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ABSTRACT: Complemented Lie algebras are introduced in this paper (a notion similar to that
studied by O. Loos and E. Neher in Jordan pairs). We prove that a Lie algebra is complemented
if and only if it is a direct sum of simple nondegenerate Artinian Lie algebras. Moreover, we
classify simple nondegenerate Artinian Lie algebras over a field of characteristic 0 or greater than
7, and describe the Lie inner ideal structure of simple Lie algebras arising from simple associative

algebras with nonzero socle.

Introduction

The module-theoretic characterization of semiprime Artinian rings (R is uni-
tal and completely reducible as a left R-module) cannot be translated to Jordan
systems by merely replacing left ideals by inner ideals: if we take, for instance,
the Jordan algebra M (F)(f) of 2 x 2-matrices over a field F, any nontrivial inner
ideal of MQ(F)(+) has dimension 1, so it cannot be complemented as a F-subspace
by any other inner ideal. Nevertheless, O. Loos and E. Neher succeeded in getting
the appropriate characterization by introducing the notion of kernel of an inner
ideal [15]:

A Jordan pair V = (V*, V™) (over an arbitrary ring of scalars) is a direct sum
of simple Artinian nondegenerate Jordan pairs if and only if it is complemented
in the following sense: for any inner ideal B of V7 there exists an inner ideal C
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of V=7 such that each of them is complemented as a submodule by the kernel of
the other. In particular, a simple Jordan pair is complemented if and only if is
nondegenerate and Artinian.

Since there exists a suitable notion of inner ideal for Lie algebras [4], it seems
natural to think that the direct sum of simple nondegenerate Artinian Lie algebras
can be characterized in a way similar to that of the Jordan pairs. In fact, the half
of the work required to prove this conjecture was already done in [9], where we
showed that any abelian inner ideal of finite length of a nondegenerate Lie algebra
L (over a ring of scalars ® in which 2,3,5 are invertible) is the right wing of a
short grading of L.

Let M be an inner ideal of a Lie algebra L. The kernel of M
Ker M ={x € L:[M,[M,z|] =0}
is a ®-submodule of L. A partner of M is an inner ideal N of L such that
L=M&KerN =N & Ker M.

A Lie algebra L is said to be (weakly) complemented if any (abelian) inner ideal
M of L has a (abelian) partner. Our main result (Theorem 3.7), which can be
regarded as a Lie equivalent of the module-theoretic characterization of semiprime
Artinian rings, proves the equivalence of the following conditions:

(i) L is complemented.
(ii) L is a direct sum of simple nondegenerate Artinian Lie algebras.
Moreover, complemented Lie algebras are weakly complemented.

A key tool used in the proof of this result is the notion of subquotient of a Lie
algebra with respect to an abelian inner ideal. These subquotients are Jordan pairs
which, on the one hand, inherit regularity conditions from the Lie algebra, and, on
the other hand, keep the inner ideal structure of L within them. This fact turns
out to be crucial for using results of the Jordan theory. For instance, it is used in
Theorem 3.5 to prove that any prime weakly complemented Lie algebra satisfies
the ascending and descending chain conditions on abelian inner ideals. While
any nondegenerate Artinian Jordan pair is a direct sum of finitely many simple
nondegenerate Artinian Jordan pairs, a nondegenerate Artinian Lie algebra only
has essential socle [5, Corollary 3.7]. In fact, there exist strongly prime finite
dimensional Lie algebras (over a field of characteristic p > 5) with nontrivial



ideals [18, p. 152]. Therefore, unlike the Jordan case, nondegenerate Artinian Lie
algebras are not necessarily complemented: they are only weakly complemented.

In Section 4 we study the inner ideal structure of Lie algebras of traceless
operators of finite rank which are continuous with respect to an infinite dimensional
pair of dual vector spaces over a division algebra, and of Lie algebras of finite rank
skew operators on an infinite dimensional self dual vector space (extending the
work of G. Benkart [3] for the finite dimensional case, and a previous one of
the authors [8] for finitary Lie algebras). These results are used in the proof of
Theorem 5.3 which describes the simple nondegenerate Artinian Lie algebras over
a field of characteristic 0 or greater than 7. Summarizing, we can say that, as
conjectured by G. Benkart in the introduction of [4], inner ideals in Lie algebras
play a role analogous to Jordan inner ideals in the development of an Artinian
theory for Lie algebras.

1. Lie algebras and Jordan pairs

1.1 Basic notions. Throughout this paper, and at least otherwise specified,
we will be dealing with Lie algebras L [12; 17] (with [z, y] denoting the Lie bracket
and ad, the adjoint map determined by x), associative algebras R (with product
denoted by juxtaposition, xy), Jordan algebras J (with Jordan product written by
xey), and Jordan pairs V = (V*,V ) [13] (with Jordan triple products {z,y, 2},
for x,z € V7 y € V=7, o = 4) over a ring of scalars ® containing 3—10.

