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M. MACKEY AND P. MELLON

ABSTRACT. In this paperwe generalisethe classicalJulia–Wolff–Carath́eodorytheoremto
holomorphicfunctionsdefinedon boundedsymmetricdomains.

1. INTRODUCTION

Throughout,let Hol
���������

denotethe holomorphicfunctionsfrom
�

to
�

, where
�

and�
aredomainsin a complex Banachspaceandlet 	 denotetheopenunit disc in 
 . A clas-

sical theoremof complex analysis,known as the Julia–Wolff–Carath́eodory theorem,is the
following.

Theorem 1.1. Let �� Hol
� 	 � 	 � satisfy��������������������! "$#&% � �(')� % *"$#&% ' % * +&,

and � �('.-/�10 "
for somesequence

'.-
converging to

"
. Thentheangular limit of � at

"
exists

andequals
"
, andtheangularlimit of thederivative �32 existsat

"
andequals� .

If onetransfersthis theoremto theright half plane465&
 by meansof theCayley transform'�70  98:� <;=� thenthestatementbecomesthefollowing.

Theorem 1.2. Let >?� Hol
� 4 � 4 � andlet @ ���A���B�C DFE > ��G/�DFE G . Then

@ �IH - �����J �LK D$E > ��G)�D$E G �IH - �����J �MK > ��G)�G �IH - �����J �MK > 2 ��G)�ON
Generalisationsof theseresultshaveevolvedin two directions.In 1980,Rudin[16] achieved

acompleteextensionfor a function �� Hol
���P-Q���SRT�

, where
�P-

denotestheopenunit ball in
theEuclideannorm of 
 - (which is a strictly convex boundedsymmetricdomain). Let U � -
denotetheboundaryof

�S-
. Rudin’s resultcontainsthefollowing.

Theorem 1.3. Let VM�WU � - andlet > � � �  �XNXNXNY� � R � � Hol
��� - ��� R �

satisfy> ��Z[� � Z and�����������\�����J �M] "F#_^ > ��G)� ^�*"1#�^ G ^ * +_, N
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If
��Ga`b�c` 5 � satisfies����� `dGa` � V , �����` "$#A^ > ��Ga`b� ^�*"F#_^ Ga` ^ * �A�

and ����� ` > ��Ga`b� � VX2e�fU � R , thentheangular limit of > ��G/� as
G�0 V is VX2 andtherestricted

angularlimit >T2 ��G/� V is � Vg2 , where >  ��G/� �ih > ��G)�O� Vg2kj .
The Hilbert ball is a prototypefor two importantclassesof domain,namelythe strictly

pseudoconvex domainsand the boundedsymmetricdomains. The theory of angularlimits
and angularderivatives for functionson a strictly pseudoconvex domain is well developed
(see[1] for acomprehensive account).Weconcentrateonthesecondcategory, thatof bounded
symmetricdomains.

Fan[6], in 1986,provedthefollowing Julia–Wolff–Carath́eodory theoremfor operatorval-
uedholomorphicfunctionson 	 . l denotesa complex Hilbert spaceand m � l � is the nMo -
algebraof boundedlinearoperatorsfrom l to itself. 4PpQqsrut ���ivXw �m � l � � D$E wix Z/y is a
generalisedhalf-planein m � l � .
Theorem 1.4. Let >?� Hol

� 4 � 4PpQqsrut � . Supposethat there exists
� � � o �zm � l � withD$E > ��G)�D$E G x �

for all
G �z4 andsuch that �����C {{{{ D$E > ��G)�DFE G # � {{{{ � Z|N

Then � �IH - �����J �LK D$E > ��G)�D$E G �IH - �����J �MK > ��G)�G �IH - �����J �MK > 2 ��G)�ON
Włodarczyk[18] generalisesTheorem1.4 by allowing in placeof m � l � any } o -algebra

having anon-zeropartialisometry. In forthcomingwork [14] theauthorsfurtherextendTheo-
rem1.4 to thecaseof } � o -triplesusingtheconceptof Siegel domainin a } � o -triple in place
of 4 pQqsrut . In this paper, we pursuea moregeneralresultfor holomorphicfunctionsbetween
arbitraryboundedsymmetricdomains,morein thespirit of Theorem1.3. Resultsof this type
in the literaturearesparseeven in finite dimensions,with the caseof the polydisc 	 - , that
is Hol

� 	 - � 	 R � , only being recentlyresolved [2]. A principal reasonfor this sparsity has
beenthelackof suitableanaloguesof eithertheclassicalJulia’s lemmaor Wolff ’s theoremfor
boundedsymmetricdomains.Thesewererecentlyprovided in [15] andplay a crucial role in
achieving angularlimit andangularderivative results,in particularmotivating the definition
of angularapproachregion for boundedsymmetricdomains.Theexistenceof angularlimits
over theseregions is thenreducedby an extensionof the classicalLindelöf–Čirka principle
(cf. [16]) to theexistenceof certainradiallimits. A crucialtool throughoutis theconceptof a
Bergmanoperatoron a } � o -triple.

2. BOUNDED SYMMETRIC DOMAINS AND } � o -TRIPLES

Definition 2.1. A } � o -triple is a complex Banachspace~ with a continuousmap v�� � � � � y �~S� 0 ~ ,
���e�<�Q��G/�u0 v �Y�<�3��G|y , which is complex linearandsymmetricin

�
and

G
, anti-linear

in
�

andsatisfies
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(i) theoperator
�F�M�

hasspectrumin � Z|� , � ,
(ii)

E��/� �����F�M�T�
is bothanalgebraicautomorphismandanisometry,

(iii)
^ v �Y�<�e�<��y ^ � ^ � ^ � ,

for all
� �W~ , where

�F�T�
denotesthelinearmap

G�70 v �Y�<�3��G|y .
Theequalityv @ ����� v �Y�<�3��G|yby �6vbv @ ���a�<�Yy��<�Q��G�y # v �Y� v ��� @ �<�Qy���G|yF� v �Y�<�3� v @ ���a��G�yby(1)

which ensuesfrom (ii) for all @ �����<�Y�<� and
G ��~ is known astheJordantriple identity, and

providesaweakform of associativity for thetriple product.Theinequality^ v �Y�<�3��G|y ^��i^ � ^b^ � ^b^ G ^
(2)

is provedin [7].

Any n o -algebra,and more generallyany } o -algebra,is a } � o -triple with triple product
given by v �Y�<�3��G|y �  * ���Q� o G��iGb� o �:� where

� o denotesthe usualoperatoradjoint of
�
.

In particular, every complex Hilbert spaceis a } � o -triple whosetriple product is given byv �Y�<�3��G|y �  * � h �Y�<� j GP� h GB�<� j ��� .
TheBergmanoperator

�����e�<��� �zm � ~ � definedby�����Y�<�B� ����� #F� �F�T�������[�T�
where

� � ��G)� �6v �Y��G��<�Yy is animportanttool, encodingmuchof thegeometryof ~ in thesame
way that an inner productdoesfor a Hilbert space.On a nLo -algebra,the Bergmanoperator
reducesto

�����e�<���cG � � "$# �Q� o �cG=� "S# � o ��� .
An elementV!��~ for which v V � V � V y � V is calleda tripotentand,from (iii) above,a non-

zerotripotenthasnormone.For example,a tripotentof a n o -algebrais anelement� satisfying� � �)�/o.� , that is, a partial isometry. Eachtripotentinducesa splitting of ~ , calledthePeirce
decomposition,into ~ � ~  �  ~�¡¢   ~¤£ where ~ ` is the ¥ -eigenspaceof V � V , with mutually
orthogonalprojections¦ ` ontothesubspaces~ ` ,¦  � � ] � ] �¦L¡¢ � � V � V #§� � ] � ] �¦d£ � ��� V � V �O�
satisfying ¦  � ¦M¡¢ � ¦ £ �?��� . Wheretheneedarises,we write ¦ ]¨ ratherthat ¦ ¨ to highlight

the tripotentin question.Thetripotent V is calledMAXIMAL if ~ £ �©v Z/y andthis is thecase
preciselywhen V is anextremepointof theunit ball of ~ [10]. Thetripotentis calledUNITARY

if ¦ £ � ¦ ¡¢ � Z . Wesay
G �W~ is proportionalto atripotentif

G �Iª V for sometripotent VM�W~
andsomeª �§
 . We point out thatsincethetriple productis continuous,thesetof tripotents
formsaclosedsubsetof ~ .

