ANGULAR DERIVATIVES ON BOUNDED SYMMETRIC DOMAINS

M. MACKEY AND P. MELLON

ABSTRACT. In this paperwe generalisethe classicalJulia—\Wolff-Carati®@odory theoremto
holomorphicfunctionsdefinedon boundedsymmetricdomains.

1. INTRODUCTION

Throughout,let Hol(A, B) denotethe holomorphicfunctionsfrom A to B, where A and
B aredomainsin a complex Banachspaceandlet A denotethe openunit discin C. A clas-
sical theoremof comple analysis,known asthe Julia—\Wblff—Caratteodory theorem,is the
following.

Theorem 1.1. Let f € Hol(A, A) satisfy
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and f(¢,) — 1 for somesequencé,, corvemingto 1. Thentheangularlimit of f at 1 exists
andequalsl, andtheangularlimit of the derivative f' existsat 1 andequalsa.

< 00

If onetransferghistheorento theright half planell C C by meanof theCayley transform
(— %g thenthe statemenbecomeghefollowing.
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Theorem1.2. Let F' € Hol(II, II) andleta := inf —————=. Then
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Generalisationsf theseresultshave evolvedin two directions.In 1980,Rudin[16] achiered
acompleteextensionfor afunction f € Hol(B,,, B,,), whereB,, denoteghe openunit ball in
the Euclideannorm of C™ (which is a strictly corvex boundedsymmetricdomain). Let 0B,
denotethe boundaryof B,,. Rudin’s resultcontainghe following.

Theorem 1.3. Lete € 0B,, andlet F' = (f1,... , fm) € Hol(B,, B,,) satisfyF'(0) = 0 and
1—|F)?

= liminf ————— <
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If (2x)r C B satisfiedimy, z;, = e,

1-||F 2
lim I (zk)2|| _
ko1 — |zl

andlimy F(z;) = ¢’ € 0By, thentheangularlimit of F(z) asz — e is ¢’ andtherestricted
angularlimit Fy(z)e is ae’, wher Fy(z) = (F(z),€').

The Hilbert ball is a prototypefor two importantclassesof domain, namelythe strictly
pseudocovex domainsand the boundedsymmetricdomains. The theory of angularlimits
and angularderwatives for functionson a strictly pseudocovex domainis well developed
(se€[1] for acomprehenske account) We concentrat®n the seconcdcatagory, thatof bounded
symmetricdomains.

Fan[6], in 1986, provedthefollowing Julia—Wblff-Caratl@odoy theoremfor operatowal-
ued holomorphicfunctionson A. H denotesa complex Hilbert spaceand L(H) is the C*-
algebraof boundedinearoperatordrom H toitself. Tl gy := {T' € L(H) : Re T > 0} isa
generalisedhalf-planein L(H).

Theorem 1.4. Let F € Hol(IT, T (4). Supposehatthere exists A = A* € L(H) with

Re F(2)
— 72> A
Re z >
for all z € II andsud that
inf Re F(2) — AH =0.
il Re z
Then
A= /- lim Re F(z) = /- lim Fz) = /- lim F'(z).
z—00 Rez 200 2 2—00

Wiodarczyk[18] generaliseSheoreml.4 by allowing in placeof £(H) ary J*-algebra
having a non-zeropartialisometry In forthcomingwork [14] the authorsfurtherextendTheo-
rem1.4to the caseof JB*-triplesusingthe conceptof Siegel domainin a JB*-triple in place
of Iz m). In this papey we pursuea moregeneralresultfor holomorphicfunctionsbetween
arbitraryboundedsymmetricdomainsmorein the spirit of Theoreml.3. Resultsof thistype
in the literatureare sparseeven in finite dimensionswith the caseof the polydisc A™, that
is Hol(A™, A™), only beingrecentlyresohed [2]. A principal reasonfor this sparsity has
beenthelack of suitableanalogue®f eithertheclassicallulia’s lemmaor Wolff’s theoremfor
boundedsymmetricdomains.Thesewererecentlyprovidedin [15] andplay a crucialrole in
achiering angularlimit andangularderivative results,in particularmotivating the definition
of angularapproactregion for boundedsymmetricdomains. The existenceof angularlimits
over theseregionsis thenreducedby an extensionof the classicalLindelof—Cirka principle
(cf. [16]) to theexistenceof certainradiallimits. A crucialtool throughouis the conceptof a
Bemgmanoperatoron a JB*-triple.

2. BOUNDED SYMMETRIC DOMAINS AND JB*-TRIPLES

Definition 2.1. A JB*-triple is a complex BanachspaceZ with a continuousmap{-,-,-} :
Z3 — Z,(z,y,2) — {z,y, 2z}, whichis complex linearandsymmetricin = andz, anti-linear
in y andsatisfies
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(i) theoperatorz Oz hasspectrumnin [0, co),
(i) exp(izOx) is bothanalgebraicautomorphismandanisometry

(i) |{z, =z} = ll=°,

forallz € Z, wherez Oy denoteghelinearmapz — {z,y, z}.

Theequality
(1) {aa b, {.’L‘, Y, z}} = {{CI,, ba :L‘}, Y, Z} - {'Ta {ba a, y}’ z} + {'Ta Y, {aa ba Z}}

which ensuedrom (i) for all a,b,z,y andz € Z is known asthe Jordantriple identity, and
providesaweakform of associatiity for thetriple product. Theinequality

) {z, y, 23| < ll=llllyllll=]
is provedin [7].

