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Abstract

In this work we investigate the structure and representations of
Jordan algebras arising from intermolecular recombination. It is
proved that the variety of all these algebras is special. The basis
and multiplication table are built for the free algebra of this
variety. It is also shown that all the identities satisfying the
operation of intermolecular recombination are consequences of only
one identity of degree 4.

Introduction

The commutative algebra J over the field F is the algebra arising from
intermolecular recombination if it satisfies the identity

(x2 -y)-Z+2((x-z)-x)-y—2(x2 -z)-yzx2 (2y). 1)

Assuming that z = x in the identity (1), we get the identity (x*-y)-x=x"-(x-).
Consequently, all the algebras arising from intermolecular recombination are
Jordan algebras. We will denote by IR-algebras! the algebras arising from
intermolecular recombination. Let IR denote the variety of all IR-algebras.

The IR-algebras were introduced by M. Bremner in the work [1] and naturally
formalized IR-operations — operations of intermolecular recombination.

In the general theory of DNA computing (see G. Paun, G. Rozenberg and A.
Salomaa [2], L. Landweber and L. Kari [3]) the IR-operation has the form

1IR - intermolecular recombination



U, xv, +M2XV2 = Uuxv, +M2XV1 ,

where u ,u,,v,,v,,x are words over some alphabet §. Formalization of IR-
operations by M. Bremner [1] can be defined as follows. Let consider the free F' -
module J generated by the set C=AxB, where 4= {a[,iell}, B= {bi,i e[z} -
some finite or countable sets. Let turn F -module J into F -algebra by defining
the operation ">" (splicing) on basis elements a,b, (iel,,jel,) following the

rule

ab,>ab =ab,
>

and extend it linearly to all of the F -module J. It is easy to check that this
operation is associative. M.Bremner notes that the operation of intermolecular
recombination

ab;-a,b, = %(asz +a;b))
is a symmetrized product on the algebra (J,>,+). And in fact,
ab;oab = %(aibj >a,b +ab>ab)) :%(al.b, +ab)=ab,-a,b,.

So, the algebra J of intermolecular recombination is a special Jordan algebra,
i.e.

(J,o,4) = (J,>,+) .

In the work [1] it is proved that the algebra J satisfies the identity (1) and all
the identities of degree <6 of this algebra are consequences of the identity (1). In
the same work we get the question if all the IR-algebras are special Jordan
algebras.

In this work we investigate the structure and representations of IR-algebras. We
prove that all the identities of the algebra J are consequences of the identity (1)
and that the variety of IR-algebras is special.

1.1. Standard IR-algebras. Definitions and notations

All algebras in this work are considered over the field F of characteristic 0, so the
defining identities of varieties are linearized. We will use right-handed
bracketing in non-associative words. Standard definitions and notations can be
found in [4].

Let basis elements a,b; of the F-module generated by the set C=A4xB be q,
where i, j € N. Then the associative splicing operation defines the associative

algebra C with the basis a, i, j € N and the following multiplication table:

[j’

a;a, =a,. (2)



B|:m; |A|=n,
associative algebras with the multiplication table (2) will be denoted

correspondingly C_; C ; C .

nm ? n

In cases when |A|:|B|=oo; |A|:n, B|:oo, the corresponding

We will call C_; C,,;
algebras for short. We'll also define the Jordan algebras J, =C.”, Jom=C )

n,m ?

C, the standard algebras of splicing, or standard S -

J, =C' and call them standard algebras of intermolecular recombination, or

standard IR-algebras for short.
It is clear that the standard IR-algebras have the basis a;, i,] eN (1<i<n,

1<j<m for J,, and 1<i<n, je N for J, ) and the multiplication table
1
a;-ay = E(ail +ay). (3)

In standard IR-algebras it is convenient to use the following multiplication
diagram:

. - dy - Ay
a - - - ay————» ay
g - - - Gy
@y - - - dy - - - 4y

For calculations in standard IR-algebras it is convenient to use the following
correlations (see [1]):

(x-y)-zzé(x-zw-z),

(x-y)-(z-t)zi(x-z+x-t+y-z+y-t), (4)

which are implemented for the basis elements J .

And in fact,



(a

+a./1./2 ) aklkz )’

iy aflfz ) ) aklkz = E (ailfz + afliz ) ) aklkz = Z (ailkZ + aklfz + aflkz + akliz ) = E (ailiz ) aklkz +

(ailiz ) aj] Ja ) ’ (aklkz ' alllz ) = +

1 1
_(all j2 + a/IZZ )(aklll + allkZ ) - g(aIIIZ + ai]kZ + ak]jl + al] j2 + ajll2

4

1
+aj1k2 +ak1i2 +alliz) :Z(ailiz
Let’s note that the correlations (4) are not valid for arbitrary elements. For
example,

’ aklkz + ai]i2 ' alllz + ajlj2 ) aklkz + aj]jl ) alllz )

1 1 1
((r=y)-2)t=(x-z=y-2)t o= t=y-t) 2 (x=y)- 1422

for x=a,, y=a,, z=t=ay.

Using the correlation (4) it is easy to check that in standard IR-algebras the
identity (1) is valid.

1.2. General results

Let’s review the main results of this work.

The multiplication table (3) shows that the standard IR-algebras are algebras
with genetic realization (see [5]). Among the algebras with genetic realization
the class of Bernstein algebras holds an important position.

Let’s remind that the Bernstein algebra over the field F is a commutative
algebra J with a non-zero algebra homomorphism ®:J — F, satisfying the
identity

¥ xt =o(x)x.

These algebras were introduced by P. Holgate [9]. It is known [5] that the
algebra J can be represented as

J=Fe®N,

where N =Ker®w and e is idempotent, n°-n°=0 for all ne N. If ch(F)#2,
then

N=U®Z,
where U ={u eN!e-uz%u}, Z={zeN|e-z=0}. On the algebra N the
following Bernstein graduation is defined:
UcZ,72°cU,U-ZcU.

A Bernstein algebra is called Jordan, if it also satisfies the Jordan identity



(" p)x=x"(yx).

