) is that in (5.2) with Dy p in place of D and with (8 | ') =
Dg g for all 8,5" € b. As in Remark 4.14, Dy, can be shown to be a Lie sub-
superalgebra of gl(b); hence all the conditions of Theorem 5.21 are satisfied, and
£(b) is a Lie superalgebra. Every B(0,n)-graded Lie superalgebra with coordinate
superalgebra b is a cover of £(b).

§6. B(0,1)-GRADED LIE SUPERALGEBRAS

According to Theorem 3.3, a Lie superalgebra L graded by the root system
B(0,1) of osp(1,2) has a decomposition
L=(g®A)&(s®B)@&D

relative to its grading subalgebra g = osp(1,2). Just as for B(0, n)-graded superal-
gebras we have

e a= A® B is a unital superalgebra with 1 € Ay together with a superinvolution
n such that n [a4= Tand n |p= —1;

e D is a Lie subsuperalgebra of L acting on a by superderivations such that
d(A) C A, and d(B) C B;
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e (|):axa— D isa bilinear supersymmetric map with (A | B) = 0 such that

[d, {a | )] = (da | &) + (—=1)*(a | do’)
forde D, a,d € a.

e The multiplication in L is given by

(6.1)

[z®a,2 ®d]=(-1)" /([z,z’] ® %(aoo/) +z202® %[a,o/] + ste(z2") (o | o/))

[d,z®a] = (—1)‘2&2 ® do
[d,d’] (is the product in D),

forall z®@a, 2’ ®ad’ € (g® A)U (s ® B), d € D, where the notation used is that of
(5.3).

The properties of D mentioned above are those which result from applying the
Jacobi superidentity with at least one element from D. We want to examine next
what conditions are imposed by setting J(¢1, {2, ¢3) equal to 0 with the substitu-
tions ¢; = z; ® a; € (g® A) U (s ® B). The starting point is equations (5.4) and
(5.5).

(i) The D-portion of J(z1 ® a1, 22 ® ae, 23 ® ag) = 0 gives (5.4), or equivalently
(5.6), 0=73(—=1)"9(a; | azasz).

(ii) The part of J (21 @ a1, 22 @ s, 23®a3) in (gRA)® (s®B) C gl(1,2) ®a leads
to equation (5.5). Our analysis of that equation amounts to determining the linear
independence of the multilinear maps s((1,2)3 = sl(1,2) xsl(1,2) xsl(1,2) — gl(1,2)
given below when they are restricted to g2, g? x s, g x s2, and s°:

b, 02 3
(_1)51 732512223 (—1)272 71222321 (—1)5352232’122
vy Uy Uy
(_1)(51“1‘52)532:12322 (_1)(52"‘53)271222123 (_1)(2734-271)52/232221
0 Q2 Q3
(—1)512735%((21»22)23 (—1)52 715t't(25223)21 (—1)273[25“(2321)22
Ty Ty

(—1)"%ste(z12023) T (—1)F12)B510(2) 2329)

In this table, the image of a map is directly under it. Thus, for example,
‘1’2(21,22,23) = (—1)(Z_2+Z_3)z_1222123.

(I) Assume first that z1,29,23 € g. As in the analysis of (5.4), we know that
Ty = —7;. Suppose a linear combination of these maps equals 0:

3 3 3
=1 i=1 =1
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Then with 2y = E1 9 — Ep2, 22 = F21 and z3 = E} 2, the values of these maps are

¢1 ®2 (1)3 \Ill \1]2 \113 Ql QZ QS Tl
—Eg2[ 0100 |0 |Eio| 0 |—=(Eio—Ep2)| 0]0

while for z; = 2o = F1 9 — Ep,2 and z3 = F» 1, the values are

d, d, (02 U, W, Uy ||| Q3| Ty
—FE11 | Foo| —Foa| —Eoo|Ei1|E22| 0] 0|0 |1

From these values we obtain the following linear relations among the coefficients in
(6.2):

1) m = pe, 03 = ps, and permuting these cyclically, ne = us = 61, n3 = p1 = bs.
2) —m+0:+v=0=mn — 601 +v=—n3+ 03+ v and their cyclic permutations.

Since 172 = 01 = u3, we have v =0 and 1, = 03 = n3 = 03 = u1 = W2, plus their
cyclic permutations. Hence 51y = 12 =13 = 01 = 02 = 03 = 1 = pe = us and
v = 0. Thus, there is at most one linear dependence relation among the maps ®;’s,
W,’s, ;’s and Y7 on g, namely:

3 3 3
(6.3) Z‘E—FZ\I’@‘—FZQ‘:O,
i=1 i=1 i=1

which is easily checked to hold using some symbolic package like Mathematica.
Therefore, using (6.3) to express (23 in terms of the other maps, and omitting

the arguments of the maps for brevity, we see that because of (5.5) the part of the

Jacobi superidentity J(z1 ® a1, 22 ® az, 23 ® az) = 0 in gl(1,2) ® a becomes

(6.4)

(az | a1)az + [[as, a1], az ))

)