Any C*-algebra,and more generallyary J*-algebra,is a JB*-triple with triple product
givenby {z,y,z} = 3(zy*z + 2y*z) wherez* denotesthe usual operatoradjoint of z.
In particular every complex Hilbert spaceis a JB*-triple whosetriple productis given by

{z,y,2} = 5((z,9)2 + (z,)2).
TheBergmanoperatorB(z,y) € L£(Z) definedby

B(z,y) =I1d —2z0y + Q,Qy

whereQ,(z) = {z, z, z} isanimportanttool, encodingnuchof thegeometryof Z in thesame
way thatan inner productdoesfor a Hilbert space.On a C*-algebra,the Begmanoperator
reducedo B(z,y)z = (1 — zy*)z(1 — y*z).

An elemente € Z for which{e, e, e} = e is calledatripotentand,from (iii) abose,anon-
zerotripotenthasnormone.For example,atripotentof a C*-algebras anelementw satisfying
v = vv*v, thatis, a partialisometry Eachtripotentinducesa splitting of Z, calledthe Peirce
decompositioninto Z = Z; & Z% @ Zy whereZy, is thek-eigenspacef eOe, with mutually

orthogonalprojectionsP, ontothesubspaceg;,

Pl :QeQea
P% =2e0e — 2QQe,
Py = B(e,e),

satisfyingP; + P + Py = Id. Wheretheneedariseswe write P¢ ratherthat P; to highlight
2

the tripotentin question.Thetripotente is calledMAXIMAL if Zy = {0} andthisis the case
preciselywhene is anextremepointof theunit ball of Z [10]. Thetripotentis calleduNITARY

if Py = P% = 0. Wesayz € Z is proportionalo atripotentif z = \e for sometripotente € Z

andsome) € C. We pointoutthatsincethetriple productis continuousthe setof tripotents
formsaclosedsubsebf Z.

3. GENERALISED HOROCYCLES AND THE ANGULAR LIMIT

In A thesequencé¢,,), is saidto approachu € A non-tangentiallyif £, — a andif, for
somek > 0, (&), is eventuallyin theangularregion

_ . la=¢
Ak(a)_{£EA'1—\§|2 < k}.
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Let f € Hol(A, A). Thenf is saidto have angularimit b ata, written Z-limg_,, f (&) = b, if
f (&) — bwheneer &, — a non-tangentially

Let B be a boundedsymmetricdomain,which we may take to be the openunit ball of a
JB*-triple Z [8]. Fore € 0B andk > 0, we definea GENERALISED ANGULAR REGION by

Di(e) = {w € B : | B(w,e)QeQe|F < k(1 — [lw|)}.

Of coursejf B = A thenDy(1) = Ag(1). We notethate is in theboundaryof Dy(e) only
if B(e,e)Q.Q. = 0, a conditionwhich is equvalentto e beinga tripotent. As we wish to
considerapproactpathsto aboundarypointe whicharecontainedn theangularegion Dy (e)
(suchapproaclpathswill becallednon-tangential)wetake it thatfrom this pointon, e denotes
atripotentof the JB*-triple Z. Theangulamegion Dy (e) canthenberewritten as

Di(e) := {w € B: [B(w,e)|, [} < k(1 = lw]?)}

whereZ; is thePeircel-spaceof thetripotente. Notethatif Z is a Hilbert spacehis reduces
to Dy(e) :={w € B : |1 — (w,e)| < k(1 — ||w|?)}.

Anothertype of domainwhich appearsiaturallyin ary discussiorof angularlimits in A is
thehorog/cle, whichis anopendiscin A internallytangento theboundary Thehorog/cle

ja —¢J?
1—[¢l?

is a Euclideandisc of radius/\L+1 internally tangentto A ata. In Figurel, we sketchthe
angularegion Ay 2(1) andthehoroqcleE%(l) in A. Bergmanoperatorsireusedo generalise

Ex(a) = {€€A: <A}

FIGURE 1. Angularregionandhorogclein theunitdisc

thesehorog/clesto aboundedsymmetricdomainB. For atripotente in B and X > 0, define
Ex(e) == {w € B : || B, B(w,€)QeQel| < A}

whereB,, := B(w,w)% is invertiblefor ||w| < 1 by [8]. We will frequentlyusethe funda-

mentalidentity [9] which holdsfor all z € B,

1
®3) 1B M = 573
* 1 — ||z

The next resultis a concreterealisationof the horog/cles Ey (e). The proofis a distillation
of variousresultsandtechniquesn [15].
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Proposition3.1. Lete € 9B beatripotent. For all A > 0, thehorocycleE), (e) hastheform
1
E = — B B
A(e) (1 - A) e+ B(se, se)(B)
for s > 0 satisfying(1 — s%)? = 3.

Moreover, for anyy € B,y € OE», () whee ), := || B; ' B(y, e)QcQell > 0.

We notethat B(se, se) € GL(Z), thegroupof invertible boundedinearoperatoron Z. In
particular E,(e) is aconvex domainin B containinge in its boundary

Proof. It is easyto calculate

@) B(fe, fe) = Py + (1= |B*)Py + (1 - |61 Py
and
(5) B(Be,e) =P+ (1 - )Py + (1= )" Py

for all 8 € C. Chooseasequencéay)i, 0 < oy < 1 with limg o = 1. Then

_ 1
Bakle = B(age, age) 2

= (Po+ (1 —af)Ps + (1 —0})?Py)
1 1

=P+ P, + 5P
1— ai 2 1o
andtherefore
(6) lim(1 — a;)Byl, = P = QcQ..
Takew € Ej(e), thatis, || B, B(w, e)Q.Qe|| < A. Then
_ _ A
||BwlB(w7 O‘ke)BakleH < 1— a%

for all £ large. In thenotationof [15], andusing[15, Corollary3.2], we have thatw belongsto
the Kobayashball D,, ., for all k largewherery, > 0 satisfieg(1 — r2) ™! = A(1 — a2)~L.
Proposition2.3 of [15] thenimpliesthatw € Dq, ¢, = ci + T (B) for all k largewhere

e =(1—12)B; L (age) € B and Ty, = rxBa,eB; .. € GL(Z).