The Jordan Bernstein algebras were first introduced by P. Holgate [10], who
proved that the genetic algebras for the simple Mendel inheritance should are
special Jordan algebras. Later this result was generalized by A. Wors-Busekros
[11]. It was shown that finite-dimensional Bernstein algebras with zero
multiplication in N are special Jordan algebras. Also in the paper [11] the
necessary and sufficient conditions for a Bernstein algebra to be Jordan were

obtained: z° =0 and N =U @ Z is nil-index 3 algebra.

Jordan Bernstein algebras play an important role in the theory of Bernstein
algebras (see [5], [12], [13]).

Definition 1. Bernstein algebra B=Fe®U ® Z is called annihilator algebra if
Z coincides with annihilator of the algebra B, i.e. Z = Ann(B). It is easy to note

that in the annihilator algebras Z°=N’=0. That is why all annihilator
algebras are Jordan Bernstein algebras.

In the Section 2 of the present work we prove that all standard IR-algebras are
Bernstein algebras (Theorem 1) and furthermore, the class of standard IR-
algebras coincides with the class of annihilator Bernstein algebras of a special
type (Theorem 2).

We will denote by F(c;; iel) the free F -module generated by the elements

¢;, i €I . The Section 2 describes the annihilator of a standard IR-algebra J . It
is found that

Ann(J ) =F((a,, —a!./.)z; i>1,j>1
and the following isomorphism of the modules takes place:

J,/Ann(J,) = F(a,;i=1or j=1), where Ann(J,,/Ann(J,)) =0 (Lemma 1).

Let’s adjoin a formal unit 1 to the algebra J_/Ann(J,). It is shown that the
algebra

J'=F-1+J,/ Ann(J,)
is a Jordan algebra of symmetrical bilinear form over F' (Lemma 3).

The Section 3 of this work proves the speciality of the variety of all IR-algebras
(Theorem 3).

Let us denote by B, = F-1+V the Jordan algebra of non-degenerate symmetric
bilinear form f:V xV — F, where J is an infinite vector space over F'. Using

the defining identities of the variety Var(B,) (see the results by S. Vasilovsky
[7]), it is proved that the variety IR is a proper subvariety Var(B,), i.e.

IR G Var(B,) .



In view of the results [8], the variety Var(B,) is special. That is why any

commutative algebra satisfying the identity (1) is a special Jordan algebra. Let’s
note that the class of Jordan Bernstein algebras is not special (see [6]).

In the Section 4 we will investigate the free IR-algebras.

Definition 2. Associative algebra A is called splicing algebra or S -algebra if it
meets the identity

x[y,z]t=0. (5)

It is easy to note that all standard splicing algebras are S -algebras. Let §
denote the variety of all S -algebras. Let S[x] be a free algebra in the variety S

with set of free generators X ={x,,...,x,,...} .

The Theorem 4 finds the basis of the identities of a standard splicing algebra
C . It is found that

S=Var(C,),
i.e. all the identities of a standard splicing algebra C _ follow from the identity

(5).
Let /R[X] denote a free algebra in the variety IR with generating set X .

It is shown that S[X] is an associative envelope algebra for IR[X]. In the

lemmas 5, 6, 7 the basis and multiplication tables are built for the free algebras
S[XT] and IR[X].

The Theorem 5 proves that all the identities of a standard IR-algebra J follow
from the identity (1), i.e.
IR=Var(J ).
In the Section 5 we describe the annihilator of a free algebra /R[X] and prove
that
Ann(IR[X ]/ Ann(IR[ X ]))=0.
The Theorem 6 proves that the following isomorphism of F' -modules takes place:
IR X]=F[X]®D,

where F[X] is a free associative-commutative algebra with generating set
X ={x,...,x,,..}, D=D(R[X]) - an associator ideal of the algebra /R[X].
Furthermore, D = D, ® D,, where D, = Ann(IR[X]), D, =D, and D’ =0. From

this we can conclude that D =M (IR[X]), where M (IR[X]) - is the McCrimmon
radical of IR[ X].



In the Section 6 we will investigate the basis of the identities of standard IR-
algebras J, and J, , . It is proved that all the variety of IR-algebras is generated

by a minimal nontrivial standard algebra J,,. This algebra has the basis

a=a,, b=a, and the multiplication table a’=a, b’=b, a-b= %(a +b).
Consequently,

Var(J,,)=Var(J,

n,m

y=Var(J,)=IR , (n,m) = (1,1).

To prove the speciality of the variety IR in the Section 3, we used two
complicated results: the description of the identities of variety Var(B,) [7] and

the speciality of the variety Var(B,) [8]. The basis and the multiplication table
for free algebras S[X] and /R[X] built in the Section 4 allow us to prove the
specialty of the variety IR by means of a rather simple method.
It is found that the variety IR possesses the following property:

IR[X]=HS[X],

i.e. the algebra /R[X] coincides with a Jordan algebra of symmetric elements of
associative envelope S[X] under the standard involution. We will call the
varieties of Jordan algebras satisfying this property the reflective varieties.

In the Section 7 we will prove the following theorem — any reflective variety of
Jordan algebras is special (Theorem 8).

2. Annihilator Bernstein algebras

In this Section we will prove that the class of standard IR-algebras coincides
with the class of annihilator Bernstein’s algebras of a special type.

2.1. Annulets of the standard IR-algebras
Let b, =a, +a;-2a, a;=(a, —ai}.)2 =a,+a;—a,;—a, for all i,j>1. At the

multiplication diagram the elements b; form cells ix j:

i

2

o

a - - Gy

Let us first prove that b, € Ann(J,,) for all 7, j >1. Indeed, for any basis element

a = a,, of the algebra J_, we have



bij~a:(a“+aij—2a11~aij)'a(?)a“-a+aij~a—a11-a—aij~a:O

Further, for any a = Zaklakl from J_, we’ll have
k.l

b, 'Zakzakl = Zakl (b;a,)=0.
Kl il

It is easy to see that the set {b,; i>1, j>1} is linearly independent over F . By
definition of b, , we have

Zaﬁbﬁ =0 = ZLOti/A(a11 +a,—a;—-a,)=0= @, =0 forany i>1, j>1I.

i,j>1 i,j>1

We denote by L(c;;i € ) the F' -module generated by the elements C,,ie/,i.e.
L(csiel)= {Zaici o, € F.