3. GENERALISED HOROCYCLES AND THE ANGULAR LIMIT

In 	 thesequence
��«X-|�9-

is saidto approach@W�fU3	 non-tangentiallyif
«X-¬0 @ andif, for

some¥ x Z , ��«X-��9- is eventuallyin theangularregion	 `/� @ � �6v « �z	 � % @ # « %"$#\% « % * + ¥ y�N
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Let �f� Hol
� 	 � 	 � . Then � is saidto have angularlimit

�
at @ , written H - ������ �M® � ��«[� � � , if� ��« - �¤0¯�

whenever
« - 0 @ non-tangentially.

Let
�

be a boundedsymmetricdomain,which we may take to be the openunit ball of a} � o -triple ~ [8]. For VM�WU � and ¥ x Z , we definea GENERALISED ANGULAR REGION by° `/� V � ���±vg² � � � ^ ��� ² � V �<� ] � ] ^ ¡¢ + ¥ � "$#�^ ² ^ * ��y�N
Of course,if

� � 	 then
° `|� " � � 	 `/� " � . We notethat V is in theboundaryof

° `|� V � only
if
��� V � V �<� ] � ] � Z

, a conditionwhich is equivalent to V beinga tripotent. As we wish to
considerapproachpathsto aboundarypoint V whicharecontainedin theangularregion

° `/� V �
(suchapproachpathswill becallednon-tangential),wetake it thatfrom thispointon, V denotes
a tripotentof the } � o -triple ~ . Theangularregion

° `/� V � canthenberewritten as° `|� V � ���6vg² � � � ^ ��� ² � V � % ³ ¡ ^ ¡¢ + ¥ � "F#�^ ² ^ * ��y
where ~  is thePeirce1-spaceof thetripotent V . Notethatif ~ is a Hilbert spacethis reduces
to
° `/� V � ���6vg² � � � %´"$# h�² � Vµj % + ¥ � "$#�^ ² ^�* ��y .
Anothertypeof domainwhich appearsnaturallyin any discussionof angularlimits in 	 is

thehorocycle,which is anopendiscin 	 internallytangentto theboundary. Thehorocycle¶/· � @ � �6v « �¸	 � % @ # « % *"$#&% « % * + ª y
is a Euclideandisc of radius

·· 8e internally tangentto U3	 at @ . In Figure1, we sketch the
angularregion 	  <¹ * � " � andthehorocycle

¶ ¡¢ � " � in 	 . Bergmanoperatorsareusedto generalise

º�»½¼ ¾X¿�À.Á

ÂQÃÄµÅ�Æ�Ç
FIGURE 1. Angularregion andhorocycle in theunit disc

thesehorocyclesto aboundedsymmetricdomain
�

. For a tripotent V in
�

and ªzx Z , defineÈ · � V � ���6vg² � � � ^ � ;� É ��� ² � V �<� ] � ] ^ + ª y
where

� É ��� ��� ² � ² � ¡¢ is invertible for
^ ² ^ + "

by [8]. We will frequentlyusethe funda-
mentalidentity [9] whichholdsfor all

� � � ,^ � ;� � ^ � ""$#_^ � ^ * N(3)

Thenext resultis a concreterealisationof thehorocycles
È · � V � . Theproof is a distillation

of variousresultsandtechniquesin [15].
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Proposition 3.1. Let VL�¸U � bea tripotent.For all ªzx Z , thehorocycle
È · � V � hastheformÈ · � V � �ËÊ "" � ªÍÌ V �Î���(Ï V ��Ï V �������

for
Ï x Z satisfying

� "$# Ï * � * � · 98 · .

Moreover, for any
� � � ,

� �WU È ·gÐ � V � where ª � ��� ^ � ;� � �����3� V �<� ] � ] ^ x Z .
Wenotethat

���(Ï V ��Ï V � � GL
� ~ � , thegroupof invertibleboundedlinearoperatorson ~ . In

particular,
È · � V � is aconvex domainin

�
containingV in its boundary.

Proof. It is easyto calculate����Ñ V �<Ñ V � � ¦ £ �A� "$#&% Ñ % * � ¦L¡¢ �A� "$#_% Ñ % * � * ¦  (4)

and ����Ñ V � V � � ¦ £ �A� "$# Ñd� ¦M¡¢ �I� "$# Ñd� * ¦  (5)

for all
Ñ �W
 . Chooseasequence

� � `Ò�c` , Z + � ` + " with ����� ` � ` � " . Then� ;� Ó�Ô ] � ��� � ` V � � ` V � ; ¡¢� � ¦e£ �I� "$# � *` � ¦L¡¢ �A� "$# � *` � * ¦  � ; ¡¢� ¦ £ � "Õ "1# � *` ¦ ¡¢ � ""$# � *` ¦  
andtherefore �����` � "$# � *` �c� ;� Ó�Ô ] � ¦  � � ] � ] N(6)

Take ² � È · � V � , thatis,
^ � ;� É ��� ² � V �<� ] � ] ^ + ª . Then^ � ;� É ��� ² � � ` V �c� ;� Ó Ô ] ^ + ª"1# � *`

for all ¥ large. In thenotationof [15], andusing[15, Corollary3.2],wehave that ² belongsto
theKobayashiball

° Ó�Ô ]�Ö × Ô for all ¥ largewhere Ø ` x Z satisfies
� "$# Ø *` � ;� �iª � "$# � *` � ;� .

Proposition2.3of [15] thenimpliesthat ² � ° Ó Ô ]�Ö × Ô ��Ù `Ú� w `|���Û� for all ¥ largewhereÙ ` � � "F# Ø *` �c� ;� × Ô Ó Ô ] � � ` V � � � and w ` � Ø `µ� Ó�Ô ] � ;� × Ô Ó Ô ] � GL
� ~ �ON

From(4) onecanthencalculatethatÙ ` � � `ª � � *` V and w ` � ���(Ï�` V ��Ïa` V �
for

Ïa` x Z
satisfying

� "Û# Ï *` � * �Üª � ª � � *` � ;� . Since ÙÎ���Ü����� ` Ù ` � � " � ª � ;� V andwi���Ý����� ` w ` � ���(Ï V ��Ï V � � GL
� ~ � for

Ï x Z satisfying
� "F# Ï * � * �±ª � " � ª � ;� , theabove

shows that ² � Ù � w ����� . Therefore,
È · � V � 5 Ù � w ����� . Onemayreversethis argumentto

show that Ù � w ����� 5 È · � V � andhence
È · � V � ��Ù � w ����� . As w � GL

� ~ � , it follows thatÙ � w ����� is aconvex domainin
�

.w � V � � ���(Ï V ��Ï V � V � � "$# Ï * � * V �Iª � " � ª � ;� V
impliesthat VL�zU È · � V � .
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Fix
� � � . Since

^ � ^b^ V ^ + " , �����Q� V � is invertible[8] andhenceª � ��� ^ � ;� � �����3� V �<� ] � ] ^SÞ ^ � ] � ] ^^ �����3� V � ;� �P� ^ � "^ �����3� V � ;� �S� ^ x Z|N
It is thenclearfrom thedefinitionthat

� �¸U È · Ð � V � .
Note 3.2. For atripotent V , onecanseefrom theabove formulationof

È · � V � that
^ � # ] 98 · ^ +· 98 · for

� �z¦  � È · � V �<� . In particular,
^ � # V ^ + * · 98 · �\� ª for

� �z¦  � È · � V �<� .
The following Julia type lemmafor a holomorphicfunction betweenboundedsymmetric

domains
�

and
� 2 , containedin } � o -triples ~ and ~$2 , is of a typefirst provedin [15].