TprOR€ TErOR€
From (4) onecanthencalculatethat
Qg

= me and Ty = B(ske, sie)
k

Ck
for s, > 0 satisfying(1 — s3)? = A(A+af)~". Sincec := limyc, = (1+X)"'e and
T := limy, Ty = B(se, se) € GL(Z) for s > 0 satisfying(1 — s?)2 = \(1 + \) 7!, theabove
shavsthatw € ¢+ T'(B). Therefore,E\(e) C ¢+ T(B). Onemayreversethis agumentto
shav thatc + T'(B) C E)(e) andhenceE)(e) = ¢+ T(B). AsT € GL(Z), it follows that
¢+ T(B) isacorvex domainin B.

T(e) = B(se,se)e = (1 — s?)2e = A(14+ ) "te
impliesthate € 0FE) (e).
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Fix y € B. Sincely||||e|| < 1, B(y, e) isinvertible[8] andhence
B |QeQell 1
= B, 'B(y, ©)QeQell > = =
Y T By e) 7 Byl By, e) Byl
It is thenclearfrom the definitionthaty € 9E) (e). O

> 0.

Note3 2. Foratripotente, onecanseefromtheabo/eformulationof Ex(e) that|lz — 5| <

for z € Pi(E\(e)). In particular ||z — e]| < < 2Xforz € Pi(E\(e)).

1+)\ 1+)\

The following Julia type lemmafor a holomorphicfunction betweenboundedsymmetric
domainsB andB’, containedn JB*-triples Z and Z’, is of atypefirst provedin [15].

Lemma3.3. Let f : B — B’ be holomorphic. Lete € 9B be a tripotent. If ther exists
(2x)r € B sudthatz, — e and f(zx) — ¢ € 0B’ whee ead z;, and ead f(z) is
proportionalto a tripotent,and

. 2
o= liminfM < 00
k—o00 1-— ||Zk||2

thenf(Ex(e)) C Eax(e').

Proof. Sincethetripotentsform a closedsetin ary JB*-triple it follows immediatelythate’
is alsoatripotent. Sincez, = ayey, for o, € € andey, atripotent,we have from (4) that

_ 1
(1= llzl*) Bz, = (1= Jaw[*) Fg* + (1 — |o[*) 2 P1* + Py*
andthus(1 — [|z]|*) B,," = Pf = QeQ.. Similarly, (1 — ||f(zk)||2)BJ7(1Zk) — P¢ = QuQe.

The following Schwarz—Picktype resultholds[15, Corollary 3.3] as a consequencef the
Schwarzlemma,

™) 1By BU ), f(2) By | <118, Blw,2)B, |
for all z andw in B. In particularthis holdsfor z = z; andsofor all &
|87 (f(w),f(z D (= 17 EIP)B,

— |If (z) |12

- 1 — lzx]I?
We take alimit over k to obtain
1B 4y B(f (w), €) Qe Qe || < | By, B(w, ) QeQell
forall w € B. Thatis, f(E\(e)) C Eax(€'). O

| By B(w, z¢) (1 — [lzx]1*) B, |-

Note 3.4. The o appearingn the previous resultdependsf courseon the sequence zy )y
chosen.We will have occasiorlaterto choosethe leastpossibleax andsothe following refor
mulationmay be moreappropriate.

Corollary 3.5. Letf : B — B’ beholomorphic.Lete € 9B beatripotentandlet
1-|If ()P

o= hgn_}lglfw < o0

If there existsa sequencéz; ), in B corveming to e sudthat f(z;) — €’ € OB’, eat z; and
2

ead f(zy) is proportionalto a tripotentand (zy ), satisfiedim infy_, % = « then

f(Ex(e)) C Egx(e') forall A > 0.
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Not surprisinglywhen B’ = A andthe hypothesisf the above resultis satisfied the se-
quence(zy), may be taken to be of the form (rxe), whereeachr;, € [0,1). The proofis
similarto thatof [1, Lemma3.2].

Lemma3.6. Let f € Hol(B,A). Lete € OB be a tripotent and supposethere exists a
sequencéz ), € B corveming to e ead elemenbf which is proportionalto a tripotentand
for which

1-— 2 1— 2
imint S i P @
koo L—lzgl® eme 1—|lzf?
Then
— 2 _ 2 _ 2
lim inf M = lim inf M = lim inf M.
zove 1|22 (=1 1—1¢? ts1- 1—¢2
Proof. Clearly,
1-— 2 1— 2 1— 2
o= liminfM < lim infM < lim inf 7‘10(%)' =0
ame 1 —||z|? ¢—1 1—|¢|? t—1- 1—t2

andsowe may supposdhata < oo. We needonly shav thereforethata > 3. Corollary 3.5
impliesthat f (E\(e)) C E,a(e") for somee’ € 9A, for all A > 0. Withoutlossof generality
we mayassumehate’ = 1. Thereforefor all w € B,

1B}y B(f (w),€)Qe Qe || < al| By B(w, €)QeQell
and,in particularfor w = we, w € A. Then(4) and(5) imply

1-fwe)l? |1 -wp
= [fwe)ff = “T— w

122 _

Lett), = =1 Theni—t5 =

k+1°

1
% andso

[1— ftee)|?  «

1—[f(tke)l* ~ Kk
Thatis, f(tre) € Eq/k(1). WeuseNote3.2to write

2(a/k) 2«
1_|f(tk€)‘ < |1_f(tke)| < 1+(C¥/k) - a+k

As1 — [tg|? = 4k/(k + 1)% we get
6 — limint L=/ O L-|fe)? _ . (4a)/(a+ k)

< liminf —— W o gy BORQTE)
T 142~ kb 1—£2 koo 4k/(k+1)2 O

asrequired. O

We now obtainthe existenceof anangularlimit wherewe take asour hypothesighe con-
clusionof Lemma3.3.