-1) 2 (
— @2 &® (-1) 1201 (a2,a3,a1) - (—1) 13a2 (<a3 | a1>a2 + a3,a1 as )
(=1)"%(ag,a1,a2) — (—1)®% ((az | a1)az + [[as, a1], az ))
)

_ (—1)@'3(1'2 (<a3 | a1)as + [[ag,al],az]))
— 22 ® ((—1)@(51 ((az | ag)ar + [[ag, as], a1])

_ (—1)@'3(12 (<a3 | a1)as + [[ag,al],az]))

+T1® Y (1) %[a1, a2 0 as) .
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By linear independence, the coefficients of &, $o, $3, Wy, Uy, U3, Q1,05 and Ty
must be 0, which allows us to deduce the following:

(a1, a9, a3) is superskewsymmetric in its arguments
(a1,a9,a3) = (a1 | az)as + [[a1,az2],a3] (coefficient of ®3)

> (~1)%%[ay, a5 0 as] =0

O

(6.5)

for any homogeneous a1,as,a3 € A. But the last condition is a consequence
of the first one, since } . (—=1)"%[ay, a2 0 az] = —> (—=1)"% ((al,ag,ag) +

(=1)*%(aq, as, ag)) in any superalgebra.

(IT) Assume next that 21,22 € g and z3 € 5. Then str(z223) = 0 = str(z321), so
Oy = Q3 = 0. Also [29, 23] € 5, so str(z1[22,23]) =0 and T1 = Ts.
Again start with a trivial linear combination,

3 3
=1 i=1

and substitute into it the following values of the z;’s:

a) 21 =F12, 22 =FEs1, 23 =F1 9+ Epz,
b) 21 = Ea1, 22 = E1 90— Eop, 23 =FE10+ Eppe.

The maps above then take the following values:

Oy | Py | B3 | Uy | Uy | U3 0 Ty
a) El,O 0 0 0 0 E072 —(El,o + Eo,z) 0
b) | Eso| E1q| —FEoo| E22 | —FEoo | Er1 0 -1

Thus:
1) m = 65 = p, and interchanging z; and za, 03 = 13 = p.
2) m+bh=v=mn+60;=—n3— 0.

Therefore 11 = n3 = 03 = 03 = p, 61 = Ny = —3u, v = —2u and, up to scalars,
there is at most one linear dependence relation, namely:

(67) Dy — 3Py + P3 — 3V + Uy + U3+ Oy — 271 =0,

which again can be verified using Mathematica.
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Hence, using (6.7) to express 7 in terms of the other maps, the part of the
Jacobi superidentity J(z1 ® a1, 22 ® az, z3 @b) = 0 in gl(1,2) ® a becomes by (5.5):

(6.8)
0=—& & (1) (a1,02,b) = (~1)"*({ar | az)b+ [[a1, a2}, ) )
(=1 (a3, b,01) + 3(-=1)" ({ar | az)b + [[a1,az], 1]) )
(=" (b, a1, 02) = (1) ({a1 | az)b + [[ar, )], b)) )
+ 0@ (1)@ ay,b,az) = 3(-1) " (a1 | a2)b + [[ar, a2], b)) )
( +(=1)@ ({ay | az)b + [[as, az), )
( + (1) ({ay | az)b + [[a1, az), )
) b

= 2(=1)""((a1 | az)b+ [[ar, a2], b)) )

and, therefore, for any homogeneous elements a1,a2 € A and b € B:

(a1, az,b) = —(=1)"% (a2, a1,b) = (~1)@F2P(b, ay, a5)
= _(_1) 1142 +a1b+a2b(b, ag,al)

(alu b7 CLQ) = 3(_ ) B(al) az, b)

<a1 ‘ a2>b = (a’la az, b) - [[al? a2]7 b]

There is one additional condition,

(6.9)

Z(*l)ailb[al’ [a2abH = 2(* ) b(a17a2a b)

@)

which is a consequence of the prior ones, since in any superalgebra its left-hand

side is
_Z alb( alva?vb) - (_1)61 72(a2,a1,b)),

which equals 2(—1)%°(ay, as, b) by the identities above.

(III) Assume now that 21,20 € s and 23 € g. Then Qy = Q3 = 0 too and
T =-",.
Starting with a trivial linear combination

3 3
(6.10) Zm@i + 291\111 + /LQ1 + I/T1 = 0,
i=1 i=1

and taking the following values of the z;’s:
a) z1 =FE10+ Eo2, 22=Fs9—Ey1, 23 =FEa1,
) 21 =FEs0— FEo1, 22=Fi19+ Epa, 23 =1FE1,
c)z1 =2 =E1 0+ Ep2, z3=FEs;,
)21 =2FE00+ Ei11+ Eap2, 20=Fi9+ Ey2, 23 =Fa;,
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the maps above assume the following values:

o | o | @ o, | w, | w, | o [Ty
Al 0| 0 [“Ea| 0 |-Ea| 0 | 2B, |0
b x| 0 | 0 | o] 0 | B | 280
c)| Ei1 | —Eoo| E22 |Eoo|—FE11|—E22 0 -1
d)[2E01| Eo1 | E20 |E20| Eo1 | 2E2) 0 0

Thus:

1) n3+ 62 = 2u =m + 03,

2) m—0=v=—ny+ 61 =n3— 0,
3) 2n1 +mo + 0y =0=mn3 + 0 + 203,

which can be solved in terms of 1; and 65 giving:

n3 = N1, 03 = 02, 2u=m + 0.