We will call L(c;;i € l) alinear envelope of the set {c;ie/}.

In view of the proven, we have L(b;i>1,j>1)=F(b;i>1,j>1). Let
I=F(;i>1,j>1).

Lemma 1. The following isomorphism of the F -modules takes place:

J /[ Ann(J )= F(a,; where i=1or j=1),

i
where Ann(J,)=1 and Ann(J,/ Ann(J,))=0.

Proof. We first prove the isomorphism J_ /I =F(a,; where i=1 or j=1).

[j?

Let’s consider an arbitrary basis element a,;i>1, j>1. In view of the

definition of the elements b,; i>1, j>1, we have a;=0,-q, +q,; +a, hence

a; € L(a,,a,;,a,)+1 . Consequently,

J, /I=L(a,;; where i=1or j=1).

i

We now prove that the elements a,,,a,,a,, where i >1 and j>1 are linearly

Jr

independent in J_/I. Let’s suggest the contrary, then in the algebra J_  we’ll

have 0#a=0q,,a,,+ Zﬁuau +27/ﬂai1 el c Ann(J).

i=2 i=2

1 & 1 &
Then a-a;, = ,a,, +E(Zﬂ1i(“11 +ali))+§(zyil(all +a,))=0.

i=2 i=2



Consequently, £,=0 and y, =0 for all i>2. Then a=0¢,4,, but a, is an

idempotent, so ¢,, =0. The obtained contradiction proves that

J, /1 =F(a;; where i=1or j=1).

Let now ae€ Ann(J). Then a=aa, + Zﬂ”ali + Z%lan +v, where vel. As
i=2 i=2
aecAnn(J,), vel c Ann(J,), then a-q,=0. But in this case

a,=0, B.=7,=0,i22.S0, a=vel and 4Ann(J,))=1.

Let now ae€ Ann(J,_ /1), then a-a,, =0. Similar arguments apply to this case,

we'll get a =0,1i.e. Ann(J,/1)=0.This proves the lemma.

Let’s now build a structure of Bernstein Jordan algebra on the algebra J_ . To do
this, we’ll introduce the following notations:

e=4a,;

€;

1

=a,—a,, i>]
eil

U=F(e;e,;i>1);
Z=Ann(J,)=F(b;;i>1,j>1).

=a,,—a,, i>1];

Lemma 2. In the algebra J, the following relations are valid:

1. J,=F,QU®Z - the direct sum of the I' -modules;
) 1
2. e =e, e-uzgu, uelU and e-z=0, ze Z;

3.UcZ;

4. N°>=0, where N=U®Z.
Proof. (1.) follows from the Lemma 1.
(2.) Calculating with the multiplication table (3) we obtain:

e =a, =a, =e,
e z=0,

3 B 1 1 1 1
e-¢,=(a,—a,)a, _all_Eali_Eall E(an_au)_gew
3 3 1 1 1 1
e-e =(a,—a,) a,=a, _Ean _Ean E(an a,) Eeil'



1
Let now u = Zanen +z €, , then e-u = Zali(eli -e) +Zﬂi1 (e, -e) :514 .

i>1 i>1 i>1 i>1
(8.) According to the distributivity of the multiplication it is sufficient to check
the statement 3 on the basis elements U .
We have

1 1 1 1 1
e, -¢; =(a,—a,)-(a,—a;)=a, _Ealj _Ean _Eall -S4 t5a, +Ea1i =0 for all
i>1, j>1.Analogously, ¢, e, =0; i,/ >1.

2 2

Let’s now prove that ¢, -¢; € Ann(J ) for all i, j > 1.

Indeed,
1 1 1 1 1 1

€16, = (a,, —a,) (a, _alj) =dap _Ealj _Ean _Eail _Ean +Eaij +5a11 ZE(an +
1 1

ta; —a,;,—a,) :E(a11 +a, —2a,, -ay) :Ebij € Ann(J).

Hence, UcZ.

(4.) We have the following sequence of containments:
N'=(U®Z)’ NcU* NcZ-N=0.
The lemma is proved.

Let’s adjoin a formal unit 1 to the algebra J,_/Ann(J,). Let J* denote the
obtained algebra as

J'=F1+J_/Ann(J).

Lemma 3. The algebra J* is a Jordan algebra of symmetric bilinear form over
F.

Proof. Let e, =(2e—1) . From the Lemma 1 we conclude that

TP = F A+ F(ly byl i >1).

It follows from the proof of the Lemma 2 that

e“2 =(e—-1) =4e—4de+1=1;

e,-e;=¢¢,=¢-¢,=0,ij7>L

Consequently, {e,,e,,e,; i,j>1} is a standard basis of a Jordan algebra of
symmetric bilinear form over £ . This proves the Lemma.

Observe that the bilinear form defined in the Lemma 3 is degenerate.

_10_



Theorem 1. Standard IR-algebras J, J,

.m> J, are Bernstein Jordan algebras
with the following (U, Z) -graduation:

1. J,=F,®U®Z, where U=Fl(e,,e;; i,j>1), Z=Ann(J)=F(b;; i,j>1),

e=4a,,

2.J,,=F®U,, ®Z 6 whereU, =F(e; e;1<j<m, 1<i<n),

n,m? n,m

Z :Ann(Un,m):F(bl.j; l<i<n, 1<j<m), e=aq,;

3. J,=F,®U,®Z,, where U, =F(e,,¢,; 1<i<n, j>1),
anF(bU.; 1<i<n,j>1), e=aqa,;

and nontrivial homomorphism w:J _(J,,,J,) = F, which is defined by:

,m?

V. =aet+u+zeJ,where acF, uceU(U

n,m?

u,,zeZ(Z,,, Z,);

n,m?
ox)=«a.