1.2 Nondegeneracy and primeness. Let V = (VT,V~) be a Jordan pair. An
element x € V7, 0 = =+, is called an absolute zero divisor if ), = 0, and V is
said to be nondegenerate if it has no nonzero absolute zero divisors, semiprime if
Qp+BT = 0 implies B = 0, and prime if Qg+CT = 0 implies B =0 or C = 0,
for any ideals B = (BT,B™), C = (C*,C™) of V. Similarly, given a Lie algebra
L, x € L is an absolute zero divisor if adi = 0, L is nondegenerate if it has no
nonzero absolute zero divisors, semiprime if [I,I] = 0 implies I = 0, and prime if
[I,J] = 0 implies I = 0 or J = 0, for any ideals I,J of L. A Jordan pair or Lie
algebra is strongly prime if it is prime and nondegenerate. A Lie algebra is simple
if it is nonabelian and contains no proper ideals.

1.3 Ideals of nondegenerate (strongly prime) Jordan pairs inherit nondegen-
eracy (strong primeness) [13, JP3; 16]. The same is true for Lie algebras: every



ideal of a nondegenerate (strongly prime) Lie algebra is nondegenerate (strongly
prime) [21, Lemma 4; 10, 0.4, 1.5].

1.4 [11, Theorem 1.6]. A Lie algebra L (over an arbitrary ring of scalars)
is strongly prime if and only if [z, [y, L]] = 0 implies z = 0 or y = 0, for every
x,y € L.

1.5 Inner ideals and Jordan elements. Given a Jordan pair V = (V1T V™),
an inner ideal of V is any ®-submodule B of V7 such that {B,V~7,B} C B.
Similarly, an inner ideal of a Lie algebra L is a ®-submodule B of L such that
[B, [B, L]] C B. An abelian inner ideal is an inner ideal B which is also an abelian
subalgebra, i.e., [B, B] = 0.

1.6 There is a natural connection between Lie algebras and Jordan pairs via
the notion of abelian inner ideal. Any pair (B, C) of abelian inner ideals of a Lie
algebra L becomes a Jordan pair under the triple products defined by

{bl,C, bz} = [[bl,C],bQ] for all bl,bg cBandce C
{c1,b,¢c2} : = [[e1,b],c2] for all ¢1,c0 € C and b € B.

1.7 z € L is called a Jordan element if ad> = 0. By [4, 1.7(iii)], any Jordan
element x € L satisfies the following analogue of the Jordan identity:

2 2 12 12
ad,q2 , = ad; ady ad;

for any y € L. Clearly, any element of an abelian inner ideal is a Jordan element.
Conversely, [4, 1.8], any Jordan element yields the abelian inner ideals [b] :=
[b, [b, L]] and (b) := ®b+ [b].

1.8 Anmnihilators. Given a subset S of L, the annihilator or centralizer of S
in L, Anny, S, consists of the elements x € L such that [z, S] = 0. By the Jacobi
identity, Anny S is a subalgebra of L and an ideal whenever S is so. Clearly,
Ann;, L = Z(L), the center of L.

1.9 Let I be an ideal of a nondegenerate Lie algebra L. Then, by [7, 2.5]

(i) Anny I ={a € L | [a,[a,I]] = 0}. Moreover,
(i) 7N Anng I =0.
(iii) The factor Lie algebra L/ Anny, I is nondegenerate.



(iv) I is essential as an ideal iff Anny, I = 0 iff I is essential as an inner ideal.

(v) L is prime iff if the annihilator of every nonzero ideal of L is zero.

1.10 Socle and chain conditions. (i) Recall that the socle of a nondegenerate
Jordan pair V' is Soc V = (Soc V', Soc V) where Soc V' is the sum of all minimal
inner ideals of V' contained in V7 [14]. The socle of a nondegenerate Lie algebra
L is Soc L, defined as the sum of all minimal inner ideals of L [5].

(ii) By [14, Theorem 2| (for the Jordan pair case) and [5, Theorem 3.6] (for
the Lie case), the socle of a nondegenerate Jordan pair or Lie algebra is the direct
sum of its simple ideals. Moreover, each simple component of Soc L is either inner
simple or contains an abelian minimal inner ideal [4, Theorem 1.12].

(iii) A Lie algebra L or Jordan pair V' is said to be Artinian if it satisfies the
descending chain condition on all inner ideals.

(iv) A properly ascending chain 0 C M; C My C --- C M, of inner ideals of
a Lie algebra L has length n. The length of an inner ideal M is the supremum of
the lengths of chains of inner ideals of L contained in M.