Theorem 3.7. Let f € Hol(B, B’) andlete € 0B beatripotent. Lete’ be an extremepoint
in B'. If there existsa > 0 sudh that f(E)(e)) C Eqx(e’) forall X > 0 then

Z-1lim f(z) = €.

T—e
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Proof. Fix anangulamregion Dy (e) andlete > 0. If w € Dg(e) then

| B(w, e) Qe Qe

1= [|w]?

1B,y B(w, €)QeQell < [|By, | B(w, €)QeQell = <K (1~ [lwl?).

It follows thatif (wy)n, C Dg(e) cornvemgesto e thenthereexistsn, suchthatw, € E,(e) for

all n > n. andthus,by hypothesisywe have f(w,,) € E,.(¢') for all n. > n.. In otherwords,

||B/Z(Ln)B(f(wn),e')QeIQe/H < aeforalln > n,.

Sincee is arbitrary ||BJ7(1Un)B(f(wn), €)Qe Qe || — 0. Thisimplies, by Lemma3.8 below,
that f (w,,) — €. Sincek is arbitrarythisimpliesthat Z-lim,_,. f(z) = €. O

Lemma 3.8. Lete bean extremepointof B. Let(z,), C B satisfy
lim || By, ' B(zn, €)QeQell = 0.
Thenlim,, z,, = e.
Proof. We considerthe domainsE,, (e) for v, = ||B;B(zn,e)Q.Q.||. We know from

Proposition3.1thatz,, ande areelementf 9E,, (e). It follows from [15, Proposition3.15]
thatE,,, (e) hasthealternatve description

1 P, —
E, (e)={z€B: t—P;(z)—f—%—l—e <1}
n n
wheret,, = ll’;n This gives
Pl(x ) P —
8) s Dle) e oy
tn 2

for all n. Sincet,, — 0, oneseeseasilythat P; (z,,) — e. Now considerthe Peircereflection
g = exp(2mi eOe) which, by definitionof a JB*-triple, is alinearisometry It is not difficult
to seethatg actsastheidentity Id on Z; andas— Id on Z%. Thenfrom (8)

—Pi(zn) p -
2 n _I_ ]_(.'L'n) € ell = 1
tn t2
L Py (zn) )
andthisimpliesthat 2tn < 1. Ast, — 0, we musthave P% (zn) — 0 andsolim, z, =
lim,, P (zy,) + lim, P% (zn) =e. O

The following technicallemmageneralise$6, Proposition2.1] and[16, Lemma8.5.5(i)].
It provides usefulinformation aboutthe geometryof the angularregions Dy (e) andis used
severaltimesin thesequel.

Lemma 3.9. Supposd < 8 < aand||b]| = 1, sothat Dg(b) & D, (b). Theeexistsé > 0
sud thatfor z € Dg(b) and|ly|| <1,

I\ < 6|B(2,0)QQsll2 = 7+ Ay € Du(b).
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Proof. Lets = (1/3 — 1/4)/10 andz € Dg(b). Of courses < 5 so|A| < 4||B(, B)Qs Q2
impliesthat|\| < 1 becausdrom (2) | B(u,v)|| < (1 + ||ul||Jv||)? for ary v andv. We have

Iz + Ayl” < [l + 2| [A] + [A]?
< [lz)|* + 3|Al.
A standarddentity for Begmanoperatorg12, JP34]letsuswrite
B(z + Ay, b)QsQp = B(Ay, b*)B(x,b)QpQp

whereb® = B(z,b)~!(z — Q,b) denoteghe quasi-iverseof b with respecto z (see[5, 12)).
Thus

©9) IB(z + Ay, 5)Qs Q]| < [IB(z, 5)Qs QI (1 + [I[67)*.
Since ||b||||z]] < 1, it follows easily from the seriesexpansionof b* = ;-’io(b[]w)jb
(se€[12)]) that
161l 1 1+ =] 2
(10) 1] < = = :
L—[ollfl«ll =izl 1= fl=[> = 1—l=f?

Now we usethefactthatz € Dy(b) to write [|b7|| < 2(1 — ||z[|2)~" < 28||B(x, b)QsQs]| 2.
Therefore

1 1 23

I1B(z + Ay, b)Qs @l < | B(z,b)QsQul1Z (1 + A 1

s =R N )
(11) < || B(z, b)QsQsl|7 + 2/ A5

Since? < 1, wehave
1 1 1 1
122 + Xyl[* + Bz + Ay, b)QpQsl|% < [l]” + 3[A| + 1B (z,0)@pQu]|Z + 2|
which gives
1 1 1 1
I + Xy||” + LB+ Ay, 5)QeQu]|= < l]” + (56 + 1B, 0) Q@2

Finally, as56 + & <  andz € Dg(b), we canwrite

1 1 1 1
=+ Ayl + ~[|B(z + Ay, b)Qu@l> < fl]|* + 5182, b) @Gl
<1
Thatis, z + Ay € D, (b). O

Thefollowing estimatesarerequiredin thesequel.
Lemma 3.10. Let Z bea JB*-triple andlet e € Z beatripotent. Then,
Iz — e]|* < | B(z,€)QeQell < 3]z — el|?

foranyz € Z;.

Proof. ThespaceZ; = P,(Z) is aJB*-algebrawith respecto theproductz o y := {z, e, y}
andinvolutionz* := {e, z, e} (cf. [17]). TheBergmanoperatorB(z, e)| , mayberepresented
as2L? , — Lie_z)> whereLy(y) := z oy = {z,e,y}. Thustheright handinequalityis
immediateusing(2).
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For ary JB*-algebrad, we have that |2y (y*y) — y?y*|| = |jy||® for all y € A. Therefore,
forz € 7y,

IB(z,¢€)|,, || > I[2L7_; — L(G—I)Q]ﬁﬂ
= |I2(e — @) ((e — 2)"(e — @) — (e — @) (e — 2)"||/lle — x|
= lle = =*/lle = zll = lle — /.