Proof. It follows from the Lemma 2 that the introduced graduations are
Bernstein graduations (see [6]) and Z> =0, N’ =0. In view of the proposition 3.1
[6], the algebras J_, J

n,m?

J, are Bernstein Jordan algebras. The theorem is

proved.

2.2. Annihilator algebras of the type (V, W)

Let’s note that Z = Ann(J) for all Bernstein algebras J = Fe +U +Z defined in

the Theorem 1. In accordance with the definition 1 in the Section 1.2, such
algebras are called annihilator algebras.

Our next goal is to build a free algebra in the class of annihilator algebras.

Let / =(X), denote the ideal of the algebra J generated by X c J.
Let BJ=BJ[X;Y] - a free (U,Z)-graded Bernstein algebra (see [6]) from U-

generators X ={x,,...,x ,...} and Z-generators Y ={y,,...,,,...} . It is easy to see
that the algebra J=F-e+BJ[X;Y]/I,where [ =(w-u|weZ, ue BJ[X;Y]),, is
a free annihilator algebra. We will denote by AnnBJ[X;Y] the nucleus of the
Bernstein algebra J,i.e. AnnBJ[X;Y]=BJ[X;Y]/I.

Let now X =VUW , where V ={v,...,v,,...}, W={w,...,w,,...} - some sets and
Y=90.

Definition 3. The annihilator algebra J=Fe+ AnnBJ[X;O]/1, where
I=,v;;w,w; 1,]€N) 510 1S called the annihilator algebra of the type

(V,W). ‘

_11_



Proposition 1. The annihilator algebra of the type (V,W) has the basis
{e,v, W VW, T ,J € N} and the following multiplication table:

) 1 1
e =e, e-u, :Eui, e'wj:ij,
v—ww—va—vw (6)

iy
vw, € Z = Ann(J), foralli,je N.
Proof. In view of the properties of free (U,Z)-graded Bernstein algebra (see [6]),
we have Y=O=U’=Z. But Z=Ann(J), since U=F(v,w;i,jeN) and

Z=F@w;; i, je N). The proposition is proved.

lj’

Theorem 2. The class of standard IR-algebras coincides with the class of
annihilator algebras of the type (V,W). An annihilator algebra of the type (V, W)

is isomorphic

toJ, if |[VIEHW|=w

toJ, if |Vi=n, |W|=o©

toJ,, if |[VI=n, [Wi=m

Proof. We first consider a standard IR-algebra J_ . It follows from the Theorem 1,
that J=Fe®U®Z, where U=F(e,,e,; i,j>1), Z=Ann(J)=F(b;; i,j>1),

e =a,,. Let us introduce the following notations:

v,=e, w=e,i>]

1

V={v;i>1ly, W={w;i>1}.
Let’s prove that the algebra J  is an annihilator algebra of the type (V,W).

From the proof of the Lemma 2 it follows that

Vv, =wew, =0, fori, j>1;

VoW, =g, e, ;b ez.

1
We conclude from the Lemma 1 that the variety {v,-w, = Eb. i,j>1} is linearly

ijo
independent over F' . Hence, the algebra J_ has the basis and the multiplication

table (6). Consequently, it is isomorphic to an annihilator algebra of the type
(V,W), where |V |5 W |=x

Conversely let us consider an annihilator algebra B of the type (V,W) with a
basis and a multiplication table (6).

_12_



a, =e;
a,=e—v,,, 122
Jjz2

a,=e—w,,,

a;, =2v, w, =V, —w,_ +e, i,j22.

i—

At first it is necessary to note that B=F(a. ; i,jeN), i.e. a,; i,je N is the

ij ij
basis of the algebra B . Now we will found a multiplication table in this basis:

2

4y =4y,

1 1 1
Q- ay _e_Evi—l Eall TS

1 1 1
4,4y :e_EWj—l =5a11 +5aj15
1 1 1 S
a,, - a, =—EVH —EWH te=—a, +Eai1, i,j22;
1 1 1 1 ..
ay; - ay :(e_vi—l)'(e_v_/—]):e_Evi—] _Evj—l :Eali +5a1_/a L, j22;
Analogously,
1 1 1

Ay = (V=W +e) (v =W +e) = v W, +v W _EVH Y Wi~ Evk—l -

_%W,_l +e:%(aﬂ vay), i, k0> 2.

Therefore, the algebra B has the multiplication table (3) in the basis
a;; i,j € N. Hence, it is isomorphic to a standard IR-algebra J_ . The same proof

works for the cases |V |=n, |W|=m and |V |=n, |W |=0w. This proves the
theorem.

3. The specialty of the variety IR

In this Section we will prove that the variety IR is a proper subvariety of the
variety of special algebras Var(B,) [8].

Lemma 4. In the variety IR the following identities are valid:
zU R, =zRU,_ ; (7)

2xD,.-y=yD, ; (8

_13_



xD, R +xD,,R,+xD, R =0; 9)

3xD,_-t=tD,, +tD, . (10)
xD, .U, =0; (11)
(-2, +(y-OU, . ~(x-U,.~(y-2)U,,)u=0; (12)
U, =2RU, ; (13)
[x,y]’ -z =0, where [x,y] = 2yDy’)Cz —4yD, . -x; (14)
R, .R.U, =zR, ..R U, ,, foranyceSn. (15)

Furthermore, the identities (1), (7), (8) are equivalent in the variety of
commutative algebras.

Proof.
OH=(0).
2(zU, R, —zRU )y=2Q2z-x-xy—z-X - y—z-X-X-Yy—z-X-y-x+(z-x)(x-y)) =

s )
=4z.x-x-y-2z:xy+2z-x)-(x-y)-2z-x-x-y+x-y-z—x"(y-z)—
~2(x-2)-(x-y)=2z-x-x-y=2z- X" y+x’ - y-z—x’ {(y-2)=0,

where J is a Jordan identity 2z-x-y-x+x’-y-z2=2(z-x)-(x- )+ x> -(y-2).
(7)=(1). In view of the above proved it is enough to check that (7)=(J).
Substituting y =x into (7), we have 2z-x-x-x—(z-x*)-x=2z-x-x-x—(2-Xx)- X",
ie. (z-x*)-x=(z-x)-x". Therefore, the identities (1) and (7) are equivalent for
commutative algebras.