1.11 Idempotents and von Neumann regular elements. (i) Following [5], a
pair of elements (e, f) of L is said to be an idempotent if they satisfy:

ad, = ad} =0, [[e, ], ¢] = 2¢ and [[e, f], f] = —2f.
Notice that the last two conditions imply that (e, [e, f], f) is a s[(2)-triple.
(ii) The term idempotent was borrowed from the terminology of Jordan pairs

(cf. [13, 5.1]): an idempotent of a Jordan pair V is a pair (et,e”) € VT x V~
such that Q.+e” =e* and Q.-e™ = ¢~

1.12 Recall (cf. [5]) that an element x € L is called von Neumann regular if
z is a Jordan element and satisfies = € ad? L.

(i) Any von Neumann element e of L can be extended to an idempotent
(e, f). In fact (see [19, V.8.2] or [5, Proposition 2.3]), for each h € [e, L] such that
[h, €] = 2e, there exists f € L satisfying [e, f] = h, ad? =0 and [h, f] = —2f.

(ii) Any idempotent (e, f) yields a 5-grading L = L" , @ L" | @ Lk @ L} @ L,
where each L? is the eigenvalue of the ad-semisimple element h := [e, f] relative
to the eigenvalue i, i = 0, £1, £2. Moreover, L? = [e] and L", = [f].

1.13 Kernels and subquotients. Let V = (VT V™) be a linear Jordan pair
and B C V7T an inner ideal of V. Following [15], the kernel of B is the set



Kery B = {z € V= : Qpz = 0}. Then (0,Kery B) is an ideal of the Jordan
pair (B,V ™) and the quotient S = (B,V~)/(0,Kery B) = (B,V~/Kery B) is
called the subquotient of V' with respect to B. The kernel and the corresponding
subquotient of an inner ideal B C V'~ are defined similarly.

There is no problem in extending the notion of kernel to inner ideals of Lie
algebras, replacing the Jordan triple product {x,y, z} by the left double commu-
tator [[x,y], z]. However, to yield a good subquotient, i.e., one which is a Jordan
pair, we must restrict ourselves to abelian inner ideals.

1.14 Let M be an inner ideal of a Lie algebra L. The kernel of M is the set
Kery M ={z € L:[M,[M,z]] =0}.

If M is abelian, then we have by [9, Lemma 2.3]:
(i) Kerp, M = {xz € L : [m,[m,z]] =0 for every m € M}, and
(i) [M, L] + [[L, M],Kery M|+ [[Kery, M, M], L] C Kery M.
1.15 [9, Proposition 2.5]. For any abelian inner ideal M of L, the pair of
®-modules V = (M, L/ Kery, M) with the triple products given by
{m,a,n} : = [[m,a],n] for every myn € M and a € L
{@,m,b} : = [[a,m],b] for every m € M and a,b € L,

where T denotes the coset of x relative to the submodule Kery M, is a Jordan pair
called the subquotient of L with respect to M.

1.16 [9, Proposition 2.8]. Let M be an abelian inner ideal of a Lie algebra
L, K = Kery, M the kernel of M, and V = (M, L/K) the subquotient of L relative
to M.

(i) A ®-submodule B of M is an inner ideal of L if and only if it is an inner
ideal of V.

(ii) If C is an inner ideal of L, then C = (C' + K)/K is an inner ideal of V.

(iii) If L is nondegenerate (strongly prime), then V' is nondegenerate (strongly
prime).

If L is nondegenerate, then,

(iv) V' has nonzero socle if and only if M contains minimal inner ideals. In
fact, Soc M = Soc L N M, and



(v) M has finite length if and only if V' is Artinian. In this case, M C Soc L
and V = (M, 1/ Ker; M), where I is any ideal of L containing M.

(vi) If L is strongly prime and M is nonzero and of finite length, then V is a
simple nondegenerate Artinian Jordan pair.

2. Partnered inner ideals

2.1 DEFINITION. An inner ideal M of a Lie algebra L will be said to be
partnered if there exists an inner ideal N of L such that

L=M&Ker; N=N & Ker, M.

Then N is called a partner of M. By symmetry of the definition, N is also
partnered with M as a partner.

2.2 Let V = (V*t, V™) a Jordan pair. According to [15], an inner ideal
B C V7 is said to be complemented if there exists an inner ideal C' C V=7 (called
a complement of B) such that

Ve=B®Kery Cand V77 =C & Kery B.

While there is no risk of confusion between the notion of complementation
for inner ideals of a Jordan pair and the usual one for ®-submodules (since B and
C' do not share the same room), the terms complemented and complement seem
us not to be suitable when referred to inner ideals of a Lie algebra (N does not
complement M as a ®-submodule).