4, THE LINDELOF PRINCIPLE

TheLindelof principle[11] allows oneto deducehe existenceof ananguladimit atb € A
for aboundedunctionon A from the existenceof a limit alongary oneapproackcurve to b.
Thefollowing resultis a versionof this principlefor functionsmappingA to a JB*-triple Z.
Theproof, whichwe includefor completenesss avery slightmodificationof the classicabne
providedin [16]. For aboundedsymmetricdomainB andb € B, we defineab-CURVE to be
acontinuousuneo : [0,1) — B suchthato(t) — bast — 1.

Theorem4.1. Let f : A — Z beholomorphicandboundedand~ : [0,1) — A bea 1-curve
If lim,_,,— f(y(¢)) =1 € Z thenf hasangularlimit { at 1.

Proof. Without lossof generality ||f|| = 1 andl = 0. Let ¥ denotethe strip {z € C :
|Re z| < 1} andlet : A — 3 beaconformalmappingfor which p(0) = 0. LetT’ = p oy
andF = foy . ThenIm (T'(t)) — oo andF(T'(t)) — 0 ast — 1. In thissetting,anangular
limit of f(¢) ast — 1in A is equialentto auniformlimit of F(x + iy) asy — oo in thestrip
{z+iyeC:|z|<1—-4d}foraryd > 0.

Givené € (0,1) we have to show thereforethat F'(xz + iy) — 0 uniformly asy — oo for
|z] < 1—4. If wefix e € (0,1), andchoosey, > Im I'(0) suchthat| F(I'(t))|| < e for
Im I'(¢) > yo, theproofwill follow from the statementhat

(12) 1P (@ + iyo)|| < /8 i o] <1 -6.

To shawv (12) we canassumeby a vertical translationof X3, thatyy = 0. Choosingty with
Im(t) =0andIm I'(t) > 0forall1 > ¢ > o, welet E = {I'(t) : tp < t < 1} andE be
thereflectionof E in thez-axis.Letzy = I'(tp) € IR. Supposery < z < 1 —4§. Thenwe can
definefor n € (0, ) andz € %,

(1422
(13) Gn(z) = {F(Z)aF(E)aF(z)}m-

G, is aholomorphicfunctionandis boundecon X.

Since||F(z)|| < e onE and||F(Z)|| < e on E, we have that||{F(z), F(z), F(z)}|| < e on
EUE. It followsthat||G,(z)|| < € on EU E. Ontheright handboundaryof £, |G, (2)|| < €
andfor |Im z| sufiiciently large we also have ||G,(z)| < . Now we apply the maximum
principle in the componentof the strip boundedby Re z = 1, E U E and oo to getthat
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|Gy (2)|| < € in thiscomponentin particular

1+x)/2 1+x)/2

el
1+ (1 + )

el

||F(33)||3m

= [[{F(2), F(x), F(z)}
= [|Gp(2)] <¢

andso || F(z)|? < e.e~(+2)/2(14n(1+1x)). Weletn — 0 toget||F(z)|]? < e(1-9)/2 < £0/2
andso || F(z)| < %6 for zy < = < 1 — §. Ontheotherhand,if zo > z > —1 4 § thenwe
simply replacel + z in equation(13) by 1 — z andrepeatthe agumentto concludethat(12)
holds. O

Note. We canslightly changethe statemenof this theoremto thefollowing: Let f : A — Z
be holomorphicand boundedin the angular Agx(1). Leta > gandy : [0,1) — A bea
1-curvecontainedn A, (1) . If lim,_,;- f(v(¢)) =1 € Z thenf hasthelimit [ at 1 alongany
appoad curvein Ag(1).

Cirka [4] extendedLindeldf’s resultto functionsof several variablesandwe shaw thatthis
canbeimprovedto includefunctionsdefinedon aboundedsymmetricdomainB. Forb € 0B,
akey tool requiredis a continuoudinear projectionm = m, : B — bA = {(b: ( € A} of
theboundedsymmetricdomainontotheonedimensionakubspaceontainingy which satisfies
7(Dg (b)) C Dy(b) for all k > 0 andx(b) = b. Following theterminologyof [2], we will call
7, @ PROJECTIVE DEVICE atb. Throughoutthe remainderof this paper we restrictattention
to aboundarypoint b of a boundedsymmetricdomainB for which a projectve device 7 atb
exists. In mary situationsthereis a canonicalchoicefor the projectve device. For example,
if B isthen-dimensionaHilbert ball thenonecantake = to bethe orthogonalrojectionof B
ontobA. A canonicakhoicefor # whenB = A" is given[2] by n(z) = é(xﬁ)b whered is
thecardinalityof theset{j : |b;| = 1}, b = (b1,... ,b,) andb = ( ..., b)) where

o yl<t
Here(:, ) denotegheusualinnerproducton C".

In thefollowing T" : [0,1) — B will beane-curve for sometripotente. An e-curweis called
non-tangentiaif it lies eventuallyin Dy (e) for somek > 0. Clearly if T is a non-tangential
e-curve thentheprojectionof " underr = 7., denotedy, is alsoanon-tangentia¢-curve since
w(Dg(e)) C Dy(e) for all £ > 0. Theproof of thefollowing theoremis a modificationof that
of Cirka’s resultgivenin [16].