(1) < (8). It is easy to notice that the identity (8) is a D -operator representation
of the identity (1):

X yz-x"(z-y)+2x-z-x-y-2x"-z-y= 2xD,, -y+yD,_ =0.
(1) © (9) . Rewriting the left part of (9) in the terms of U -operator, we have:

ny,z—yU“ =x-y'z+x~z~y—(y~z)-x—(x-y)‘z—(y-z)~x+(x~z)-y:ZZDW.
Consequently,

2zD,, =xU,.-yU,.. (16)

Hence,

_14_



4xD, R, 5 2(yU.,-zU, )R, z (U, +(x- U, —(z- U, —(z- x)Uy,t) =

7)

=(x- J/)Uz,, —(x- z)Uy,t.

Writing o f(y,z,0) = f(y,z,0)+ f(z,t, )+ f(t,y,2) gives
4o0(xD, _R)=oc(x-y)U_, —o(x- Z)Uyﬂ, =o(x- YU, —o(x-y)U,.=0.

Y.zt

(1)= (10) . We have

y.zex

3ny’z -t = (2ny,z -yD. - ZDM,) -t = (ny’z +yD, .+ ny’z + ZDW) -t(;th,y,z +tD

(1)= (11) .. It follows from the proved identities (8), (10), that

2 2 2 _ ) _ _ e _
3ny’Z -t (B)t Dx'y’z +t Dy,x'z =—(x y)DZJ2 Zth,x-y ny'z , —(x z)th,y(5 2tD. R

)t

-2tD, R —-2tD__,R —2tD, R 5 2uD,,.+tD, )R, (;)6ny,z-t-t.

txy iz x-z,t"y t,y" H(xz) © V,xz

This gives
xD, U _ =0.

vzt

()= (12). From (7), (11) we obtain
252U, + (DU, = (50U, . =7 DU, )R, =62 9)U,,, +(x-2:0U,,, +

yu
+(y~t~x)UZﬂu+(y-t'z)UW—(x-t'y)Uz,u—(x't~z)Uy,u—(y‘z~x)Ul,u—(y-z-t)Ux,u)=
=(zD_ U, +xD. .U +tD, U _ +yD U_)=0.

X,y tu zt " yu Vx> z,y t,z xu an

(1) = (13).. Since IR is a Jordan variety, the known Jordan identity is valid in IR
(e.g., see [4]):

zU, R +zU, =2z2RU,_,.
B X7,y »)
From this,

zU, , = 2z2RU, ,—zU, R, = ZRU, .

7)

()= (14). We have

[x,y] :2yDy,X2 —4yDy,x-x(§)yUX2,y—szy,y—ZyU R +2xU_ R . (x-nU,, -

Xy PN (13) (7)

—szy,y —(x-y)Ux,y —yzUm + 2(x-y)Ux,y = 2(x-y)Ux,y —xU

.y

—yzU“.

Then, [xyI-u=Q(x- U, ,-xU,, - y'U, )u =

(12),z=y,t=x

_15_
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(1) = (15). It suffices to show that:
zD. R, .R, U =0,

X% N

where the operators Ry] ..R, can be missing.

We induct on n. The base of induction is the identity (11), when R, ..R, are
missing. Now 3zD_ R ..R, U RU, +0U, . R R v, =0

y.y O leZ X» "zRJ’Z X2 X"y

by induction. This proves the lemma.
Theorem 3. The variety IR is a proper subvariety Var(B,), i.e.
IR G Var(B,).
The variety IR is special, i.e. any commutative algebra satisfying the identity (1)
is a special Jordan algebra.

Proof. By S. Vasilovsky’s results [7], the variety Var(B,) is defined by the
following identities:

ZD[M]2 L= 0,

2
o(x"D,_.R -2xD, _RR)=0.
It is easily seen that the first identity is the consequence of the identity (14), and
the second is the consequence of the identity (9).

Therefore,

IRcVar(B,).

It is obvious that (14) is not valid in B, . Hence, IR # Var(B,). By the Theorem
3.1 [8], Var(B,) is a special variety. Therefore the variety IR is special. This
proves the theorem.

4. Free S and IR-algebras

We will denote by /R[X] the free algebra in the variety IR of generating set
X ={x,...x
of the free algebra /R[X] and will prove that the variety of all IR-algebras is

..} . In this Section we will build a basis and a multiplication table

no*

generated by a standard IR-algebra J_, i.e.

IR=Var(J,).

4.1. The variety of the algebras of splicing.
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Let Ass[X], SJ[X] be free associative, free special Jordan algebras. Let’s

remind (Definition 2) that the associative algebra A is called S -algebra if it
meets the identity (5)

x[y,z]t=0.
It is easy to check that the standard algebras of splicing are S -algebras. By (2),
a . =0.

= Qe hence, ai]j] [aizfz ? aisjz ] iyJa

iy aiz/z afafs ai4f4 (;) iyJs
Let us denote by S the variety of all S -algebras, and let S[X] be a free algebra
in this variety.

Let’s build a basis and multiplication table for a free algebra S . We will define
an ordering operator <>: Ass[ X]— SJ[X] by a rule:

If u=x, ..x, is a monomial from Ass[X] then
<SU>=X, X, e SJ[X],

where i, <..<i and the set {s,,...,s,} and {i,...,i,} coincide with respect to
repetitors of all the symbols. Then we will extend the ordering operator on the
algebra Ass[X] by linearity: if f :Zaiui , where «, € F', u; are monomials,
then < f >= Zai <u, >.For example, < x,x,x, +3x;x, >=x, - X, - X, +3X, - x;.