23LEMMA. Let L=L_,® - ®L1®LyDL1 D --- DL, bea(2n+1)-
grading of a Lie algebra L. If L is nondegenerate, then the abelian inner ideals L.,
and L_,, are partnered by each other

Proof. By [9, 2.6(ii)], Kerp L, = L_(_1) @ - ® Lo ® Ly1--- ® Ly, so L =
L_, ®Kery, L,. Similarly, L=L, ®Kerp L_,,. =

2.4 PROPOSITION. Let L be a nondegenerate Lie algebra and I an ideal of
L. Then Kerp, I = Anny, I. If I is partnered, then L = I ® Anny I and I is the
only partner of I.

Proof. Let x € Kery, I. Then [[z,I],I] = 0 and hence ad%m,l}(f) = 0, which
implies [z,I] = 0 by nondegeneracy of I (1.3). Therefore, Ker;, I C Anny, I; the
reverse inclusion is trivial.



Let C' be a partner of I in L, i.e., L = & Ker;, C = CHKery, I. Since Anny, T
is an ideal of L, for any ¢ € C we have

ad?(Anny I) c CNAnn, I = CNKerp I =0.

Hence ¢ € Anny, Anny, I by 1.9(1). Then, by the modular law, L = C & Anny, I
implies C' = Anny, Anny, I. Then C is an ideal and therefore,

Ker;, C = Ann;, C = Ann;, Anny, Anny, I = Anny, 1.

Thus, L=1& Anny I, and I = Anny Anny, [ is the only partner of /. m

2.5 PROPOSITION. Let L be a strongly prime Lie algebra and B an inner
ideal of L. If Kery B # 0, then B is abelian. If B is partnered, then the following
conditions are equivalent:

(i) B is abelian,
(ii) B is proper,
(i) any partner of B is abelian.

Proof. Note first that for any inner ideal B of a Lie algebra L,
[(B,[B,B]],L] C [B, B].
Indeed, let by,b2,b3 € B and a € L. Then

[[blv [b2> b3]]7 a] = [[bla a]? [an b3]] + [bla [[62? b3]= a” = H[bla a]? bQ]a b3]
+ [627 Hbla a]? b3]] + [bh [[b27 a]a b3]] + [bla [b27 [b37 a]]] C [Ba B]
Now if 0 # z € Kery, B, then [x,[[B,[B, B]],L]] C [z,[B,B]] C [[z,B],B] = 0,
and hence [B, [B, B]] = 0 by (1.4). Now, [[B, B|,[|B, B|, L]] C [[B, B], B] = 0, and
since L is nondegenerate, [B, B] = 0, i.e., B is abelian.
(i) = (ii). Strongly prime (nontrivial) Lie algebras are not abelian.

(ii) = (iii). Let C be a partner of B. If C' is not abelian, then Ker;, C' = 0 by
above. Hence B = B & Kery, C = L, a contradiction.

(iii) = (i). If B is not abelian, then Kery, B =0, and C = C @& Kery, B =L,

again a contradiction. m

2.6 DEFINITION. An abelian inner ideal will be said to be strongly partnered
if it has an abelian partner.



Any nondegenerate associative or Jordan pair is regular von Neumann if and
only if every principal inner ideal is complemented. The same happens for Lie
algebras, where the notion of complementation has been replaced by partnership.

2.7 PROPOSITION. Let L be a nondegenerate Lie algebra and e € L a
Jordan element. Then e is von Neumann reqular if and only if the abelian inner
ideal [€] = ad? L is strongly partnered.

Proof. If e is von Neumann regular, then it can be extended to an idempotent
(e, f) with associated 5-grading L = Lo @® L_1 @& Lo ® L1 & Lo, Ly = [e] and
L_5 = [f]. It follows from (2.3) that [f] is a partner of [e].

Suppose conversely that [e] is partnered by the abelian inner ideal N. Then
L = [e] ® Kery, N and hence there exist b € L and = € Kery N such that e =
e, [e,b]] + z. By 1.14(ii), [z, [z, N]] C Kery, N (because N is abelian). Moreover,
xr =e—[e, e, b]] € (e) implies [z, [z, L]] C [e]. Thus [z, [z, N]] C [e] N Kery, N = 0.
On the other hand, since Kery[e] = Kerp(e) by [9, 2.13], [z,[z,Kerrle]]] = 0.
Therefore, [z, [z, L]] = [z, [z, N ® Kerp[e]]] = 0, which implies z = 0 by nondegen-
eracy of L, so e = [e, [e, b]] is von Neumann regular. m

2.8 Let M, N be abelian inner ideals of L which are partnered by each other.
Then
(1nr,) - (M, L/ Kery, M) — (M, N),

where ¢ is the canonical linear isomorphism of L/ Kery, M onto N, is an isomor-
phism of Jordan pairs (cf. (1.6) and (1.15)).

3. Complemented Lie algebras

3.1 DEFINITION. A Lie algebra L will be called complemented if any inner
ideal of L has a partner, and L will be called weakly complemented if any abelian
inner ideal of L has an abelian partner.