Therefore, our zero linear combination (6.10) becomes:

1
0=n (P — 2Py + P35 — U + 591 + 1)

1
+92(—‘I)2—2\I’1+‘I’2+‘I’3+§Q1 —T1).
With Mathematica one confirms that indeed:

1
(6.11) <I>1—2<I>2+<I>3—\111+§Ql+’r1 =0

1
—@2—2\111+‘1/2+\I/3+591—T1:O.

Actually, the second relation above follows from the first one by interchanging
21 and 29 and multiplying by (—1)"%2, so that ®; becomes Wy, ®5 becomes W,
®3 becomes V3 and 2y and T remain fixed. Hence it is enough to check the first
relation in (6.11).

Using (6.11) to express ®3 and W3 in terms of the other maps, equation (5.5)
(the Jacobi superidentity) reduces to
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(=" (b1, b2, @) = (=1)"(a,br, o))

(=171 (b2, a,b1) + 2(=1)" (a,b1, ba) = (1) )" (0, by, by)

(_1)(d+b_2)b_1 (bg, by, a) _ (_1)(5-"-17_1)17_2 (a7 bo, bl))

(155 (b bada+ (b1, bal,a]) = 5(~1)"" (0, b1, b3)

1
+

2
F10® (301", ba o al) + (~1)™(a, by, ba) + (=1 (a0 ) ).
©)

(
(
YU ® ((—1)(51*52)‘_1(131,@, bo) — (—1)3%2(a, by, by) + 2(—1)@F00)82 (g, bz,b1)>
(
(

(_1)(6-&-51)52 (a, b, bl))

(6.13) (b1, a,b2) = (=1)"%(a, by, ba) — 2(=1)" @) (a, by, by)

and a last condition

(D=1 brb 0 a]) + (—1)™ (a,br,ba) + (1) 0, by, by) =0,
O

which again can be derived from the previous ones.

(IV) Finally, assume that z; € s for ¢ = 1,2,3. In this case, T; = Y. Setting the
linear combination in (6.2) equal to 0 and making the following substitutions:

a) z1 =2E00+ E11+ Ea2, 20 =23 = E1 9+ Ep o,
b) 21 =2Ey + E1,1 + E22, 220 =FE1 0+ Ep2, 23 =FE20— Epp,

we obtain the values:

o, D) @3 vy Uy
a) Ei I —2F » —FEi- 2F 5

5

b)|2Ey0 — E11 |2E00 — E11 | oo — 2E22 | 2E00 — Eap | Eoo — 2E1 1

)

\1’3 Ql QQ QS Tl
a) *El 2 0 0 0 0
b) 2E070 — E272 O 4E0,0 + 2E1,1 + 2E2,2 0 31
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The substitution a) above gives us the linear equation
m+mn2—2n3— 01 +202—03=0

but also two more equations obtained by cyclic symmetry. In the same way, the
second substitution provides us three equations, and six more from cyclic symmetry.
The nullspace of the homogeneous system given by these 12 equations is the linear
span of

(10,—4,10,—14,0,0,-7,0,0,2)
(47 07 27 _47 _2a 07 _17 07 17 0)
(6.14)
(O> _2a 27 _27 2a Oa _17 17 0’ 0)
(

-1,-1,-1,1,1,1,0,0,0,0)
or in a more symmetric form, the linear span of

(1,1,1,1,1,1,—-7, -7, —7,6)
(2,-2,0,-2,0,2,—1,0,1,0)
(0,2,-2,2,-2,0,1,—1,0,0)
(1,1,1,—-1,—1,-1,0,0,0,0)

Again, applying Mathematica, all these basic solutions can be shown to give valid
relations among the maps involved, namely:

(6.15) @y + By + O3+ Wy + Wy 4 W3 — 7( + Qo + Q3) + 611 =0,
(616) 2(@1 - (I)Q - \1’1 + \I’g) - Ql + Qg == 0,
2(@2—(1334-\1/1—\1/2)4-91—92:0,

(6.17) Dy + Py + Pz — (V) + Uy + U3) = 0.

The third relation above is obtained by cyclically permuting the arguments in
(6.16), so it does not give anything new.