Lemma 3.3. Let � � �¯0 � 2 be holomorphic. Let Vß�6U � be a tripotent. If there exists��Ga`��c` 5 �
such that

G�`\0 V and � ��Ga`b�¸0 V 2 �©U � 2 where each
Ga`

and each � ��Ga`b� is
proportionalto a tripotent,and�����������������` �LK "1#�^ � ��Ga`b� ^�*"$#A^ Ga` ^ * +&,
then � � È · � V �<� 5 È Ó · � V 2 � .
Proof. Sincethetripotentsform a closedsetin any } � o -triple it follows immediatelythat V 2
is alsoa tripotent. Since

G�` �I� ` V ` for � ` �W
 and V ` a tripotent,we have from (4) that� "$#A^ Ga` ^ * �c� ;� JàÔ � � "F#&% � ` % * � ¦ ] Ô£ �I� "$#\% � ` % * � ¡¢ ¦ ] Ô¡¢ � ¦ ] Ô 
andthus

� "u#�^ G�` ^ * �c� ;� JàÔ 0 ¦ ] � � ] � ] . Similarly,
� "á#�^ � ��G�`Ò� ^ * �c� ;� â q JcÔ t 0 ¦ ]äã � � ] ã � ] ã .

The following Schwarz–Picktype result holds [15, Corollary 3.3] as a consequenceof the
Schwarzlemma, ^ � ;� â q É t ��� � � ² �O� � ��G)�<�c� ;� â q J t ^S��^ � ;� É ��� ² ��G)�c� ;� J ^
(7)

for all
G

and ² in
�

. In particularthis holdsfor
G � G�` andsofor all ¥{{{ � ;� â q É t ��� � � ² �O� � ��Ga`b�<�:� "F#�^ � ��G�`Ò� ^ * �c� ;� â q J Ô t {{{� "1#�^ � ��G�`Ò� ^�*"$#�^ Ga` ^ * {{ � ;� É ��� ² ��G�`��:� "$#�^ Ga` ^ * �c� ;� JàÔ {{ N

Wetake a limit over ¥ to obtain^ � ;� â q É t ��� � � ² �O� V 2 �<� ] ã � ] ã ^S� � ^ � ;� É ��� ² � V �<� ] � ] ^
for all ² � � . Thatis, � � È · � V �<� 5 È Ó · � V 2 � .
Note 3.4. The � appearingin the previous result dependsof courseon the sequence

��G�`b�c`
chosen.We will have occasionlater to choosetheleastpossible� andsothefollowing refor-
mulationmaybemoreappropriate.

Corollary 3.5. Let � � �?0å� 2 beholomorphic.Let V��¸U � bea tripotentandlet�§���A���������B�J �T] "$#�^ � ��G/� ^�*"1#�^ G ^ * +&, N
If thereexistsa sequence

��G�`Ò�c`
in
�

converging to V such that � ��G�`Ò�¤0 V 2 �¸U � 2 , each
G�`

and

each � ��G�`Ò� is proportional to a tripotentand
��G�`Ò�c`

satisfies����������� ` �LK  <;�æ â q JàÔ t æ ¢ <;�æ J Ô æ ¢ �ç� then� � È · � V �<� 5 È Ó · � V 2 � for all ªWx Z .



ANGULAR DERIVATIVES ON BOUNDED SYMMETRIC DOMAINS 7

Not surprisinglywhen
� 2 � 	 andthe hypothesisof the above result is satisfied,the se-

quence
��Ga`b�c`

may be taken to be of the form
� Ø ` V �c` whereeach Ø ` �è� Z|� " � . The proof is

similar to thatof [1, Lemma3.2].

Lemma 3.6. Let �é� Hol
���ê� 	 � . Let VI�ëU � be a tripotent and supposethere exists a

sequence
��Ga`b�c` � � converging to V each elementof which is proportional to a tripotentand

for which �����\�����` �MK "1#_% � ��Ga`b� % *"$#�^ G�` ^ * �������������J �M] "$#_% � ��G)� % *"1#�^ G ^ * N
Then �����\�����J �T] "F#&% � ��G)� % *"1#�^ G ^ * ��������������O�� "$#&% � �(' V � % *"F#&% ' % * �������\�����ì �� <í "F#&% � ��î V � % *"$# î * N
Proof. Clearly,�����������������J �T] "$#_% � ��G)� % *"$#�^ G ^ * � �����\��������� "F#&% � �(' V � % *"1#&% ' % * � �����������ì �� í "1#&% � ��î V � % *"1# î * ��� Ñ
andsowe maysupposethat � +A, . We needonly show thereforethat � Þ Ñ . Corollary3.5
impliesthat � � È · � V �<� 5 È Ó · � VX2 � for someVg2Y�WU3	 , for all ªx Z . Without lossof generality,
we mayassumethat Vg2 � " . Thereforefor all ² � � ,^ � ;� â q É t ��� � � ² �O� V 2 �<� ] ã � ] ã ^S� � ^ � ;� É ��� ² � V �<� ] � ] ^
and,in particularfor ²A��ï V , ï �¸	 . Then(4) and(5) imply%´"1# � � ï V � % *"1#&% � � ï V � % * � � %´"S# ï % *"F#&% ï % * N
Let

îc` � ` ;� ` 8e . Then ð  <; ì Ô ð ¢ <; ð ì Ô ð ¢ �  `
andso%´"$# � ��îà` V � % *"$#\% � ��îà` V � % * � � ¥ N

Thatis, � ��îà` V � � È Ó�ñ ` � " � . WeuseNote3.2 to write"F#&% � ��îc` V � %|�±%´"$# � ��îà` V � %�� � � �óò ¥ �" �A� �óò ¥ � � � �� � ¥ N
As
"$#&% îà` % * �_ô ¥ ò � ¥ � " � * we getÑ �������������ì �! "$#&% � ��î V � % *"$# î * � �����������` �LK "$#&% � ��îà` V � % *"1# î *` � �����` �MK � ô[� � ò � � � ¥ �ô ¥ ò � ¥ � " � * �A�

asrequired.

We now obtaintheexistenceof anangularlimit wherewe take asour hypothesisthecon-
clusionof Lemma3.3.