By definition, the operation of multiplication of the elements of the algebra
Ass[X] and consequently of the algebra SJ[X] within the brackets <> is

associative-commutative. Therefore, for any v,,...,v, € Ass|[X] and oc€S§,, we

n?

have

SV eV, =YV, SEV eV >

Let’s consider the algebra A X] with the basis
B={x,xx;=x,<1>x,, x, <u>x,}, where x,€X and <u> runs over all
ordered monomials of SJ[X], 1 — a formal unit; with the multiplication table:

X, >x; =x <1>x;

XX, <u>x, =X <u>x;>x, =x <ux;>x;

X, <u>x;>x, <v>x =x, <uvx,x, >x, wherei,j,k,leN.
Lemma 5. The algebras S[X] and A[X] are isomorphic.

Proof. 1t follows from the definition of the multiplication and ordering operator in
the algebra A[X], that the algebra A[X] is an § -algebra. Consequently, the

identical mapping 7:X —>X has a unique extension to canonical
homomorphism 7:S[X]— A X]. From (5) we conclude that

_17_



S[X]=L[B].

It is clear that the images of the basis elements from B under homomorphism 7
are linearly independent in A[X]. Hence,

S[X]=F[B].

Consequently, the algebras S[X] and A[X] are isomorphic. This proves the
lemma.

Theorem 4. S =Var(C,), i.e. all the identities of the standard algebra of splicing
C,, follow from the identity (5).

Proof. The algebra C, is an S -algebra, hence Var(C,)c S. Let’s prove the

contrary inclusion.

Let a homogenous polynomial f = Z%xi <u; >x, € S[X], where ¢, € F', be an
i.j

identity on C_. Consider the mapping ¢:x, > a, and extend it up to the

homomorphism ¢:S[X]— C,_ . Such extension exists due to the fact that S[X]

is a free algebra in the variety S . Then,

()= a,a, <o) >a; =) a,a,=0.
i,j i,J

Hence, ; =0 for all i, j. Consequently, /' =0 in the algebra S[X] and f is the

consequence of the identity (5). This proves the theorem.
4.2, Basis and multiplication table of the algebra IR[X]

We will denote by D = D(IR[X]) the associator ideal of the algebra IR[X], i.e.
the ideal generated by all Jordan associators aD, , where a,b,c € IR[X].

Proposition 2. In the algebra IR[ X] the following relations are valid:

D = L(aD, ; wherea,b,c € IR[X]); 17

uU, , =<u>U,_; (18)
f— 1 1 .

<u>Ux,sz—E<ux>Uy’z+§<uy>U“, (19)

1
<u>U, <v>U, :Z(< uyz>U_ +<uyt>U _+<wxt>U _+<uwxz>U ,),(20)

where u,v,x,y,z,t € IR[X] and u,v can be formal units.

Proof. The relation (17) follows immediately from the identity (10).
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It is evident that u=<u>+d, where deD. Hence,

uU, =<u>U_ +dU,_, w <u>U,,

We have
1 1 1 1
<u>U,_ R =—<u>RU, _+—<u>RU . =—<ux>U _+—<uy>U_._.
5) (7)2 Vs 2 Y > (18)2 Y, 2 s

Analogously,

d<u>U, -<v>U,, = 2<ux>U, _ U  +2<uy>U _ U, =<uxvz>U,  +

z,t (7),(18) Y, <v>" z,t xX,<v>" zZ,t

+<uxt >U +<uxvt>U, +<uxz>U —<uxv>U _ —<uwxzt>U, +

V,<v>z V,<v>-t

+<yuvz>U,  +<uyt>U

X,<v>z

+<wvt >U, _+<uyz>U

X,<t>t

—<uyv>U

X,z

—<uwyzt>U,, ) <uyz>U +<uwt>U, _+<wxt>U _+<wxz>U,.

This proves the proposition.

Let’s consider a subset B < /R[ X] of the following type:
B={x, x,-x;=<1>U_ ,<u>U,_ 1},

where x,,x, € X, <u> runs over all ordered monomials of SJ[X], 1 — a formal
unit. In view of the relations (19), (20) the linear envelope L(B) is a sub-algebra
IR[ X 1], i.e. it is closed under multiplication.

Lemma 6. The set B is the basis of the algebra IR[X].

Proof. We first show that /R[X]= L(B). Let’s consider an arbitrary homogenous
polynomial we IR[X]. We will prove by induction on deg(w) that we L(B). If
deg(w)<3, then we L(B) by definition of B. Let’s assume that deg(w)=n,
n >4 and all homogenous monomials of the length <7 belong to L(B).

It is well known that the algebra of multiplication R(SJ[X]) is generated by the
set of operators {R_, U

X% 0

where x,,x, € X}. Hence, we L(qu“xj , VRx,») , where

x;,x; € X, u,v are homogenous monomials of /R[X] of degree n—2 and n-1

correspondingly.

It follows from the relation (18) that uU,  =<u>U,_ €L(B). By induction

assumption,

VR, = (Z @, <v,>U, IR = Zajk <V >U, R,
I ‘ Tk

where a, € F.

From (19) we have
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1 1
<V >U, ., "R, 2 <vux, >U, +5 v >U, € L(B).

Consequently, we L(B) and IR[X]=L(B).

Let’s now prove that the set B is linearly independent over F',i.e. that

IR[X]=F(B).
Let’s suppose that f = Zaly <u;,>U, = 0 in the algebra IR[X], where f is a
ij
homogenous polynomial and a, =, € F'.

Consider the mapping ¢:x, >a, and extend it to homomorphism
@:IR[X]— J,_. Such extension exists due to the fact that J_  is a IR-algebra.
Then in the algebra J_ we have:

1

V53 D (p(<uy;>)-a,+a;-a;+p(<u,;>)-a;+a,-a,; -

i,J

(p(f) = Za,‘j(p(< u; >)Ua,,,a
i
1
—o(<uy >)a, —p(<u; >)-a;)= Zaii (a;-a;)= Ezai/’(ai/‘ +a,)=0.
L] L]

Consequently, a, =0 for all i,j and f =0. So, it follows that /R[X]=F(B).
The lemma is proved.
Observe that the multiplication table on the basis B of the algebra IR[X]is

defined by the relations (19), (20) in case when x, y,z,f € X, which follows from
the Lemma 6.