Then from (6.14) it follows that:

27, = —10®; + 4By — 10P5 + 14T, — 79,
Q3 = —40; — 2B3 4+ 4Ty + 2y + Oy,
Qy = 2By — 205 + 2T, — 2Wy + O,
Vg =01 + Dy + P35 — Uy — Uy,

so (5.5) becomes here
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0= = 1@ ((=1)7 (b by, ) — (—1) P (5, by, )

— 4(=1)%" ((bg | b1)ba + [[b3, ba], ba]) +5 > (=1)"2[by, [be, bg]])
O

= @@ (1) (ba, by, br) = (= 1)@ (b, by, by)

o+ 2(=1)" (b | ba)b -+ [[b2: bs), br]) = 2 (=) by, [z, b))
©)

@y ((=1)2 (b, by, ba) — (~1) O g, by, )
— 2(=1)""2 ((b2 | bs)by + [[b2, bs], bu])

—2(=1)"" ((bs | b1)ba + [[b3, ba],ba)) +5 > (—1)"%2[by, [bQ,bg]])
O

LU ® ((—1)(51+b5>53(b1,bg,bz) —(—) b2 g g, )
—2(=1)"1%2 ((by | b3)by + [[b, bs], br])
= 4(=1)"" (b3 | ba)ba + [[bs, 1] b ) +73 )17 [br b ba]] )

YUy @ ((—1)51(52%'3)(1)2 b1, bs) — (—1)<b1+b3>b2(b3,b2,b1)
+2(=1)%1%2 ((by | b3)by + [[b2, bs], b))
= 2(=1)"" ({bs | b1)ba + [[bs, b1], ba]))

= 0@ (=17 (01 | b2)bs + [[b1, bal, bs]) + (=1)"% ((ba | b5)r + [[b2, bo], b ])

(1) (b [ ba)ba + [, 1], b)) + 2 32 (<1 b, b, ]
©)

The linear independence of @1, ®y, &3, Uy, ¥y and 2y imply that all the coefli-
cients in (6.18) must be trivial. Now we may use the fact that in any superalgebra

D (=1)P by, [by, bs]] = = D (—1)" ((bl»bzabz) - (—1)@1’2‘(51»1?3,1?2))

O O

and label things as follows:
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X1 = (=1)"% ((by | ba)bs + [[b1, bal, bs)),
Xy =(~1 2b’1(<b2\b3>b1+ [b2, 03], b1]),
X3 =(-1 )3b ((b3|bl>b2+ [b3,b1],b ])

i

(-1)° [
(-1) [
(—1)° [
( 1)(b 1402 )bs(bl bs, ba),
Yo = (=1) B985 (b, by by)
(—1) a2 (g by by),
(=1)"17% (b1, b2, bs),
(—=1)7"* (b2, b3, b1),
(1)

Then the annihilation of the coefficient of ®; in (6.18) gives
—4X3+5Y1 +5Yo +4Y; — 471 — 575+ 57235 =0,

and so all the cyclic permutations are equal to 0.

Proceeding in the same way with the other coeflicients and computing the row
reduced echelon form of the coefficient matrix obtained, it can be shown that the
relationships among the X’s, Y’s and Z’s are all consequences of

6X, + 72 — 279+ Z3 =0
3Y: — 271 + Zo — 275 = 0

and their cyclic permutations. Therefore, the gl(1,2) ® a portion of the Jacobi
superidentity J(z1 ® b1, 22 ® by, 23 ® b3) = 0 is valid in this case if and only if

6((b1 | b2)bs + [[b1,ba), bs]) + (b1, ba, b3)
_ 2(_1)b1(b3+b5)(52’ bs, by) + (_1)(bl+bfz)b},(b3’ b1,bs) =0
3(=1)%2% (by, by, ba) = 2(by, ba, bs) — (—=1)P1P2703) (b, by by)
+2(—1) B 48208 (by by by

(6.19)

We arrive at the main theorem

Theorem 6.20. The Lie superalgebras L graded by the root system B(0,1) of g =
osp(1,2) are up to isomorphism the Lie superalgebras

L=(geA)ad(s®B)@®D

with multiplication given by
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- 1 1
@,z ®@d]=(-1)* <[z,z’] ® gao o' +z072® i[a,o/] + ste(z2") (o | o/))
d,z® a] = (-1)*2 @ d(a)
where z ® a, 2’ @ o are homogeneous elements in (g ® o) U (s UB), d € D;
2oz =22 + (—1)7 2z 4 2ste(22)1; and

e a=A®B is a unital superalgebra with 1 € Ag together with a superinvolution
n such that n |a= 1 and n |p= —1;

e D is a Lie subsuperalgebra of L acting on a by superderivations commuting
with 7 by means of the action (d, o) — do;

e (|):axa— D isa bilinear supersymmetric map with (A| B) =0 such that
D=(A|A)+(B|B) and

[d, (@ | )] = (da | o) + (=1)"(a | da)
forde D, a,a’ €a

e  Relative to the associator (, ,) on a, for any homogeneous elements a,a’,a” €
A and b, b, V" € B:

(a,a’,a") is superskew (in particular, (A,o) is a Jordan algebra),

(a]a)a") = (a,d',a") —[la,a],a"]
(a, a, b) = _(_1)(:1[:1: (Cf/j (L_,,{)) = (_1)(a+al)b(b7 a, a’/)
_ _(_1)aa +ab+a b(b, a/7a)

v
(b,0',a) — L(=1)?'(¥',b,a) — [[b, V], ]

bIY)(B") = & (= (b0, 0) 2= 1)Wb) — (=1) O (17,6, 11))
—[[b, 0], 0"]
3(=1)Y" (b, 0", ') = 2(b, ¥/, b") — (—=1)*C (Wb, b)
+2(=1) B (7 b b