Theorem 3.7. Let �Î� Hol
���ê��� 2 � andlet V¬�§U � bea tripotent. Let V 2 bean extremepoint

in
� 2 . If there exists ��x Z such that � � È · � V �<� 5 È Ó · � Vg2 � for all ªzx Z thenH - ������ �T] � ����� � V 2 N
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Proof. Fix anangularregion
° `/� V � andlet õ x Z . If ² � ° `|� V � then^ � ;� É ��� ² � V �<� ] � ] ^S�±^ � ;� É ^b^ ��� ² � V �<� ] � ] ^ � ^ ��� ² � V �<� ] � ] ^"1#A^ ² ^ * + ¥ * � "$#A^ ² ^ * �ON

It follows thatif
� ² - � - 5 ° `/� V � convergesto V thenthereexists ö�÷ suchthat ² - � È ÷ � V � for

all ö Þ ö ÷ andthus,by hypothesis,we have � � ² -�� � È Ó ÷ � V 2 � for all ö Þ ö ÷ . In otherwords,^ � ;� â q É=ø t ��� � � ² -/�O� V 2 �<� ] ã � ] ã ^ + � õ for all ö Þ ö ÷ .
Since õ is arbitrary,

^ � ;� â q É ø t ��� � � ² -��O� V 2 �<� ] ã � ] ã ^ 0ùZ
. This implies,by Lemma3.8 below,

that � � ² -|�Í0 Vg2 . Since ¥ is arbitrarythis impliesthat H - ����� � �T] � ���:� � Vg2 .
Lemma 3.8. Let V bean extremepoint of

�
. Let

���=-��9- 5 � satisfy�����- ^ � ;� � ø �����=-=� V �<� ] � ] ^ � Z|N
Then ����� - � - � V .
Proof. We considerthe domains

È1ú ø � V � for û - � ^ � ;� � ø �����Q-=� V �<� ] � ] ^ . We know from
Proposition3.1 that

� -
and V areelementsof U È ú ø � V � . It follows from [15, Proposition3.15]

that
È1ú ø � V � hasthealternative descriptionÈ$ú ø � V � �6v G � � � {{{{ "î9- ¦M¡¢ ��G)�Y� ¦  ��G)� # Vî *- � V {{{{ + " y

where
î9- � Õ ú ø 98 ú ø . Thisgives{{{{{ ¦L¡¢ ���=-|�îc- � ¦  ��� - � # Vî *- � V {{{{{ � "(8)

for all ö . Since
îc-�0üZ

, oneseeseasilythat ¦  ���=-��10 V . Now considerthePeircereflectionýê� E��|� � �Òþ � V � V � which,by definitionof a } � o -triple, is a linear isometry. It is not difficult
to seethat ý actsastheidentity ��� on ~  andas

# ��� on ~!¡¢ . Thenfrom (8){{{{{ # ¦L¡¢ ��� - �îc- � ¦  ���Q-�� # Vî *- � V {{{{{ � "
andthis impliesthat

{{{{�ÿ ¡¢ q � ø tì ø {{{{ + " . As
î - 0åZ

, we musthave ¦L¡¢ ��� - � 0 Z
andso ����� - � - ������ - ¦  ���Q-|��� ����� - ¦L¡¢ ���=-|� � V .

The following technicallemmageneralises[6, Proposition2.1] and[16, Lemma8.5.5(i)].
It providesuseful informationaboutthe geometryof the angularregions

° `|� V � andis used
severaltimesin thesequel.

Lemma 3.9. Suppose
" + Ñ + � and

^ � ^ � "
, so that

° � �(�X��� ° Ó �(�X� . There exists � x Z
such that for

� � ° � �(�X� and
^ � ^S�I"

,% ª %|� � ^ �����e���X�<���O��� ^ ¡¢ ��� �Û� ª � � ° Ó �(�X�ON
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Proof. Let � � � " ò Ñ # " ò � � ò " Z and
� � ° � �(�X� . Of course,� +   £ so

% ª %/� � ^ �����Y���X�<���.��� ^ ¡¢
impliesthat

% ª % + " becausefrom (2)
^ ���
	Y� � � ^�� � " � ^ 	 ^b^ � ^ � * for any

	
and � . Wehave^ �!� ª � ^ * ��^ � ^ * � �Q^ � ^µ% ª % � % ª % *��^ � ^ * ��� % ª % N

A standardidentity for Bergmanoperators[12, JP34]letsuswrite�����Û� ª �Q���X�<������� � ��� ª �3��� � �c�����e�����<���O���
where

� � � �����Y���X� ;� ��� # �T����� denotesthequasi-inverseof
�

with respectto
�

(see[5, 12]).
Thus ^ �����Û� ª �3���X�<������� ^P��^ �����Y���X�<������� ^ � " � % ª %�^ � � ^ � * N(9)

Since
^ � ^b^ � ^ + "

, it follows easily from the seriesexpansionof
� � �  K¨�� £ �b�Q�M�T� ¨ �

(see[12]) that ^ � � ^S� ^ � ^"F#_^ � ^b^ � ^ � ""F#�^ � ^ � " � ^ � ^"$#�^ � ^ *�+ �"$#�^ � ^ * N(10)

Now we usethefactthat
� � ° � �(��� to write

^ � � ^ + � � "F#A^ � ^�* � ;� + � Ñ ^ �����Y���X�<������� ^ ; ¡¢ .
Therefore ^ �����!� ª �3���X�<������� ^ ¡¢ �i^ �����e���X�<������� ^ ¡¢�� " � % ª % � Ñ^ �����Y���X�<���.��� ^ ¡¢���i^ �����e���X�<������� ^ ¡¢ � �B% ª % ÑÍN(11)

Since
�Ó + " , we have^ �Û� ª � ^ * � "� ^ �����Û� ª �Q���X�<������� ^ ¡¢ �±^ � ^ * ��� % ª % � "� ^ �����Y���X�<���O��� ^ ¡¢ � �B% ª %

whichgives^ ��� ª � ^ * � "� ^ �����!� ª �3�����<������� ^ ¡¢ ��^ � ^ * �A��� � � "� � ^ �����Y���X�<���O��� ^ ¡¢ N
Finally, as

� � �  Ó +  � and
� � ° � �(�X� , we canwrite^ ��� ª � ^ * � "� ^ �����Û� ª �Q���X�<������� ^ ¡¢ ��^ � ^ * � "Ñ ^ �����Y���X�<���.��� ^ ¡¢+ " N

Thatis,
�!� ª � � ° Ó �(�X� .

Thefollowing estimatesarerequiredin thesequel.

Lemma 3.10. Let ~ bea } � o -triple andlet VL�W~ bea tripotent.Then,^ � # V ^ * ��^ �����Y� V �<� ] � ] ^P� � ^ � # V ^ *
for any

� �W~  .
Proof. Thespace~  � ¦  � ~ � is a } � o -algebrawith respectto theproduct

���¤� ���6v �e� V �<�Qy
andinvolution

� o ���6v V �<�Y� V y (cf. [17]). TheBergmanoperator
�����Y� V � % ³ ¡ mayberepresented

as
���á*]�; � #�� q ]�; � t ¢ where

� �����B� ��� ���T� �Üv �Y� V �<�=y . Thus the right handinequality is
immediateusing(2).
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For any } � o -algebra
�

, we have that
^O� �:��� o ��� # � * � o ^ � ^ � ^ � for all

� � � . Therefore,
for
� �W~  ,^ �����Y� V � % ³ ¡ ^PÞ�^ � ��� *]�; � #�� q ]�; � t ¢�� � V # ��� o^ V # � ^ ^� ^O� � V # �:���<� V # �:� o � V # ���<� # � V # �:� * � V # �:� o ^ ò ^ V # � ^� ^ V # � ^ � ò ^ V # � ^ � ^ V # � ^ * N

4. THE L INDELOF PRINCIPLE

TheLindelöf principle[11] allowsoneto deducetheexistenceof anangularlimit at
� �¸U3	

for a boundedfunctionon 	 from theexistenceof a limit alongany oneapproachcurve to
�
.