Theorem4.2. Let e be a tripotentin Z having projective device 7, and let I be a non-
tangential e-curve Lety = 7. o T'. Let f: B — Z’ be holomorphicand boundedn every
angularregion Dy (e). If

N 101 .
1 IT@ @)l

then

lim f(I'(2)) — f(v(¢)) = 0.

t—1—
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Proof. DefineR(t) := % Fix A € C andchoose, suchthatR(t) > /R(t) > ||

fort > tg. Thenfort¢ > &,

CA(t) == AT(8) + (1 = A)v(2)

is anelementof B. Thisis dueto thefactthat || A\(T'(¢) — y(¢)) + v(t)|| < R||T(t) — y(#)| +
Il7(?)|| = 1. AsT is non-tangentialthereexistsk > 0 suchthatfor ¢ suficiently closeto 1,
sayt > t1 > to, I'(t) € Dg(e) andso~(t) € Dg(e).

Fix k' > k. Noticethat||B(y(t),e)QecQc| > |l7(t) — ¢||> by Lemma3.10andso from
Lemma3.9,thereexists§ > 0 suchthat

(14) 1l < dlle — 1) = 1)+ py € Dyo(e) for |y = 1.
Also, for t > t; wehave || < \/R(t), andso
IAC — @)l < VRGO
_1-hol
4o R

Since+/R(t) — oo thereexistst, > t; suchthatfor ¢ > t» we have 6 /R(t) > 1 >

)
Te— @) andso

1 — |19l
R(t)

< dlle =y@)I-

From(15), this gives,

AT (@) =@ < dlle = (2]

for all ¢ > to. This suggestschoiceof x in (14). Takingy = ||A§r 73”( )andu = || A(T(t) —

v(t))|| we concludethaty + A(T' — ) € Dy (e) wheneert > to. In otherwords,C,(t) €
Dy (e) for all ¢ > to.

Therestof the proof proceedssin the classicalcaseg16] which we now recall. Definethe
holomorphicfunctiong, from the opendiscof radius./R(t) in C to theball of radius|| f| p,,
in Z' by

gt(X) = f(AT() + (1 = Ny (t)).
Of courseg,(1) = f(I'(¢)) andg:(0) = f(y(t)). The maph(A) := g:(A) — 9:(0) is a

holomorphicfunctionfrom the complex discof radius+/ R(t) to the ball of radius2|| f| p,, (¢)
whichmaps0 to 0. The SchwarzLemmathengives

2||f [l D,
HMOW<‘J—iII
and,in particular [|h+(1)|| < 2[|f||p,, e)/+/ R(t) forallt > t,. SinceR(t) — oo we have that
lim,_,;- h(1) = 0 andfrom this it follows thatlimt_)l_ F(T@®) — f(y(t) =0. O

Theterminologygivenbelow is modelledon thatof Rudin[16] althoughour definitionsdo
not agreeexactly with thosemadein the Hilbert spacecase.(Whenworking in a Hilbert space
one may squarethe quotientfactor occurringin (16) belov. This allows a larger collection
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of restrictedcurves.) Our definition seemsa more appropriateone for boundedsymmetric
domains.

Definition 4.3. Wesayab-cune I is SPECIAL if

1@l
(16) lim ——————— = = 00,
=1 [0(#) =)l
wherey = m, o T'. Further we sayab-cuneI' is RESTRICTED ff it is specialandvy([0,1)) is

eventuallycontainedn bA(1) for somek > 0. In otherwords,T" is arestrictedcurve if it is
specialandtheprojectionof I" ontothe discbA hasnon-tangentiaapproacto b.

Wesaythat f : B — Z' hasRESTRICTED ANGULAR LIMIT [ AT b if
lim f(T'(t)) =1
t—1—

for every restrictedb-curve I'. For thiswe write R-lim, ,; f(2) = 1.

It is not obvious from the definition, but ary restrictedb-curve is non-tangentialf b is a
tripotent.

Lemma4.4. Lete beatripotentandletI" bea restrictede-curve Thenl is a non-tangntial
e-curve

Proof. LetI' bearestrictede-curve. Thenlim;_, - IMO=WOIl _ o andthereexistsk > 0 and

=@
to € (0,1) suchthat% < kfort > tp.

[B(L(£), €)QeQell = [B(y + (I' =), €)QeQell
= ||B(I' = 7,€") B(7,€)QeQell  using[12, JP34]
< [1B(7,€)QeQell |1 B — v, €7)||
< IB(7,€)QeQel (1 + [T —~lllle”]))?
which by Lemma3.10and(10)is

€]l 2
IT —~11\2
<3lly—elP(1+ )
1=l

<Ay — el

fort >t € [to,1) since% — 0ast — 1. Thus,fort > t1,

IB(T(t), €)QeQellz < 2|l7(t) —ell < 2k(1 — |ly(t)]|*).
Since||T|| < ||IT — 4| + ||v|| we have

-~y
Lo T > 1= T =l = Il = 1 = =2 gy =y

=
- (-l - =2
> 21~ Iho))
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fort >ty € [t1,1). Sincelim,_,;- [|T'(¢)|| = lim;_,;- ||y(¢)|| = 1 we canchoose; € [t9, 1)
suchthatl+|[T(¢)[| > z(1+[ly(#)[]) fort > 5. Thusfort > ¢3, 1-[IT(#)[|* > 1 (1~[ly(#)[*).
Theresultinginequality

IBT(1),)QeQe|>

< 8k
1— [T
for t > t3 impliesthatT'(¢t) € Dgi(e) for t > t3. Thatis, I' is eventuallyin someangular
region ate, andthusT is anon-tangentiahpproackcune to e. O

The RADIAL limit of a function f at e is the limit of f alongthe radial pathT'(¢) = te,
t € [0,1). Noticethatthis radial pathis restrictedandcontainedn Dy(e) for & > 1. We will
usethenotationlim,_,,- f(te) for theradiallimit of f ate.

Corollary 4.5. Lete beatripotentandlet f € Hol(B, Z') beboundedn everyangularregion
Dy (e). If theradial limit of f existsat e thentherestrictedangularlimit of f existsate.