In the course of our computations proving Theorem 6.20, we have derived rela-
tions (6.3), (6.7), (6.11), (6.15), (6.16) and (6.17), which show that the following
identities hold for any homogeneous elements z; € g, s; € s (i = 1,2, 3):
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(I1)

Z(—l)flf3 <LL‘1£L‘2$3 + (—1)5253$1{L’3.T2 + 5tt($1x2)1)3> =0
O

(12)
1283 — 3(—1)I_1(52+S_3)117253£E1 + (—1)(fl+f2)s_353$11'2 — 3(—1)f28_31'153$2

+ (—1)m_1f2$21'183 + (—1)f1x_2+m—18_3+f23_3831'2£U1 + 5tt($1$2)83 — 25f’£(l‘1$283)1 =0
(13)

5189%3 — 2(71)§1(§2+f3)52x331 + (71)(§1+§2)f3:ﬂ38152 — (=1)%2" 511359

1
+ iﬁtt(slsg)l‘g + 5tt(81521,‘3)1 =0

(14)
(Z(_1)$_18_3 (818283 + (—1)5_28_3518382 — 75tt($1$2)83> ) + 65ft(8182$3) I=0
O

(15)
2(818283 — (—1)8_1(3_2+s_3)828381 — (—1)3_2 _3818382 + (—1)8_13_2+s_1s_3+s_23_3838281>

— 5ft(8182)83 + (—1)8_23_35tt(8183)82 =0

Remark 6.21. As in Remarks 4.14 and 5.23, given a superalgebra a = A @ B
satisfying the conditions in Theorem 6.20, a Lie subsuperalgebra Dy o C Der(a)
can be defined by the formulas

(6.22)
Dy (@) = (a,d’,a) = [[a,d'],a] forall a,a’ € A, a € a;
1
Dy (a) = %(b, V,a) — 5(—1)”” (V. b,a) — [[b,b'],a] for all b,b' € B, a € A;

1 (R LT T LTINE/
Db7b/ (bl/) — 6 < _ (b, b/, bl/) + 2(_1)b(b +b )(b/7 b//7 b) _ (_1)(b+b )b (b//, b, b/)>

— [[b,1'),b"] for all b,b'b" € B;
Dap=0=Dg .

Then, if a is the coordinate superalgebra of a B(0, 1)-graded Lie superalgebra L,
L/Z(L) = £(a) where

(6.23) 2a) L (g A) @ (s ® B) ® Dy..

The product on £(a) is that in (6.1) with D, 4 in place of D and with (« | o) =
D, o for all o, o’ € a. Thus every B(0, 1)-graded Lie superalgebra with coordinate
superalgebra a is a cover of £(a).
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§7. MODELS OF THE B(m,n)-GRADED LIE SUPERALGEBRAS

We conclude the paper by describing a realization of B(m,n)-graded Lie su-
peralgebras as unitary Lie superalgebras associated with hermitian forms. This
construction yields all B(m,n)-graded Lie superalgebras up to central extension
except for the B(0, 1)-graded Lie superalgebras whose coordinate superalgebra a is
not associative. At the end, we present some explicit examples of B(0, 1)-graded
Lie superalgebras (namely ps((2,2) and forms of the exceptional simple Lie super-
algebra F(4)) with a not associative to illustrate that such superalgebras do in fact
exist. Seligman [S] applied an analogue of this unitary construction to obtain mod-
els of the finite-dimensional simple Lie algebras which are BC,-graded for r > 3.
In [ABG2], it was shown that all BC,-graded Lie algebras for » > 3 (except those
whose grading subalgebra is type Cs) can be realized as unitary Lie algebras. Alge-
braic group versions of this construction have played an important role in describing
finite-dimensional simple algebraic groups over nonalgebraically closed fields (see
(T).

Let V be the superspace considered in Section 3 so that dimV = N = 2m+1+2n.
Suppose a = A® B is a unital associative superalgebra over F with a superinvolution
71 such that n |[4= I and n |[p= — 1. Let C be a superspace which is a unital right a-
module with action “.”. (In previous sections we have worked with left a-modules,
but using 7 it is easy to pass from a right a-module C to a left a-module C by
defining o - ¢ = (—1)%c- " for @ € a and ¢ € C.) We assume C' is equipped with
an n-superhermitian form x : C' x C' — a (compare 5.19):

(7.1) x(c.a,

Then we may identify End, ((V ®a) @ C) in a natural way with the algebra of 2 x 2
matrices

_( Endg(V®a) Homy(C,V ®a)
(7.2) &€= (Homa(V® C:LC) Endq(C) ’ )

whose components have the following realizations:

Endp(V) ® a 2 Enda(V ® a)
2Qa Moga (1v®@a = (-1)*2z0®ad)
(7.3) V ® C* =2 Homy(C,V ® a)
v A= Yoga (1e— v @A)
V ®C = Homy(V ®a,C)
v@c— Xpge (1u®@a— (=1)(v | u)ca)

where C* = Hom,(C,a) carries a natural left a-module (and a right Endy(C)-
module) structure.
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The composition of maps in Endq ((V ®a) @ C) becomes the multiplication given
by

Mz®a Yv®)\ Mz’®a’ Yv’®>\’ —
Xuvge P Xuw' o P’
< (—1)% M.zrgaar + (=1 My yere) (-1 Yawrgan + Yv@w)
(—D)@9' X egea + (DY Xpope (=1 (w | v)eN + PP )’
where z* € Endp(V) and c.\ are defined by
(] zw)+ (=1)*"(z*v |w) =0 Vo, w €V, Vz € Endp(V)
(c.A)(d) = e.A\(d) Ve,d € C, YA € C*.