Thefollowing resultis a versionof this principlefor functionsmapping	 to a } � o -triple ~ .
Theproof,whichweincludefor completeness,is averyslightmodificationof theclassicalone
providedin [16]. For aboundedsymmetricdomain

�
and

� �¸U � , wedefinea
�
-CURVE to be

acontinuouscurve  � � Z|� " �á0å�
suchthat  ��î��Í0Ü�

as
îÍ0 "

.

Theorem 4.1. Let � � 	 0 ~ beholomorphicandboundedand û � � Z|� " �u0 	 bea 1-curve.
If ����� ì �� <í � � û ��î<�<� �"! �W~ then � hasangularlimit ! at

"
.

Proof. Without lossof generality,
^ � ^ � "

and !�� Z
. Let # denotethe strip v G ��
 �% D$E G % + " y andlet $ � 	 0 # bea conformalmappingfor which $ ��Z[� � Z . Let % � $ � û

and > � � � $ ;� . Then & � � % ��î��<� 0 , and > � % ��î��<�Í0ÜZ
as
î¤0 "

. In thissetting,anangular
limit of � ��î�� as

î¤0 "
in 	 is equivalentto auniformlimit of > ���L� �ä��� as

� 0 , in thestripv �Û�Î�½� �
 � % � %/�Ý"$# � y for any � x Z .
Given ��� ��Z|� " � we have to show thereforethat > ���ê���½�B�F0 Z

uniformly as
�¸0 , for% � %u�Ë"M# � . If we fix õ�� ��Z|� " �

, andchoose
� £ x & � % ��Z[� suchthat

^ > � % ��î��<� ^ + õ for& � % ��î<� Þ � £ , theproofwill follow from thestatementthat^ > ���Û���½� £ � ^P� õ(' ñ*) if
% � %/�I"$# � .(12)

To show (12) we canassume,by a vertical translationof # , that
� £ � Z

. Choosing
î £ with& � % ��î £ � � Z and & � % ��î<� x Z for all

" x î x î £ , we let
È �?v % ��î<� � î £ � î + " y

and
È

be
thereflectionof

È
in the

�
-axis.Let

� £ � % ��î £ � �+& D . Suppose
� £ � � �I"u# � . Thenwecan

define,for ,�� ��Z|�  � � and
G ��# ,-/. ��G)� �±v > ��G)�O� > � GB�O� > ��G)��y õ q  98 J t ñ *" � , � " �ÎG)� N(13)- .

is aholomorphicfunctionandis boundedon # .

Since
^ > ��G)� ^ + õ on

È
and

^ > � G/� ^ + õ on
È

, wehave that
^ v > ��G/�O� > � GB�O� > ��G)��y ^ + õ onÈ10 È

. It follows that
^ - . ��G)� ^ + õ on

È10 È
. Ontheright handboundaryof # ,

^ - . ��G)� ^ + õ
and for

% & � G % sufficiently large we alsohave
^ - . ��G)� ^ + õ . Now we apply the maximum

principle in the componentof the strip boundedby
D$E G � "

,
È20 È

and 3 , to get that



ANGULAR DERIVATIVES ON BOUNDED SYMMETRIC DOMAINS 11^ - . ��G)� ^ + õ in this component.In particular,^ > ���:� ^ � õ q  98 � t ñ *" � , � " �ß�:� � ^ v > ���:�O� > �����O� > ���:��y õ q  98 � t ñ *" � , � " �Î�:� ^� ^ - . ����� ^ + õ
andso

^ > ����� ^ � + õ N õ ; q  98 � t ñ * � " � , � " �¬���<� . Welet , 0åZ
to get

^ > ����� ^ � � õ q  <; � t ñ * + õ ' ñ *
andso

^ > ����� ^ + õ ' ñ*) for
� £ � � + "F# � . On theotherhand,if

� £ x � x #M" � � thenwe
simply replace

" ��G
in equation(13) by

"P# G
andrepeattheargumentto concludethat (12)

holds.

Note. We canslightly changethestatementof this theoremto thefollowing: Let � � 	 0 ~
be holomorphicand boundedin the angular 	 `)� " � . Let � x Ñ

and û � � Z|� " ��0 	 be a
1-curvecontainedin 	 Ó � " � . If ����� ì �� í � � û ��î��<� �"! �W~ then � hasthelimit ! at

"
alongany

approach curvein 	 � � " � .
Čirka [4] extendedLindelöf’s resultto functionsof severalvariablesandwe show that this

canbeimprovedto includefunctionsdefinedonaboundedsymmetricdomain
�

. For
� �¸U � ,

a key tool requiredis a continuouslinearprojection
þ � þ � � �Ë0 � 	 � v '[� � ' ��	 y of

theboundedsymmetricdomainontotheonedimensionalsubspacecontaining
�

whichsatisfiesþ � ° `��(���<� 5 ° `|�(�X� for all ¥ x Z and
þ �(�X� � � . Following theterminologyof [2], we will callþ �

a PROJECTIVE DEVICE at
�
. Throughoutthe remainderof this paper, we restrictattention

to a boundarypoint
�

of a boundedsymmetricdomain
�

for which a projective device
þ

at
�

exists. In many situations,thereis a canonicalchoicefor theprojective device. For example,
if
�

is the ö -dimensionalHilbert ball thenonecantake
þ

to betheorthogonalprojectionof
�

onto
� 	 . A canonicalchoicefor

þ
when

� � 	 - is given[2] by
þ ����� �  4 h �Y�65 � j � where 7 is

thecardinalityof theset v98 � % � ¨ % � " y , � � �(�  �XNXNXNe���O-|� and
5 � � �(� 2  �XNXNXNe��� 2- � where� 2¨ �;: � ¨ � % � ¨ % � "Z|� % � ¨ % + " N

Here hc� � � j denotestheusualinnerproducton 
 - .
In thefollowing % � � Z|� " � 0Ü�

will bean V -curve for sometripotent V . An V -curve is called
non-tangentialif it lies eventuallyin

° `/� V � for some¥ x Z . Clearly, if % is a non-tangentialV -curve thentheprojectionof % under
þ � þ ] , denotedû , is alsoanon-tangentialV -curvesinceþ � ° `�� V �<� 5 ° `/� V � for all ¥ x Z . Theproof of thefollowing theoremis a modificationof that

of Čirka’s resultgivenin [16].

Theorem 4.2. Let V be a tripotent in ~ having projective device
þ ] and let % be a non-

tangential V -curve. Let û � þ ] � % . Let � � � 0 ~F2 be holomorphicand boundedin every
angularregion

° `/� V � . If �����ì �� í "1#�^ û ��î�� ^^ % ��î<� # û ��î�� ^ � ,
then �����ì �� í � � % ��î<�<� # � � û ��î��<� � Z|N
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Proof. Define < ��î�� ���  <;�æ ú q ì t ææ�= q ì t ; ú q ì t æ . Fix ª �§
 andchoose
î £ suchthat < ��î�� x?> < ��î<� x % ª %

for
î x î £ . Thenfor

î x î £ , n · ��î�� ���Iª % ��î����A� "$# ª � û ��î<�
is anelementof

�
. This is dueto thefactthat

^ ª � % ��î�� # û ��î��<�Y� û ��î<� ^ + < ^ % ��î�� # û ��î<� ^ �^ û ��î�� ^ � "
. As % is non-tangential,thereexists ¥ x Z suchthat for

î
sufficiently closeto 1,

say
î x î  Þ î £ , % ��î�� � ° `|� V � andso û ��î<� � ° `/� V � .