4.3. Associative envelope for /R[ X] and basis
of the identities of the algebra Jo
On the algebra S[X] it is defined a standard involution *, which is set on the

basis words in accordance with the following rule:

* * *
X, =%, (6x;) =x.x, (x, <u>x,) =x, <u>x,

1

where x;,x; € X and u runs over all ordered monomials of SJ[X] and linearly
extends to the whole algebra S[X].

Let HS[X] be a Jordan algebra H(S[X],*) of symmetrical elements of the

algebra S[X] relatively to *. And let JS[X] be a Jordan subalgebra S[X]"
generated by the set X .

Proposition 3. HS[X]=JS[X].
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Proof. Tt is obvious that JS[X]c< HS[X]. Let’s prove the contrary inclusion.
Consider an  arbitrary  homogenous  element feHS[X]. Then

f= Z%—xi <u;,>x; and f"=f, where a;eF. It follows that
ij
Z%xi <u; >x; = Z%xj <u; > x, . Consequently, o, =« forall i, .
ij ij
Finally,
1 |
f :E(f+f )= Ezai/(xi <u;>x;+x, <u;>x)= Zaﬁ <uy; >Ux,,xj e JS[X].
i,j L]
This proves the proposition.
Lemma 7. The algebra S[X] is an associative envelope for the algebra IR[X].

Proof. 1t suffices to prove that the algebras /R[X] and JS[X] are isomorphic.
Let us consider the set

B={x,x-x,=<1>U

X, X; 2

<u >Uxi’x/_},

where x,x,€X and u runs over all ordered monomials of SJ[X] and

constitutes the basis of the algebra JS[X]. It follows from the Lemma 6 and the
proof of the Proposition 3 that B is a basis of JS[X].

Let us find the multiplication table in this basis:

Xox; =<1>U,_;

1 1
xo<u>U,_ zzxio(xk <u>xl+xl<u>xk)=Z(xi<xku>x,+xk<ux, > X, +

—_— 1 1 .
+x, < XU > X, + X, <ux, >Xx,) —§<uxk >U, . +E<ux, >U, s
analogously,
1
<u>U,  o<v>U, = Z(< uvx,x, >U,  +<uvx,-x,>U,  +<uvxx, >U,  +

+<uwx,x, >U, ).

Thus, the basis and the multiplication tables of the algebras IR[X] and JS[.X]
coincide, what proves the lemma.

Theorem 5. [R=Var(J,), i.e. all the identities of a standard IR-algebra J,
follow from the identity (1).
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Proof. We have Var(J,)cIR. Let’s prove a contrary inclusion. Let the

homogenous polynomial f = Za[.j <u, >U_ . where o, =q,€lF, be an
i,j

identity on the algebra J .

Let’s consider the homomorphism ¢: IR[X]— J , defined in the Lemma 6. Then
1
¢(f) ZEZQg(aij +aji) =0.
iJj

Hence, o, =0 for all i,/ and f =0 in the algebra /R[X]. Consequently, the

defining identities of the algebras /R[X] and J_ coincide. This proves the
theorem.

5. Annihilator of the free algebra IR[X]

In this section we will describe the generators of the Ann(/R[X]). The examples
of non-zero elements of Ann(IR[X]) were found in the Lemma 4:

(x : Z)Uy,t + (y : t)U,\’,z - (x : t)Uy,z - (y ' Z)U,\’,I (S) Ann(]R[X]) ;

yDy’)C2 =2yD, . ~x(§) Ann(IR[ X)),
where x=Xx,,y=x,,z=x;,,t =X,.

Let n=n(x,y,z,t,u) =<uzt>U, +<uxy>U_,—<uzy>U,  —<uxt>U_ , where
x,v,z,t,u € IR[X] and u can be a formal unit.

Let’s check that n € Ann(IR[X]). Indeed,

2n-v=<uzt>U_ R +<uxy>U_ R —<uzy>U_R—<uxt>U_ R, 5 <uztx>U,  +
+<uzty>U  +<uxyz>U, +<uxyt>U_ —<uzyx>U, —<uzyt>U_  —<uxtz>U  —
—<uxty>U_, =0.

Lemma 8. In the algebra IR[ X ] the following relations are valid:

1. Ann(IR[X])=L(n(x,y,z,t,u)), where x,y,z,t € X and u runs over all ordered
monomials of SJ[X] including a formal 1.

2. Ann(IR[ X1/ Ann(IR[X])) = 0.

Proof. 1. From what has already been proved, L = L(n(x,y,z,t,u)) < Ann(IR[X]).
Let’s now prove the contrary inclusion. Consider an arbitrary non-zero
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homogenous element f € Ann(IR[X]). It is obvious that deg(f)>4. Let’s
decompose f by the basis of IR[ X]:

n
= Genx,) =D 0 <u, >U,
i,j=1
where «a,=a,€F, deg(u,)>2. Renumerating, if required, the generators

X, X, In f = f(x,...,x,), we will have

deg, (f)=deg, (f)=..2deg, (f)=1.

If deg, (/) =2, then due to the definition of the elements n we have

2
<ux; > Ux[,xj +<uxx; >U,  —<uxx, > ij,xl —<uxx;,>U_ €L.

n
Consequently, [ = Zali <u;>U,  +u,where o, €F,uecl.

i=1

Then
n
2f-x (7)20511 <ux, >U,  +) o (<ux, >U, +<ux,>U, )=0.
i=2

It follows from the view of the basis words of the algebra /R[X] that o, =0 for

2<i<n,and hence ¢, =0. Consequently, f =ueclL.

If deg, (/) =1 then f(x,,...,x,) is a multilinear polynomial.

We have
<ux,;x, > Ux“x‘/ +<uxx, >U, —<uxx,>U, w, T SUNX; > sz’x‘/ el,
<uxxy >U,  +<uxyx, >U,  —<ux,x; >U,  —<uxx,>U,_  €L.

Therefore,
n
f=2a<u,>U,  +p<v>U,__ +u,
i=2

where a,,feF,uel.

Then
n
2f ) x”’” = Zai (< ulixl > Uxi’xn+] t< ulixi > UX1 il ) + ﬂ < sz > Ux3,xn+l +

i=2
+f <vx, > wa1 =0
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It follows from the view of the basic words of IR[X] that o, =0 at 2<i<n,
hence, =0, too. Consequently, f=uelL.