At first sight, a complemented Lie algebra seems not to be necessarily weakly
complemented. However, as will be seen later, complemented Lie algebras are
actually weakly complemented.

3.2 LEMMA. Let L be a Lie algebra such that any abelian inner ideal has a
partner. Then L 1is nondegenerate.

Proof. Let © € L be an absolute zero divisor. Then M := &z is an abelian
inner ideal of L with Ker;, M = L. Let N be a partner of M. Then L = N &
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Kerp M = N & L implies N = 0, hence L = M & Kery N implies M =0, sox =0
and L is nondegenerate. m

3.3 THEOREM. Suppose that L is complemented and let I be an ideal of L.
Then I is a complemented Lie algebra.

Proof. Let B be an inner ideal of I. Since L is nondegenerate by (3.2),
L =1@® Anng(I), and B is in fact an inner ideal of L. Let C be a partner of B
in L and 71 : I @ Anng (/) — I denote the projection of L onto I. For any inner
ideal M of L, my (M) is an inner ideal of I satisfying the conditions:

Kerym (M) =Kery, M NI =m(Kery, M).

Hence, by the modular law, L = B @ Kery, C implies [ = B® (Kerp, CN1I) =
B@Kerym(C), and L = C @ Kery, B implies I = m(L) = m1(C) @ m1(Kery, B) =
m1(C) ® Kery B. Therefore, 71 (C) is a partner of Bin /. m

3.4 PROPOSITION. Suppose that L is weakly complemented. For any abelian
inner ideal M of L, the subquotient V = (M, L/ Kery, M) is a complemented Jor-
dan pair.

Proof. Let B be an inner ideal of V' contained in M. Then B is an abelian
inner ideal of L and therefore it has an abelian partner, say C, in L. Let 7 :
L — L/Kery M denote the canonical projection. We claim that 7(C) = (C +
Kery C')/ Kery, C is a complement of B in V. By (1.16)(ii), 7(C) is an inner ideal
of V. Moreover, for any m € M, m € Kery n(C) if and only if

[[C’,m],C’] C KerLMﬁC C KGI‘LBQC:O.
Therefore, Kery n(C') = Kery, C' N M. Hence, by the modular law,
M=Mn(B®Ker,C)=B® (MnKer,C)=Ba&Kery n(C).

On the other hand, L = C & Kery, B implies L/ Kery, M = w(C) + w(Kery, B) C
m(C)+Kery B, but this sum is direct by [15, Lemma 3.1] since V' is nondegenerate.

Via the isomorphism (M, L/ Ker;, M) = (L/Kery N, N), cf. (2.8), one proves
as before that any inner ideal of V' contained in L/ Ker;, M has also a complement.
[

3.5 THEOREM. Any prime weakly complemented Lie algebra L satisfies the
ascending and descending chain conditions on abelian inner ideals.
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Proof. Let {M;} be a descending or ascending chain of abelian inner ideals
of L. Then M = |JM,; is an abelian inner ideal determining the subquotient
V = (M,L/Kery, M). But V is a complemented Jordan pair by (3.4), and hence
V' coincides with its socle by [15, 5.9]. Since V is also strongly prime by (3.2)
and (1.16)(iii), it is necessarily simple. Then, by [15, 5.2], V satisfies both chain
conditions on inner ideals. Since every M; is an inner ideal of V', the chain {M;}
becomes stationary. m

3.6 LEMMA. Let L = &M, be a direct sum of ideals each of which is a
simple nondegenerate Artinian Lie algebra. Then any inner ideal B of L is of the
form B = ®B,, where for each index «, either B, = M, or B, is an abelian
inner ideal of M,,.

Proof. For each index «, denote by 7w, the projection of L = &M, onto
M,. Then B, := m,(B) is an inner ideal of M,. If B, = M,, then M, =
(M, [Ma, M,]] = [B,[B, M,]] C B. Suppose then that B, is a proper inner ideal
of M. Then B, is abelian by [4, Lemma 1.13]. Moreover, M, is simple Artinian,
so the subquotient (B,, M,/ Kerys, B,) coincides with its socle, and any element
bo € B, is von Neumann regular in M, [14, Theorem 1]: for each b, € B, there
exists x € M, such that b, = [by, [x,bs]] € [B, [Ma, B]] C B, which completes the
proof. m

3.7 THEOREM. For a Lie algebra L, the following notions are equivalent:

(i) L is complemented.

(ii) L is a direct sum of ideals each of which is a simple nondegenerate Artinian
Lie algebra.

Moreover,
(iii) Complemented Lie algebras are weakly complemented.