Fix ¥/2 x ¥ . Notice that
^ ��� û ��î��O� V �<� ] � ] ^¸Þ ^ û ��î<� # V ^�* by Lemma3.10andso from

Lemma3.9,thereexists � x Z suchthat% @á% + � ^ V # û ��î<� ^ ��� û ��î���� @ � � ° ` ã � V � for
^ � ^ � " .(14)

Also, for
î x î  we have

% ª % + > < ��î�� , andso^ ª � % ��î�� # û ��î<�<� ^ + > < ��î�� "$#�^ û ��î<� ^< ��î<�� "1#�^ û ��î<� ^> < ��î�� N
(15)

Since > < ��î<�¬0 , thereexists
î * Þ î  suchthat for

î x î * we have � > < ��î�� x "�Þ <;�æ ú q ì t ææ½]�; ú q ì t æ andso "F#�^ û ^> < ��î�� + � ^ V # û ��î<� ^ N
From(15), thisgives, ^ ª � % ��î<� # û ��î��<� ^ + � ^ V # û ��î�� ^
for all

î x î * . Thissuggestsachoiceof
@

in (14). Taking
� � · q =/; ú tæ · q =/; ú t æ ��î<� and

@ � ^ ª � % ��î<� #û ��î��<� ^ we concludethat û � ª � % # û � � ° ` ã � V � whenever
î x î * . In otherwords, n · ��î�� �° ` ã � V � for all

î x î * .
Therestof theproof proceedsasin theclassicalcase[16] which we now recall. Definethe

holomorphicfunction ý ì from theopendiscof radius > < ��î�� in 
 to theball of radius
^ � ^9A Ô ã

in ~$2 by ý ì � ª � ��� �CB ª % ��î<���A� "F# ª � û ��î<�*D[N
Of course ý ì � " � � � � % ��î��<� and ý ì ��Z[� � � � û ��î��<� . The map E ì � ª � ���Üý ì � ª � # ý ì ��Z[� is a
holomorphicfunctionfrom thecomplex discof radius > < ��î�� to theball of radius

�Q^ � ^ A Ô ã q ] t
whichmaps0 to 0. TheSchwarzLemmathengives^ E ì � ª � ^P� �Q^ � ^ A Ô ã> < ��î<� % ª %
and,in particular,

^ E ì � " � ^P�&�Q^ � ^ A Ô ã½q ] t òF> < ��î�� for all
î Þ î * . Since< ��î��Í0 , wehave that����� ì �� í E ì � " � � Z andfrom this it follows that ����� ì �� í � � % ��î��<� # � � û ��î��<� � Z|N

Theterminologygivenbelow is modelledon thatof Rudin[16] althoughour definitionsdo
notagreeexactlywith thosemadein theHilbert spacecase.(Whenworking in aHilbert space
onemay squarethe quotientfactoroccurringin (16) below. This allows a larger collection
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of restrictedcurves.) Our definition seemsa more appropriateone for boundedsymmetric
domains.

Definition 4.3. Wesaya
�
-curve % is SPECIAL if�����ì �! í "$#�^ û ��î�� ^^ % ��î<� # û ��î�� ^ � , �(16)

where û � þ ��� % . Further, we saya
�
-curve % is RESTRICTED if it is specialand û � � Z|� " �<� is

eventuallycontainedin
� 	 `)� " � for some¥ x Z . In otherwords, % is a restrictedcurve if it is

specialandtheprojectionof % ontothedisc
� 	 hasnon-tangentialapproachto

�
.

Wesaythat � � ��0 ~F2 hasRESTRICTED ANGULAR LIMIT ! AT
�

if�����ì �� í � � % ��î��<� �"!
for every restricted

�
-curve % . For thiswe write R- ����� J � � � ��G)� �"! .

It is not obvious from the definition, but any restricted
�
-curve is non-tangentialif

�
is a

tripotent.

Lemma 4.4. Let V bea tripotentandlet % bea restrictedV -curve. Then % is a non-tangentialV -curve.

Proof. Let % bearestrictedV -curve. Then ����� ì �! <í æ�= q ì t ; ú q ì t æ <;�æ ú q ì t æ � Z andthereexists ¥ x Z andî £ � ��Z|� " � suchthat
æ ú q ì t ;=]�æ <;�æ ú q ì t æ ¢ + ¥ for

î x î £ .^ ��� % ��î<�O� V �<� ] � ] ^ � ^ ��� û ��� % # û �O� V �<� ] � ] ^� ^ ��� % # û � V ú �/��� û � V �<� ] � ] ^ using[12, JP34]��^ ��� û � V �<� ] � ] ^¤^ ��� % # û � V ú � ^��^ ��� û � V �<� ] � ] ^ � " � ^ % # û ^b^ V ú ^ � *
whichby Lemma3.10and(10) is� � ^ û # V ^ * � " � ^ % # û ^ ^ V ^"S#�^ V ^b^ û ^ � *� � ^ û # V ^ * � " � ^ % # û ^"1#�^ û ^ � *+ ô ^ û # V ^ *
for
î x î  �§� î £ � " � since

æ�= q ì t ; ú q ì t æ <;�æ ú q ì t æ 0 Z
as
îÍ0 " ;

. Thus,for
î x î  ,^ ��� % ��î��O� V �<� ] � ] ^ ¡¢ + �Q^ û ��î<� # V ^ + � ¥ � "F#�^ û ��î<� ^ * �ON

Since
^ % ^S�i^ % # û ^ � ^ û ^ we have"$#�^ % ��î<� ^PÞI"$#�^ % # û ^á#A^ û ^ � "F# ^ % # û ^"1#�^ û ^ � "$#�^ û ^ � #�^ û ^� � "F#�^ û ^ ��� "S# ^ % # û ^"$#_^ û ^ �Þ "� � "F#�^ û ��î�� ^ �
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for
î Þ î * ��� î  � " � . Since ����� ì �� í ^ % ��î�� ^ �Ý����� ì �� í ^ û ��î<� ^ � "

we canchoose
î � ��� î * � " �

suchthat
" � ^ % ��î�� ^PÞ  * � " � ^ û ��î<� ^ � for

î Þ î � . Thus,for
î Þ î � , "b#!^ % ��î<� ^�*MÞ  G � "b#!^ û ��î�� ^�* � .

Theresultinginequality ^ ��� % ��î��O���X�<� ] � ] ^ ¡¢"$#_^ % ��î<� ^ * +�H ¥
for

î Þ î � implies that % ��î<� � °JI `�� V � for
î Þ î � . That is, % is eventually in someangular

region at V , andthus % is anon-tangentialapproachcurve to V .
The RADIAL limit of a function � at V is the limit of � alongthe radial path % ��î�� � î V ,î ��� Z|� " � . Noticethat this radialpathis restrictedandcontainedin

° `/� V � for ¥ x "
. We will

usethenotation ����� ì �� í � ��î V � for theradiallimit of � at V .
Corollary 4.5. Let V bea tripotentandlet �� Hol

���ê� ~ 2 � beboundedin everyangularregion° `/� V � . If theradial limit of � existsat V thentherestrictedangularlimit of � existsat V .
Proof. If % is any restrictedV -curve then,by Theorem4.2 andLemma4.4, � hasthe same
limit along % asit doesalongits projectionû � þ ] � % . Define $ � 	 0 ~ 2 by $ �('/� � � �(' V � .
Then $ is boundedin every 	 `/� " � and ����� ì �� í $ ��î�� exists. Let ! be the valueof this limit.
Theorem4.1 impliesthat $ hasnon-tangentiallimit ! at 1. As û is a non-tangentialV -curve inVa	 , ����� ì �! í � � û ��î��<� maybeidentifiedwith a non-tangentiallimit of $ in 	 . As thevalueof
this limit is ! , weconcludethatthelimit of � alongtherestrictedcurve % is also ! .