We consider the n-hermitian superform on V ® a given by
wu®a,v®B)=(-1)"u|v)a"s,
and the n-hermitian superform £ :==w 1L —x on (V ® a) @ C. Then

(7.4)
U=u() E{T € Endy (V@ a) & C) | £(T2,2') + (-1)T*¢(2,T2) = 0
V2,2 € (V®@a)®Cl,

is a Lie subsuperalgebra of End, ((V®a) @C’) under the supercommutator [T, 7] =
TT — (-=1)TT'T'T, called the unitary Lie superalgebra of £ =w 1 —x.

MY

Writing T' = (X P

) as before, we deduce that
(i) M eu(w)={E eEnd(V®a)|wkEzz)+ (—1)w(z, EZ) =0
Vz,2' € V®@a}
= Mgga ® Msgp ® MigB.
(i) P eu(x)={F €Ende(C) | w(Fz2')+ (1) ?w(z, F2') = 0 Vz,2' € C}.
(i) x(Xz,2) — (-D)T2w(2,Y2Z) =0 Vz € V®a, 2 € C (and the same
happens when z € C' and 2/ € V ® a).

It follows from the nondegeneracy of w that for any X € Hom,(V ® a,C), there
is a unique Y € Hom,(C, V ® a) satisfying (iii). Moreover, when X = X, . in (iii),
then Y =Y, g,., where x. = x(¢,—) € C*.

For any homogeneous v € V and ¢ € C, let

0 Y,
Tv@c = <Xv®c U?Xc >



B(m,n)-GRADED LIE SUPERALGEBRAS 41

and identify any M € Endq(V ® a) with <J\04 8

> € Endq((V ® a) ® C) (resp.

0 P
Notice that g is embedded in 4 as Mygi. Then items (i)-(iii) above show that
il decomposes as a g-module into a direct sum

P € End,(C) with <0 0 )).

U= Mgpa® Msgp ®Tvgc © Dy
2 (gRA)@(s®B)e (Vel)® Dy,

Pu= (MB@B u(ox)>

Note that for z® o, 2’ ® o/ € (g® A)U (s ® B), v,v' € V and ¢, € C:

where

is a trivial module for g.

(7.5)
[(M.ga, Marga] = (—1)% ’(Mzz/@,aa/ _(—1)FF e MZ/Z®Q/Q>

~ ste(z2')
(_1)0&2 <M[z,z’}®%(aoa’) + Mzoz’@%[a,a’] + mMI@J[a,a’])

[Mz®aaTv®c] = (*]—)&f) z.vQa.c

o/

Toge Torge] = (_1)Ev (M”(U’\—)®X(Cvc’) + (v U,)C‘XC’

_ (_1)Ec’+1_)v’ (Mv/(v|7)®x(c7cl) + ('U/ ’ U)C/-Xc)

" ((Mvw\—)@x(c,c') = (=1 My ) -)@x(e.e))

+ (v ] U')(C.Xc/ — (—1)65'0’.)(6))

= (=D (M, 3 ecrinteer + Ma, o ixiee)-xteen)
+ (v [ v)(exe — (—1)50/0/.)(0)

= (=D~ ((M%,U@xﬂc,c') + Mo, ox-(e))
2(v | V')
/
c,c’ —— M, —(c,c! )
+(U‘U)X7 +2m_'_1_2,n I®X(7)
where x(¢,¢) = 3(x(c,d) + x(¢,)"), x (¢,¢) = §(x(e,¢) — x(c,¢)") and
Xc,e! = C X! — (_1)EC/CI'X6-

In order for i to be B(m,n)-graded when m > 1, we must have n = I and
B =0 (so no s ® B term occurs). Even if we impose that condition when m > 1,
the Lie superalgebra il still may not be B(m, n)-graded since it may fail to satisfy
condition (AG3) of Definition 2.1. To remedy this situation we need to pass to the
Lie subsuperalgebra £ = £(u(£)) of 4 generated by the nonzero weights relative
to the usual Cartan subalgebra of g, or equivalently, to the Lie subsuperalgebra
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generated by Mgga, Msgp and Tygc. Then with the above identifications, we
have that
L£=@RA)dsB)d(Vel)d (DynL)

and from the equations in (7.5), Dy N £ is the sum of I1® ([4, A] + [B, B]) and the
span of the maps