Proof. (i) = (ii). Assume that L is complemented. It follows from (2.4) that
the lattice Z(L) of its ideals is a Boolean algebra, and from standard techniques
(see [15, 5.1]) that Z(L) is also atomic, so L = @ M,,, where each M,, is a simple
complemented Lie algebra (3.3). But M, is weakly complemented by (2.5), and
hence Artinian and nondegenerate by (3.5) and (3.2).

(7i) = (i). Consider first the case that L is simple, and let B be an inner
ideal of L. If B = L then B is self-partnered, so we may assume that B is proper.
Then B is an abelian by [4, Lemma 1.13], and has finite length since L is Artinian.
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Hence, by [9, Theorem 3.8], there exists a short grading L = L_,,&- - -®&Lo®- - -®L,
such that B = L,,, which implies that B is partnered by (2.3). Consider now the
general L = @ M, a direct sum of ideals each which is a simple nondegenerate
Artinian Lie algebra, and let B be an inner ideal of L. By (3.6), B = € B, where
for each index «, either B, = M, or B, is an abelian inner ideal of M,. By the
simple case we have previously analyzed, each B, has a partner C,, in M,. Then
C:=@C, is a partner of B in L, and L is complemented.

(iii) Note that if B is actually abelian, then each B, is abelian and hence so
is C,, by (2.5), which proves that complemented Lie algebras are weakly comple-
mented. |

3.8 REMARKS. While any nondegenerate Artinian Jordan pair is a direct sum
of finitely many simple Artinian Jordan pairs, and hence it is complemented and
coincides with its socle, a nondegenerate Artinian Lie algebra only has essential
socle [5, Corollary 3.7]. In fact, there exist strongly prime finite dimensions Lie
algebras (over a field of characteristic p > 5) with nontrivial ideals [18, p. 152].
Therefore, unlike the Jordan case, nondegenerate Artinian Lie algebras are not
necessarily complemented.

Nevertheless, nondegenerate Artinian Lie algebras L are actually weakly com-
plemented, as discussed in (ii) = (i) above: if B is an abelian inner ideal of L,
then B has an abelian partner by [9, Theorem 3.8] and (2.3), since it has finite
length.

4. Inner ideal structure of Lie algebras of finite rank operators

We examine in this section the inner ideal structure of simple nondegenerate
Lie algebras L arising from simple associative algebras R with nonzero socle. This
extends the case where R is Artinian (due to Benkart [3]), and that where L
is a finitary Lie algebra over a field of characteristic zero (due to the authors
[8]), equivalently, R satisfies a generalized polynomial identity and so the division
associative algebra uniquely determined by R is finite dimensional over its center
[2, Theorem 6.1.6].

4.1 Inner ideals of Lie algebras of traceless finite rank operators. Let P =
(X,Y, g) be a pair of dual vector spaces over a division algebra A. A linear operator
a: X — X is continuous relative to (X,Y, g) if there exists a” : Y — Y such that
g(az,y) = g(x,ay), for all x € X, y € Y. We denote by Ly (X) the (associative)
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algebra of all continuous operators a : X — X, and by Fy (X) the ideal of those
continuous operators having finite rank.

By [2, Theorem 4.3.8], R is a simple associative algebra coinciding with its
socle if and only if it is isomorphic to some Fy (X). Moreover, Ly (X) can be
regarded as the Martindale symmetric ring quotients of Fy (X).

(i) Forx € X,y € Y, write y*x to denote the linear operator defined by y*x(z’) =
g(2',y)zx for all 2’ € X. Then y*z € Fy (X).

(ii) Given the subspaces V, W of X,Y respectively, we write W*V to denote the
linear span of the operators w*v, for allv e V, w € W.

4.2 PROPOSITION.  Let A be a division associative algebra over a field of
characteristic not 2 or 3, and let P = (X,Y, g) be an infinite dimensional pair of
dual vector spaces over A. A subspace B of [Fy(X),Fy(X)] is a proper inner
tdeal if and only if B = W*V, where V,W are orthogonal.

Proof. By [8, 2.5(i)], W*V is a proper inner ideal of L. Conversely, set
R:=Fy(X) and L := [Fy (X), Fy(X)] and consider a proper inner ideal B of L.
Since X is infinite dimensional over A, Z(R) = 0. Moreover, by [3, Lemma 3.13
and 3.14], [B, B] = 0 and b = 0 for any b € B. Then, for any b,c € B and a € R,
we have [[b, a],c] = bac + cab € B, which implies that B is an inner ideal of the
of the Jordan algebra R(*) (with Jordan product x ey = %(wy + yx)). But inner
ideals of R() are of the form W*V, for some subspace W of Y and some subspace
V of X [6, Theorem 3]. Finally, since b> =0 for any b € B, g(V,W) =0. =

4.3 Let (X,Y, g) be a pair of dual vector spaces over A and set R = Fy (X).
For e, f € Ly(X), eRf = (f#Y)*(eX). Moreover, the subspaces V = eX and
W = f#Y are orthogonal if and only if fe = 0. Hence the following statements
are equivalent:

(i) R is Artinian,

(ii) R has no infinite sequence of nonzero orthogonal idempotents,

(iii) (X,Y, g) has no pairs of subspaces (V, W), where V< X and W <Y are
infinite dimensional and orthogonal, g(V, W) = 0.