Corollary 4.5 implies that � hasan angularderivative at a tripotent V�� U � (by which
we meana restrictedangularlimit of the function

G�70 � 2 ��G/� V ) if the map
G�70 � 2 ��G)� V is,

firstly, boundedin every angularregion
° `)� V � and,secondly, hasa radial limit at V . A natural

simplificationis to considerinsteadthe‘projected’map
G�70 ¦ 2 � 2 ��G)� V where ¦ 2 is thePeirce

1-projectionof VX2 , where Vg2:�~$2 is thetripotentthatarisesastheangularlimit of � at V .
In theclassicalsetting,

� � � 2 � 	 , oneshows thatthefunction
G!70 � 2 ��G/� is boundedin

everyangularregion 	 `|� V � by usingtheCauchyintegral formaulato write �32 ��G)� asanintegral

of theincrementalratios
â q J t ;=] ãJ ;=] where V � V 2 �¸U3	 and V 2 �ÝH - ����� J �T] � ��G)� andthenshowing

that theseincrementalratiosarethemselvesboundedin every angularregion. Our approach
is essentiallythesame,usingtheBanachspaceversionof Cauchy’s integral formula(see,for
example,[3]) anda naturalanaloguefor theratios

â q J t ;=]9ãJ ;=] . We take asthisanalogue^ ��� � ��G)�O� V 2 � ¦ 2 ^^ ����G�� V � ¦  ^
where ¦  � � ] � ] and ¦T2 � � ] ã � ] ã arethePeirce1-projectionscorrespondingto the tripo-

tents V and Vg2 respectively. (This reducesto KKK â q J t ;=]9ãJ ;=] KKK * when
� � 	 .) Part of the argument

thereforein proving that
G�70 ¦ 2 � 2 ��G)� V is boundedin every angularregion

° `/� V � is to show
thatthemap G�70 ^ ��� ¦ 2 � ��G)�O� V 2 � ¦ 2 ^^ ����G�� V � ¦  ^
is boundedin every

° `/� V � . As werequireVX2 to be H - ����� J �M] � ��G)� weadoptherethehypothesis
of Theorem3.7.
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Theorem 4.6. Let �W� Hol
���ê��� 2 � . Supposethat V��¸U � and VX2��¸U � 2 are tripotentsandthat

for some�§x Z , � � È × � V �<� 5 È Ó × � V 2 �
for all Ø x Z . Thenthefollowing functionsareboundedin everyangularregion

° `|� V � .
� � � G�70 ^ ��� ¦ 2 � ��G)�O� V 2 � ¦ 2 ^^ ����G�� V � ¦  ^ � � ��� �ùG�70 ¦ 2 � 2 ��G)� V �

where ¦  � � ] � ] and ¦M2 � � ] ã � ] ã are the Peirce 1-projectionsof the tripotents V and VX2
respectively.

Proof. (i) Fix anangularregion
° `/� V � � v G � � � ^ ����G�� V �<� ] � ] ^ ¡¢ + ¥ � "S#�^ G ^�* �Oy . LetG � ° `|� V � andlet Ø � ¥ ^ ����GB� V �<� ] � ] ^ ¡¢ . Then^ ����GB� V �<� ] � ] ^ � Ø¥ ^ ����G�� V �<� ] � ] ^ ¡¢ + Ø � "F#�^ G ^ * �

andhencefrom (9) ^ � ;� J ����G�� V �<� ] � ] ^P� ^ ����G�� V �<� ] � ] ^"$#�^ G ^ * + Ø �
that is,

G � È × � V � . By hypothesistherefore,� ��G)� � È Ó × � V 2 � and ¦ 2 � ��G)� ��¦ 2 È Ó × � V 2 � . From
Note3.2,

^ ¦T2 � ��G)� # VX2 ^ + � � Ø andby Lemma3.10,^ ��� ¦ 2 � ��G/�O� V 2 �<� ] ã � ] ã ^P� � ^ ¦ 2 � ��G)� # V 2 ^ * + "g� � * Ø * N
Thus

^ ��� ¦T2 � ��G)�O� Vg2 �<� ] ã � ] ã ^ + "g� � * Ø * � "g� � * ¥ */^ ����G�� V �<� ] � ] ^ andwe have^ ��� ¦M2 � ��G)�O� Vg2 � ¦T2 ^^ ����G�� V � ¦  ^ + "g� � * ¥ *
giving (i).

(ii) Fix anangularregion
° `/� V � andfix ¥/2 x ¥ . By Lemma3.9 choose� x Z

so that forG � ° `/� V � , % ª %Y� � ^ ����G�� V �<� ] � ] ^ ¡¢ implies
GM� ª V�� ° ` ã � V � . Let Ø � � ^ ����G�� V �<� ] � ] ^ ¡¢ .

By theCauchyintegral formula¦ 2 � 2 ��G)� V � "�Òþ �ML ð · ð � × ¦M2 �
��GS� ª V �ª * 7 ª

� "�Òþ � L ð · ð � × ¦M2 �
��GS� ª V � # VX2ª * 7 ª� "�Òþ �ML ð · ð � × �!� ª �/��� ª � n � ª � 7 ª

where ��� ª � � ¦ 2 � ��GP� ª V � # V 2^ ��� ¦ 2 � ��GS� ª V �O� V 2 � ¦ 2 ^ ¡¢ ���� ª � � ^ ��� ¦T2 � ��GS� ª V �O� VX2 � ¦M2 ^ ¡¢^ ����GP� ª V � V � ¦  ^ ¡¢ �
n � ª � � ^ ����GP� ª V � V � ¦  ^ ¡¢ª * N
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Therefore ^ ¦ 2 � 2 ��G)� V ^�� ��NPO �ð · ð � × ^ �!� ª � ^ � ��NPO �ð · ð � × ��� ª � � ��NPO �ð · ð � × Ø % n � ª � % � N
Lemma3.10 implies that NPO � ð · ð � × ^ ��� ª � ^ is bounded(that is, uniformly boundedover

G �° `/� V � ). By part (i), NPO � ð · ð � × ��� ª � is bounded,since
G�� ª V is containedin the angular

region
° ` ã � V � . A glanceback at (11) in the proof of Lemma 3.9 shows that Ø % n � ª � % � ð · ð ^ ����GS� ª V � V � ¦  ^ ¡¢ is boundedby

� ¥ �  ' andhence(ii) is proved.