Proof. If T is ary restrictede-curve then,by Theorem4.2 andLemma4.4, f hasthe same
limit alongT" asit doesalongits projectiony = w, o I'. Definep: A — Z' by o(¢) = f(Ce).
Theny is boundedn every A, (1) andlim,_,;- ¢(t) exists. Let ! bethe valueof this limit.
Theorem4.limpliesthaty hasnon-tangentialimit [ at1. As v is a non-tangentiak-curve in
eA, lim;_,- f(y(¢)) maybeidentifiedwith a non-tangentialimit of ¢ in A. As thevalueof
thislimit is [, we concludethatthelimit of f alongtherestrictedcurve I' is alsol. O

Corollary 4.5 implies that f hasan angulardervative at a tripotente € 9B (by which
we meana restrictedangularlimit of the functionz — f(2)e) if themapz — f/'(z)e is,
firstly, boundedn every angularregion Dy (e) and,secondlyhasaradiallimit ate. A natural
simplificationis to considerinsteadthe ‘projected’ mapz — P f’(z)e whereP] is the Peirce
1-projectionof €', wheree’ € Z' is thetripotentthatarisesasthe angularimit of f ate.

In the classicaketting,B = B’ = A, oneshaws thatthefunctionz — f/(z) is boundedn
every angulamregion Ay (e) by usingthe Cauchyintegral formaulato write f'(z) asanintegral
of theincrementaratios% wheree, ¢’ € 0A ande’ = Z-lim,_,. f(z) andthenshaving
that theseincrementalratios arethemseles boundedin every angularregion. Our approach
is essentiallythe same usingthe Banachspaceversionof Cauchys integral formula (see for

example,[3]) anda naturalanalogudor the ratios{2=¢ . We take asthis analogue

1B(f(2), ) A
1B(z,e) Pl

whereP; = Q.Q. andP] = Q. Q. arethe Peircel-projectionscorrespondingo the tripo-

112
tentse ande’ respectiely. (This reducego ‘% whenB = A.) Partof theagument

thereforein proving thatz — P| f'(z)e is boundedn every angularregion Dy(e) is to shav
thatthemap

IB(Pif(2), )]
1B(2,€) Pl

isboundedn every Dy (e). Aswerequiree’ tobe /- lim,_,. f(z) weadoptherethehypothesis
of Theorem3.7.
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Theorem4.6. Let f € Hol(B, B'). Suppos¢hate € 0B ande’ € 9B’ aretripotentsandthat
for somex > 0,
f(Er(e)) C Ear(€)
for all » > 0. Thenthefollowing functionsare boundedn everyangularregion Dy(e).
: |B(P1f(2),€) Pyl . ) g
i) zm , i) ze— P f'(z)e,

whee P, = Q.Q. and P{ = Q. Q. are the Peirce 1-projectionsof the tripotentse and ¢/
respectively

Proof. (i) Fix anangularregion Di(e) = {z € B : ||B(z,e)QeQe||% < k(1 —||z]|?)}. Let
2 € Dy(e) andletr = k|| B(z, e)Q.Q.||2. Then
r 1
|B(z,€)QeQell = EHB(za e)QeQellz < (1 - HZHZ)
andhencefrom (9)

1 |1 B(2, €)QeQell
HBZ B(Z,G)QeQeH < W <r,

thatis, z € E,(e). By hypothesigherefore,f (z) € E,.(¢') andP| f(z) € P{E,.(e'). From
Note3.2,||P/f(z) — €'|| < 2ar andby Lemma3.10,

IB(Pf(2),€)QeQell < 3[|P{f(2) —€l|* < 120777,
Thus||B(P] f(2),€')QeQer|| < 120%7r? = 12a2k?||B(2, €) Q. Q.|| andwe have
IB(P1f(2),€) P

< 12a%K?
|B(z,e) P ||

giving (i).

(i) Fix anangularregion Dy (e) andfix ¥’ > k. By Lemma3.9 choosej > 0 sothatfor
2 € Di(e), || < 6|1B(2,€)QcQc]|? impliesz + Ae € Dy (e). Letr = 4[| B(z,¢)QcQel| .
By the Cauchyintegral formula

1 Pl (z + Ae)

Pl ! - “lJ\ )
1f(2)e =5 - Ml )
:i' Pl'f(z—l—;\e)—e/d)\
211 |)\|:r A
1
= A(X) B(A) C(N) dX
s, AV B OO)
where
Plf(z+ Xe) —¢
Ay = i e
IB(PLf(z + Ae), e') P2
B(P|f(z+ Xe), e )P >
B0y = 1B 20, )il
1B(z + Ae, e) Py |2
1
) = |B(z + Ae, e)Py||2 '

/\2
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Therefore
P @el < (sup 1A (sup BO)) (sup rio)]).

[Al=r [Al=r

Lemma3.10implies thatsup)y—, [[A(A)| is bounded(thatis, uniformly boundedover z €
Dy(e)). By part (i), supj,—, B(}) is bounded,sincez + e is containedin the angular
region Dy (e). A glancebackat (11) in the proof of Lemma3.9 shaws that 7|C'(\)| =
ﬁHB(z + Xe, e) Py||2 is boundedby 2k + 5 andhence(ii) is proved. O

The above result, combinedwith Corollary 4.5 appliedto z — P]f'(z)e, allows us to
concludethe existenceof arestrictedangularlimit of P] f'(z)e from the existenceof a radial
limit. To examinethisradiallimit,

lim P|f'(te)e
t—1-
we againuseCauchys integral formulato write

Pi f'(te)e = 1 / PLF(E+Ne) = eld/\
[Al=r

2mi A2

1 (Plf((t+)\)e)—e) (1—(t+/\)) dX

T2 Jyop N 1 (EFA) ) )
1 [TP “)e) — 1-—

_ 1 1f((t+r§ )e) e(l_ .t)d0
2 | . t+rei? —1 rei?