4.4 COROLLARY. Let L be a Lie algebra of the form [R,R]/Z(R) N [R, R],
where R is a simple associative algebra coinciding with its socle. Then L is Ar-
tinian if and only if R is Artinian.
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Proof. If R is Artinian, then L is Artinian by [3, Corollary 5.2]. The reverse
implication follows from (4.3). m

4.5 Inner ideals of Lie algebras of finite rank skew-symmetric operators.
Recall [2, Theorem 4.6.8] that a simple associative algebra R with an involution
x has nonzero socle if and only if it is *-isomorphic to the algebra of finite rank
continuous operators (Fx(X), ), where X is a left vector space endowed with a
nondegenerate Hermitian or skew-Hermitian form h (h(z,y) = eh(y,x), € = £1)
over a division algebra with involution (A, —). Moreover, the involution * is the
adjoint involution with respect to h. Actually, we may assume, without loss of
generality, that either h is symmetric (in this case A is a field with the identity as

involution), or h is skew-Hermitian [8, 3.4].

4.6 Let X be a left vector space endowed with a nondegenerate Hermitian
or skew-Hermitian form h over a division algebra with involution (A, —). For
z,y € X,

(i) z*y € Fx(X) with (z*y)* = ey*z (e = £1), and
(i) [x,y] := 2™y — ey*z € Skew(Fx(X), *).
Given V, W subspaces of X, we write
(iii) V*W to denote the linear span of the operators v*w, for all v € V, w € W,
(iv) [V, W] to denote the linear span of the skew-traces [v;, w;], v; € V, w; € W.
4.7 PROPOSITION. Let (A, —) be a division associative algebra with involu-

tion over a field of characteristic not 2 or 3, X an infinite dimensional left vector
space endowed with a nondegenerate symmetric or skew-Hermitian form h over

(A, —), and L = [Skew(Fx(X),*),Skew(Fx(X),*)]. Then a subspace B of L is
a proper inner ideal of L if and only if B is of one of the following types:

(i) B =[V,V] where V is a totally isotropic subspace of X,

(ii) A is a field with the identity as involution, h is symmetric, and B = [z, H],
where H is hyperbolic plane and x is a nonzero isotropic vector of H.

Moreover, the length of [z, H*] is 1 if and only if H* is anisotropic; otherwise
[z, H*] has length 2.

Proof. By [8, 3.6(i) and 3.7(i)], both [V, V] and [z, H'] are proper inner ideals
of L. Conversely, set R := Fx(X) and K := Skew(Fx (X), ).

We will use a direct limit argument to reduce the question to the case when
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X is finite dimensional. Let X, be a finite dimensional subspace of X such that
dimza) Xo > 4, and the restriction hq of h to X x X, is nondegenerate. Then
X = X, ® X+, Set R, :== Lx_(X,) and denote by L, the set of all @ € L
such that aX2: = 0. Then L, is a subalgebra of L isomorphic to [Ku, K], Ko =
Skew (R4, *). Since B is proper, we can take a directed set { R,, } such R is the direct
limit of the R, and no L, is contained in B. Then each B, := BN L, is a proper
inner ideal of L, & [K,, K,]. By [3, 4.21 and 4.26], B, is abelian, and by [3, 4.23],
b3 = 0 for any b € B,. Since Z(R,) is a field, B, N Z(R,) = 0 and we can regard
B, as an abelian inner ideal of the simple Lie algebra [K,, K,]/[Ka, Ko]NZ(Re),
via the isomorphism: B, = (B, + Z(Ra))/Z(Rs). Now we consider two cases.

(Case 1) b*> = 0 for any b € B, and for all indexes . Then it follows from
the proof of [3, Theorem 5.5] that B, = e, R,e}, where e, is an idempotent of
R, such that e} e, = 0. It is easy to see that V,, := e, X, is a totally isotropic
vector subspace. Moreover, by [8, 3.6(ii)], Bo = eaRa€), = [Va, Va]. Since the R,
form a directed set, so do the V. Thus, V := UV, is a totally isotropic subspace
of X, and B = [V, V].