The above result, combinedwith Corollary 4.5 applied to
G±70 ¦T2 �32 ��G)� V , allows us to

concludetheexistenceof a restrictedangularlimit of ¦ 2 � 2 ��G)� V from theexistenceof a radial
limit. To examinethis radiallimit, �����ì �� <í ¦ 2 � 2 ��î V � V
we againuseCauchy’s integral formulato write¦ 2 � 2 ��î V � V � "�Òþ �ML ð · ð � × ¦T2 �

�<��î�� ª � V � # Vg2ª * 7 ª
� "�Òþ �ML ð · ð � × Ê ¦

 � �<��î�� ª � V � # V"$# ��îY� ª � Ì Ê "$# ��î�� ª �ª Ì 7 ªª
� "�Òþ L1Q; Q

¦  � �<��î�� Ø ESRUT � V � # Vî�� Ø E RUT #�" � "$# "1# îØ E RVT � 7XW
Fix

" + ¥ + ¥ 2 . As
î VM� ° `|� V � weagainuseLemma3.9to choose� x Z suchthat% ª %|� � ^ ����î V � V �<� ] � ] ^ ¡¢

implies
��îY� ª � VL� ° ` ã � V � . In particular,

% ª %|� � � "F# î�� impliesthat
��î�� ª � V�� ° ` ã � V � . If we

take Ø � � � "F# î<� then

¦ 2 � 2 ��î V � V � "�Òþ L1Q; Q
¦T2 � �<��î�� Ø ESRVT � V � # VX2î�� Ø E RUT #\" � "$# E ; RVT� � 7XW N(17)

We know from part (i) of Theorem4.6 that thefirst factorin this integral is boundedsince��î�� Ø ESRUT � V lies in theangularregion
° ` ã � V � . Moreover, if theradiallimit of theseincremental

ratiosexistsandequals! , thatis if �����ì �� <í ¦T2 � ��î V � # VX2î #\" �"!(18)

thenweapplyTheorem4.1to thefunctioný �('/� � ¦T2 � �(' V � # VX2' #�"
for
' �¸	 to getthattheangularlimitH - �����J �� ¦ 2 � �(' V � # V 2' #�"

existsandequals! . Hence,the integral (17) above hasthe limit ! as
î �_� Z|� " � tendsto 1. We

have provedthefollowing.
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Theorem 4.7. Let �Î� Hol
���ê��� 2 � andlet V¬��U � , VX2Í�§U � 2 betripotents.Supposethat for

some�ßx Z , � � È × � V �<� 5 È Ó × � VX2 � for all Ø x Z . If theradial limit�����ì �� <í VX2 # ¦T2 � ��î V �"1# î �"!
thentherestrictedangularlimit, R- ����� J �T] ¦T2 �32 ��G)� V �Y! .

We now turn our attentionto proving that the limit in (18) above doesindeedexist in a
reasonablygeneralsetting.

Theorem 4.8. Let �� Hol
���ê� 	 � andlet V��¸U � bea tripotentsuch that�§���A���������B�J �T] "$#&% � ��G/� % *"1#�^ G ^ * +&, N

Supposethere existsa sequence
��Ga`��c`

in
�

converging to V , each elementof which is propor-

tional to a tripotentandwhich satisfies�����\����� `  <; ð â q JàÔ t ð ¢ <;�æ J Ô æ ¢ �A� and � ��Ga`b�¤0 Vg23�W	 . Thenthe
radial limit �����ì �! í VX2 # � ��î V �"$# î �I� V 2
andhenceR- ����� J �T] �32 ��G)� V �A� VX2 .
Proof. Define $ß� Hol

� 	 � 	 � by $ �('/� � � �(' V � . Lemma3.6 impliesthat������������O�� "$#&% $ �(')� % *"$#&% ' % * ���
andsowe canapplytheonedimensionalresult(Theorem1.1) to $ to get H - ����� ���� $Y2 �('/� �� V 2 . In particular, H - ��������� V 2 # $ �('/�"1# ' �A� V 2
whichgivestheresult.

If we addtheconditionthat � ��Z[� � Z
thentheabove resultcanbeextendedto includethe

casewheretherangeof � is aHilbert space.

Theorem 4.9. Let ��� Hol
���ê��� 2 � , where

� 2 is theopenunit ball of a Hilbert space, satisfy� ��Z[� � Z . Let �§���A���������B�J �T] "$#�^ � ��G/� ^ *"1#�^ G ^ * +&, N
Supposethereexistsa sequence

��Ga`b�c`
in
�

, each elementof which is proportionalto a tripotent

and which satisfies���������B� `  <;�æ â q J Ô t æ ¢ <;�æ JàÔ æ ¢ � � and � ��G�`Ò��0 V 2 where V 2 �AU � 2 is a tripotent.
Thentheradial limit �����ì �� í V 2 # ¦ 2 � ��î V �"$# î �A� V 2
andhenceR- ����� J �T] ¦ 2 � ��G)� V �A� V 2 .
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Proof. Lemma3.6impliesthat� �������������J �T] "$#A^ � ��G)� ^ *"1#�^ G ^ * �������\�����ì �� í "1#�^ � ��î V � ^ *"1# î * N
Let Ùê�  * � "�# î<� . From Proposition3.1,

î V ��U È[Z¡ í Z � V � andso by Lemma3.3 � ��î V � �È Ó Z¡ í Z � V 2 � andthus(recallNote3.2)
^ ¦ 2 � ��î V � # V 2 ^P� * Ó]\ <; q  <; Ó t \ . Since� ��Z[� � Z , theSchwarz

lemmaimpliesthat � ÞI" andthus
^ ¦T2 � ��î V � # VX2 ^S�\� �eÙ .

Wenow have that "F#�^ � ��î V � ^ * �I"$#�^ ¦ 2 � ��î V � ^ *� � " � ^ ¦ 2 � ��î V � ^ � ^ ¦ 2 � ��î V � # V 2 ^�\� �eÙ � " ��î�� �A� � "$# î * �
giving "$#�^ � ��î V � ^ *"F# î * � "$#A^ ¦ 2 � ��î V � ^ *"$# î * � � N
Hence,����������� ì �� <í  <;�æ ÿ ã¡ â q ì ] t æ ¢ <; ì ¢ � � . Thus,� �������\�����J �T] "F#�^ � ��G)� ^�*"1#�^ G ^ * � �����������J �T] "1#�^ ¦T2 � ��G)� ^�*"$#�^ G ^ *� �����������ì �� í "1#�^ ¦ 2 � ��î V � ^ *"1# î * � � N
Weconcludethat ���������B�J �T] "$#�^ ¦M2 � ��G)� ^�*"$#A^ G ^ * �A� N
As ¦ 2 is nothingbut the orthogonalprojectionof

� 2 onto V 2 , ¦ 2 � may be identifiedwith a
holomorphicfunctionfrom

�
to 	 andtherestof theproof proceedsasin Theorem4.8.

For example,wehave thefollowing.

Corollary 4.10. Let �è� Hol
���ê� 	 � satisfy � ��Z[� � Z

, where
�

is the openunit ball of an o -algebra with identity ^ . If �����������������J �`_ "$#&% � ��G)� % *"$#�^ G ^ * +&,
andthereexistsa sequence

Ga`T0 ^ such thateach
Ga`

is a scalarmultipleof a partial isometry,����� ` �MK  <;�æ â q J Ô t æ ¢ <;�æ JcÔ æ ¢ �è� and � ��Ga`Ò�P0 "
thentheangular limit H - ����� J �`_ � ��G)� � "

andthe

restrictedangularlimit R- ����� J �`_ �32 ��G)� ^ �A� .

In particular, if
�

is the ö -dimensionalpolydiscweobtainthefollowing, which is contained
in [2].

Corollary 4.11. Let �f� Hol
� 	 - � 	 � satisfy � ��Z[� � Z . If����� �����������J �`_ � q  <Ö�¹�¹�¹(Ö� t "1#&% � ��G/� % *"$#_^ G ^ * +&,
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andthere existsa sequence
Ga`L0 ^ such that each

G�`
is a scalarmultipleof an extremepoint,����� ` �MK  <;�æ â q JcÔ t æ ¢ <;�æ J Ô æ ¢ �è� and � ��Ga`Ò�P0 "

thentheangular limit H - ����� J �`_ � ��G)� � "
andthe

restrictedangularlimit R- ����� J �`_ � 2 ��G)� ^ �A� .
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