2
D, = th@x*(c,c’) 0 '
’ 0 Xc,c’

Then (7.5) shows (assuming B = 0 if m > 1) that £ is B(m,n)-graded, with
coordinate superalgebra b = a @ C. We refer to £ = £(u(€)) as the B(m,n)-graded
unitary Lie superalgebra of the n-superhermitian form &. Note that £/Z(£) = £(b)
as in (4.12) and (5.23). Hence we have the following:

Theorem 7.6. A Lie superalgebra L over F is B(m,n)-graded for (m,n) # (0,1)
if and only if there exist a unital associative superalgebra a = A ® B over F with a
superinvolution n such that n |a= 1 and n |p= —1, and such that B =10 if m > 1;
and a unital a-module C' equipped with an n-superhermitian form x so that L is
centrally isogenous to the B(m,n)-graded unitary Lie superalgebra £(u(§)) of the
n-superhermitian form & = w L —x on the a-module a¥ & C, (N = 2m + 1 + 2n).

Remark 7.7. By using the basis in (3.1) for V', we may obtain a matrix realization
of the unitary Lie superalgebra 4 = u(¢) similar to that for BC,-graded Lie algebras
in [ABG2, Example 1.23].

First, we identify Endg(V) with 9ty (F) and then the associative superalgebra
Endp(V) ® a (having multiplication (2 ® a)(z’ ® /) = (=1)%'22' ® aa’) with
My (a); however, a word of caution is needed here. The elements of My (a) are
linear combinations of the elements E; ;o (0 <4, j < N —1), but the multiplication
in My (a) is given by

(7.8) (E; ;j0)(Ey ) = (—1)%Fre5, E; jod,

where E;,S =0 if either 0 < rs<2mor2m+1<r,s < N —1, and E;}S =1
otherwise. For any z € My (F) and « € a, let za denote the (image of the) element
z®a € Endp(V) ® a in My (a).

In the same vein, V is identified with FY = 9y «1(F), where the first 2m + 1
coordinates are even and the last 2n coordinates are odd. Thus V ® a is identified
with a® = My (a), and v ® a with va.

Similar considerations apply to Endp(V) @ W = My (W) and to V@ W = WV
for any superspace W.

Now we make the following identifications: Homg(V ® a,C) = Homg(a?, C) =2

c

M1« n(C) where, according to our conventions, the N-tuple ¢ = (co,...,cn_1)
Qo
takes the element o = to the element
aAN-1

N—-1

2m
ca= Zci.ai + Z (—1)% ;.
i=0

i=2m+1
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o
ForveV=FN v= : ,and ¢ € C, v'c denotes the element (vgc, ...,
VUN-1
vy—_1c¢). Then the map X,g. in (7.3) corresponds to (v'J)ec.
With all these identifications in hand, we have

U= { [% 3‘5] ’ M € My(a), w(Ma,a') + (-1)M%w(e, Ma') = 0,

ce oV, Peu(x)},

These matrices can be considered as matrices over the associative superalgebra

a (O s e .
¢ = ( C Endy( C)> with its natural multiplication. Thus, il can be considered

as a Lie subsuperalgebra of 9y 1(c), which is an associative superalgebra with
the product in (7.8), but now E,., = 0 if either r,s € {0,...,2m, N} or r,s €
{2m+1,... ,N — 1}, and E, ; = 1 otherwise.

psl(2,2) as a B(0,1)-graded Lie superalgebra.

In this part we describe how the Lie superalgebra L = psl(2,2) = s((2,2)/F1I,
is B(0,1)-graded. Let g = o0sp(1,2), and assume V is the natural 3-dimensional
module for g. Then there is a homomorphism of Lie superalgebras

L~ (gaFl)® (V®B)
where B = Fh @ Fx @ Fy, by means of the identifications

g1 — L
0 v —u 0 0 0 O
poa [ ]l 00 v —p +FI
v oy —« O p a B
0 v v —«
Vh—L
a 0O 0 0 0O
0 2a —c b
lc) R h — 0 b a 0 +TFI
0 c 0 a
V®r—1L
0 00O
a a 0 0 0
Ié QT — b 0 0 0 +FI
c 0 0 O
Vey—L
0 —a ¢ -=b
“ 0 0 0 0
i Ry — 00 0 o +FI
0O 0 0 O
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All these are readily verified to be homomorphisms of g-modules.

Recall for osp(1,2), that V can be identified with s by means of

a 2a —c b
b |~ b a O
c C 0 a

Thus, we may write L = (g @ F1) ® (s ® B) so that the bracket in L then becomes
1 1
2@, ®@d]=[z227]® 5aoo/+zoz’® i[a,a’]

for any homogeneous z®@a € (g@F1)U(s®@B). The coordinate algebrais a = F1® B,
where

1 is the unit element

h? =1
1 1
hr = gx = —zh, hy= —gy = —yh
1 1 1 1
—_Z__p —_—_ 41 _h 2 =2 =
xy 5 g yx 2+6’ x Y 0

Suppose @ = M (F) = FI @ sly with the product
1 1
(al+u)(BI+v) = (af + itt(uv)) I+ (v + fu+ i[u,v])
Define the algebra @ 1= (Q, ) using the multiplication
1 1
(al+w) - (BI+v)=(aB+ §tt(uv)) I+ (w4 Bu+ é[u,v])
Then the map
a — Q%
1—1
h +— El,l - Ez,z
xXr — ELQ
Yy *E2,1
is an algebra isomorphism.