(Case 2) b* # 0 for some b € B, and some index a. Then it follows from
the proof of [3, Theorem 5.5] that A is a field B with the identity as involution.
Hence, we have by [8, 3.8(ii)] (where only char(F') # 2 is used in the proof)
that B = [z, H*] as in (ii). Moreover, by [8, 3.7(iv)], B = [z, H'] is minimal,
equivalently, has length 1, if and only if H* is anisotropic; otherwise B has length
2 (any inner ideal of L = fo(X,h) strictly contained in [z, H'] is of the form
Alz, 2] for some isotropic vector z € H+). m

4.8 A right ideal I of an associative algebra with involution (R,*) will be
called isotropic if I*I = 0. Then (R, x) will be called isotropic if contains nonzero
isotropic right ideals.

4.9 LEMMA. Let X be a left vector space endowed with a nondegenerate Her-
mitian or skew-Hermitian form h over a division algebra with involution (A, —),
and let (R, ) be the associative algebra Fx (X ) with the adjoint involution. Then
a right ideal I of R 1is isotropic if and only if I = X*V for some totally isotropic
subspace V of X.

Proof. Right ideals of Fx (X ) are of the form I = X*V | where V is a subspace
of X. Now I"I = (V*X)(X*V) = X*h(V,V)X = 0 if and only if V' is totally
isotropic. m
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4.10 COROLLARY. Let (A, —) be an associative algebra with involution over
a field of characteristic not 2 or 3, X an infinite dimensional left vector space
endowed with a nondegenerate symmetric or skew-Hermitian form h over (A, —),
R = Fx(X), and L = [Skew(Fx (X), *), Skew(Fx (X), *)], with * being the adjoint
involution. Then the following conditions are equivalent:

(i) (X, h) does not contain infinite dimensional totally isotropic subspaces.
(ii) (R, *) satisfies the descending chain condition on isotropic right ideals.

(iii) L is Artinian.

5. Simple nondegenerate Artinian Lie algebras

We give in this section a structure theorem for simple nondegenerate Artinian
Lie algebras over a field of characteristic 0 or greater than 7.

5.1 A Lie algebra L will be called a division Lie algebra if it is nonzero,
nondegenerate and has no nontrivial inner ideals.

5.2 Examples of division Lie algebras.
(i) Let A be a division associative algebra such that [[A, A],A] # 0. Then
[A,A]/[A, Al N Z(A) is a division Lie algebra, [3, Corollary 3.15].

(ii) Let R be a simple associative algebra with involution * and nonzero socle.
Suppose that Z(R) = 0 or the dimension of R over Z(R) is greater than 16, and set
K := Skew(R,*). Then L = [K, K]/[K, K] N Z(R) is a division Lie algebra if and
only if (R, *) has no nonzero isotropic right ideals. This is a direct consequence
of the inner ideal structure of L: [3, Theorem 5.5] when R is Artinian, and (4.7)
when R is not Artinian.

5.3 THEOREM. Let L be a simple Lie algebra over a field F' of characteristic
0 or greater than 7. Then L is Artinian and nondegenerate if and only if it is one
of the following:

(i) A division Lie algebra.

(ii) A (finite dimensional over its centroid) simple exceptional Lie algebra.

(iii) [R,R]/[R,R]|N Z(R), where R is a simple Artinian associative algebra.
)

[K,K]/|K,K]N Z(R), where K = Skew(R, ) and R is a simple associative
algebra with involution * which coincides with its socle, such that Z(R) = 0

(iv
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or the dimension of R over Z(R) is greater than 16, and (R, x*) satisfies the
descending chain condition on isotropic right ideals.

Proof. Let us first see that any of the Lie algebras listed above has the required
properties: (i) this is clear for division Lie algebras; (ii) any simple exceptional
Lie algebra L is finite dimensional over its centroid C, so it is Artinian, and
for the algebraic closure C' of C, C' ® L is nondegenerate (see, for instance, [18,
Theorem 3]); (iii) [R, R]/[R, R] N Z(R) is nondegenerate by [5, 5.2], and Artinian
by (4.4); (iv) [K, K]/|K, K] N Z(R) is nondegenerate by [5, 5.9 ], and Artinian by
[3, Corollary 5.6] if R is Artinian, and by (4.10) if R is not Artinian.

Suppose, conversely, that L is a simple nondegenerate Artinian Lie algebra.
Then L contains minimal inner ideal and by [5, 6.3] it is one of the following: (i) a
division Lie algebra; (ii) a simple exceptional Lie algebra; (iii) [R, R]/[R, R|NZ(R),
with R a simple associative algebra with nonzero socle; (iv) [K, K]/[K, K]|NZ(R),
where K = Skew(R, x) and R is a simple associative algebra such that Z(R) = 0
or the dimension of R over Z(R) is greater than 16, has an involution *, and
coincides with its socle. Therefore, we only need to deal with the cases (iii) and
(iv). By (4.4), if [R, R]/[R, R] N Z(R) is Artinian then R is Artinian. Finally, it
follows from (4.10) that if [K, K]/[K, K] N Z(R) is Artinian, then (R, *) satisfies
the descending chain condition on isotropic right ideals. m
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