Fix1 < k < k'. Aste € Di(e) weagainuseLemma3.9to choose) > 0 suchthat

Al < 6 B(te, €)QeQe 2
implies(t + A)e € Dy/(e). In particular |A| < 6(1 — ¢) impliesthat(t + A)e € Dy (e). If we
taker = §(1 — ¢) then

! pt _i/w Pllf((t—l—'rew)e)—e' _e_w
(17) P f'(te)e = o) P — (1 5 )do.

We know from part (i) of Theoremd.6 thatthefirst factorin this integral is boundedsince
(t + re?)e liesin theangulamegion Dy, (e). Moreover, if theradiallimit of theseincremental
ratiosexistsandequald, thatis if

Pjf(te) - ¢

1 li —
(18) o -1 !
thenwe apply Theoremd.1to thefunction
_ Pif(¢e) ¢
9(¢) = o1
for ¢ € A to getthattheanguladimit
z—1 C -1

existsandequald. Hence theintegral (17) above hasthelimit [ ast € [0, 1) tendsto 1. We
have provedthefollowing.
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Theorem4.7. Let f € Hol(B, B') andlete € 0B, ¢ € 0B’ betripotents. Supposehat for
somex > 0, f(E.(e)) C Eqa(e') for all » > 0. If theradial limit

! pl
lim Llf(td:l
t—1— 1—1

thentherestrictedangularlimit, R-lim, . P| f'(z)e = .

We now turn our attentionto proving that the limit in (18) above doesindeedexist in a
reasonablygeneraketting.

Theorem4.8. Let f € Hol(B, A) andlete € 0B beatripotentsud that
1—[f(2)”

= liminf —————
TR T <
Supposehere existsa sequencézy ), in B corveming to e, ead elemenof which is propor

2
tional to a tripotentandwhich satisfiedim infy, %'— = aandf(zx) — € € A. Thenthe
radial limit

I _
t»1—- 1—1t

andhenceR-lim,_,, f'(z)e = ae'.

Proof. Definep € Hol(A, A) by ¢(¢) = f(Ce). Lemma3.6impliesthat
1—Jp(OF _

lim inf =«

(=1 1—[¢]?

andsowe canapplythe onedimensionatesult(Theoreml.1) to ¢ to getZ-lim¢_,; ¢'({) =
ae’. In particular

e —(()
/-lim S5 _ e
gl—% T—¢ ae

which givestheresult. O

If we addthe conditionthat f(0) = 0 thenthe above resultcanbe extendedto includethe
casewheretherangeof f is aHilbert space.

Theorem4.9. Let f € Hol(B, B'), wher B’ is the openunit ball of a Hilbert space satisfy
f(0) =0. Let

1— 2
o= liminfM < 00
zve 1— 22
Suppos¢here existsa sequencézy ), in B, eat elemenbfwhich is proportionalto a tripotent
2
and which satisfieslim infy, % = «a and f(zx) — ¢ wheee' € 9B’ is a tripotent.
Thentheradial limit

! — PIf(t
lim € 1f( e) — ae
t—1- 1—-1t

andhenceR-lim,_, P{f(z)e = ae'.
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Proof. Lemma3.6impliesthat

1-— 2 1— t 2
o = limint @I e L= 1FCI”
zve 11— |lz]]? t—1- 1—t2

Letc = (1 — ¢). FromProposition3.1,te € dE_¢_(e) andsoby Lemma3.3 f(te) €

1-c

Eq < (€') andthus(recallNote3.2)[| P f (te) — || < % Sincef(0) = 0, theSchwarz

lemmaimpliesthata > 1 andthus|| P] f (te) — €'|| < 2aec.

We now have that
1—[f@e)l” <1 —I[Pif(te)]?
< (A4 ||PLf(te) DI PLf (te) — €l
< 2ac(1 +t) = a1 — %)
giving
2 ! 2
L)l _ 1= IPfe)l® _
1-—1¢2 - 1—12 -

_up! 2
Henceliminf, ;- L’?_’;gﬂ < a. Thus,

1- > 1—||Plf(2)]?
o= liminfM < 1iminfM
e 1— ||Z||2 e 1_ ||Z||2
1—||Pf(te)]?
< liminfnl—fge)||
t—1— —t

We concludethat

_ipt 2
liminf LIPS @I
zmve 1|22

As P{ is nothing but the orthogonalprojectionof B’ ontoe’, P|f may be identifiedwith a
holomorphicfunctionfrom B to A andtherestof the proof proceedssin Theorem4.8. [

For example,we have thefollowing.

Corollary 4.10. Let f € Hol(B, A) satisfy f(0) = 0, whee B is the openunit ball of a
C*-algebra with identity 1. If

1_ 2
o= liminfM <
=1 1—2|?
andthere existsa sequence;, — 1 sud thatead z; is a scalarmultipleof a partial isometry
2
limy oo % = a and f(z;x) — 1 thentheangularlimit Z-lim,_,; f(z) = 1 andthe

restrictedangularlimit R-lim,_,; f'(2)1 = a.

In particularif B isthen-dimensionapolydiscwe obtainthefollowing, whichis contained
in [2].

Corollary 4.11. Let f € Hol(A™, A) satisfyf(0) = 0. If
1—|f(2)

a:= liminf —L <0
z—1=(1,...,1) 1 — ]z
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andthere existsa sequence;, — 1 sud thatead z; is a scalarmultiple of an extremepoint,

limyg_, o0 % = a and f(z;) — 1 thentheangularlimit Z-lim, ,1 f(z) = 1 andthe

restrictedangularlimit R-lim,_,; f'(2)1 = a.
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