One can check (it is straightforward but lengthy) that @ 1 satisfies all the con-

ditions of our coordinatization result (Theorem 6.20) for B(0, 1)-graded Lie super-
algebras with (|) = 0. To do this, it is enough to verify that for any b,b',0"” € B =

(5,17 = g(tt(bb’)b” e (H")D)

(b, 5], "] = %2 (te(Bb" )Y — (BB
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Forms of F(4) as B(0, 1)-graded Lie superalgebras.

In [BZ, Example 4.6] and [BE1, Thm. 2.5], certain forms of the exceptional
simple Lie superalgebra F(4) are realized by the Tits construction,

(7.9) T(C,J) = Ders(C) @ (C° ® J°) @ Derg(.J).

Here C is a Cayley-Dickson algebra over F and C° is the set of elements of trace 0
relative to the standard trace “tt” on C. Thus, Derg(C) is a form of the simple Lie
algebra Go, and C? is its 7-dimensional simple module. In addition, J is the simple
Jordan superalgebra commonly denoted Dsy. Thus, J = J3® J7, where J; = Fe®F f
and J; = Fz & Fy, and

=e,  fP=f  ef=0

(7.10) | X

wy=e+2f=—yzx, ex=zx=fr, ey=s3zy=F[fy.

Observe that e + f = 1. The space J° is spanned by the elements z,y,e — 2f, (it

is the set of elements of J of trace 0 relative to a trace “t” on J and t(1) = 1).
The multiplication in (7.9) is given by (|[BEL, (1.4)]):

Derp(C) and Derp(J) are commuting subsuperalgebras,
(7.11) [D,a®z]=Da®z and [d,a®z|=a®dz
l[a®x,b®y| =t(xy)Dep + [a,b] ® x xy + 2te(ab)d,

for any D € Derp(C), d € Derg(J), a,b € C° and z,y € J°. In (7.11), z xy =
zy — t(zy)l and d,(2) = 2(yz) — (=1)"y(xz) for x,y € J°, z € J; and for any
a,beC’ ceC, Dyp(c)=la,b],c] —3(a,b,c).

The Lie superalgebra Derg(J) of superderivations of J kills F1 and leaves J°
invariant. It follows that Derp(.J) is isomorphic to 0sp(J°,t) (superskewsymmetric
maps relative to the trace form t(xy)), which is isomorphic naturally to g = osp(1, 2)
(see for example, [BE1, Lemma 2.4]), and J° is a simple g-module isomorphic to
the three-dimensional natural g-module V. When C is the split Cayley-Dickson
(octonion) algebra, then 7(C, J) = F(4).

Now reading (7.9) right to left we obtain

(712)  T(C,J)=g® (V®C® @ Derp(C) = (g F1) @ (V ®C% @ Derp(C).

From this it is evident that the Lie superalgebra 7 (C,J) is B(0, 1)-graded.

For any x € J°, denote by ¢, the left multiplication map v — x * y on J°.
Identifying g with osp(J°,t), we can identify J° with s (as a g-module) by means
of the map = — 6/,. Moreover, the maps J° ® J° — s given by @ y — ly.y
and @y — Ly 0 by = L0, — (—1)"Y0, 0, + 2ste(¢,£,) I are proportional, since they
are g-invariant, and a bit of computation gives ¢, o £, = 3{,., for any =,y € J°.
Similarly, one proves that d,, = 9[(,¢,] and ste(¢,¢,) = Lt(zy) for any z,y € J°.
Then (7.12) becomes
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(7.13)
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T(C,J)=(geF1)® (s ®C") @ Derp(C)

and the multiplication in (7.11) translates to

(7.14)

g2 g®F1 and Derp(C) are commuting subsuperalgebras,
[D, 0, ®al =¥, ®Da and [d®1,{,®@a]="L4 R a,

1 1 1
Uy ®a,ly @b = [ly,0,]® §tt(ab)1 + lyoly, ® —[a,b] + —ste(lyly)Dgyp

18 9

for any D € Derp(C), d € g = Derp(J), a,b € C° and x,y € J°.
Comparing (5.2) and (7.14) gives that the coordinate algebra a of 7(C,J) is
(C%, -), where C.:=Fla C® with the multiplication

(7.15)

(al+a)-(B1+b) = (aB+ %tt(ab))l + (ab+ Ba + 1—18[a, b])

for any o, € F and a,b € C. This is an algebra satisfying the constraints of
Theorem 6.20. Moreover, in the notation of that theorem, (1 | 1) =0 = (1| C°),
and for a,b € C°, (a | b) = 1 Dy . The original multiplication in the Cayley-Dickson

1

algebra C is obtained by substituting 5 for Tlg in (7.15), so the coordinate algebra
C 1 s a deformation of the Cayley-Dickson algebra C in just the same way that Q) 1

is a deformation of the quaternion algebra @ in the psl((2,2) example.
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