2. Let wus consider an arbitrary non-zero homogenous element
f=f(x,...x,)€eIR[X]/ Ann(IR[X]). From what has already been proved, it

follows that deg(f)>4. Let f e Ann(IR[X]/ Ann(IR[X])). Then we have
f-u-v=0 for any u,v € IR[X]. Proceeding analogously as above, we come to two
cases:

either f=Zah. <u;>U_ , where a, =€ F'. But in this case f-x,-x,=0 and

Xp,%; 2
i=1

o, =0 for 2<i<n,and hence ¢, =0;

n
or sza[.<uh.>UX]’X’+,B<V>UXM3, where «,fe€F. But in this case
i=2

fx,.,x,.,=0 and o, =0 for 2<i<n, and hence S =0, too, what makes a
contradiction. Consequently, Ann(IR[X]/ Ann(IR[X]))=0. The Lemma is
proved.

Corollary. Ann(IR[X])< D= D(R[X])

Proof. 1t follows from the Lemma 8 that it is sufficient to prove that
Vx,y,z,t,ue IR[X] n=n(x,y,z,t,u)eD.

We have

n=<uzt>U, —<uzy>U_+<uxy>U_—<uxt>U_, 5 <uz>RU, -RU, )+
+<ux>(RU., —-RU._ ).

But 4xD R, (;)2(yUZ,X -zU, )R, z x(RU.,—RU, ), thus, neD. This proves
the corollary.

Choose a basis <u> in the free associative commutative algebra F[X] of
generation X ={x,,...,x,,...} , where <u > runs over all ordered monomials of
SJ[X]. Then F[X]=F(<u>).

Define D, =Ann(IR[X]). By the corollary, D,cD. Let D, be a direct
complement of F'-module D, in D, then D=D,® D,.

Theorem 6. The following isomorphism of F -modules takes place:
IR[X]=F[X]® D, where D=D,®D,, D; = D,, D,= Ann(IR[X]) and D’ =0.

Proof. 1t is obvious that u =<u >+d, where a monomial u € F[X] and deD.
Therefore, IR[X]=F[X]+D. If <u>eF[X]nD, then it is clear that
<<u>>=<u>=0.Hence, IR[X]|=F[X]®D.
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Let’s verify that D; < D,. By (17) it is sufficient to prove that

Va,b,c,x,y,z€ IR[X] aD,.-xD . eD,.

We have

3aD,,.-xD, . =-3aD, D, .-x+3(aD,, -x)D, . o 3aD, D, . -x+xD,, D, +
+xD, D, . '
On the other hand,

1
Va,b,c,y,ze IR[X] 2aD, D, . =

7y (1e)yU(“Dm 2z ZU(“D"«')’y (E)E

(<yab>U,_ +

t<yc>U,,.—<yac>U, —-<yb>U, —-<zab>U,6 —<zc>U,, +<zac>U, +

1
+<zb> U""’J’)(E)EK ayb>U, +<aze>U ,—<ayc>U, —<azc>U, )+

1
+Z(< yea>U, —<yba>U,  —<zca>U, +<zba> Uc,y)(zeo)Ann(IR[X])

Hence, aD,_.-xD, € D,.
Further, D’ =(D,®D,)’ =D, =D, D, =0.

The theorem is proved.

Corollary. D=M(IR[X]), where M(IR[X]) is a MacCrimmon radical of
IR[ X].

Proof. By the Theorem 6, Vd € D, zeIR[X], zU,, € Ann(IR[X]) c Z(IR[X]),

where Z(IR[X]) is an ideal of IR[X] generated by all absolute zero divisors.
That is why D < M (IR[X]). But the algebra IR[X]/D = F[X] is a nongenerated
algebra. Consequently, D = M (IR[X]) . The corollary is proved.

6. Basis of the identities of the algebrass, andy, .

Let’s find the basis of the algebra J, ,. This algebra has the basis a =a,, b=a,,

and the following multiplication table:
a’*=a, b°=b, a-b:%(a+b).

Lemma 9. Var(J,)=Var(J,,).
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Proof. Since J,, is a subalgebra J_, then Var(J,,) cVar(J,). Let’s suppose that
Var(J,,)#Var(J,). Then there exists a nonzero homogenous multilinear
polynomial f = f(x,,...,x,) € IR[X], which is an identity on J ,. It is evident
that deg f >3. Let’s decompose it over the basis of the algebra IR[ X]:

f: Z a[j<uij>Uxi’xf’

1<i<j<n
where @, € F'. Reindexing if necessary the generators of the alternation in f,

we can assume that «,, #0. Let f=f = is the value of polynomial f in

Leeer Xy =V,

the algebra J,, for x, =v,,...,x, =v,, where v, € J,, .

Let x, =a,,,x, =...=x, =a,,. Then

J— n - . n
f=Ya,<u,>U, .+ > a,<u;>U, (?)gali(alz a)+ Y oya, =
m

i=2 2<i<j<n 2<i<j<n
1 n
= Ezali(au +ay,)+ z a;a,, =0
i=2 2<i<j<n
Consequently,
n
Z a,;=0.
i=2
Similarly,
n
2 ;=0
Jj=1, j=i
Let x, = a,, +2a,,, x, =a,+3a,,,x, =...=x, =a,,. Then

f =, < Uy, > U(all+2a12)s(al+3a12) + Zali < Uy > U(a11+2a12),a” + ZaZf < Uy, > U(“n””]z)’all +

i=3 i=3
+ Z aif <uij >U“11’“H =0
3<i<j<n
By (4):
_ o) 3
<u, >U(a,1+2a12),(a,,+3a12) =(a), +2a,)(a, +3a,) = a, +5(a12 +a,)+(a, +a,)+6a, =
7a +17
= — — .
1 12
2 2
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<u, >U =(a, +2a,)-a, =2a,, +a,;

(ay+2ap;),ay
— _ B 3 5 3
<ty > Uiy zaan = (@, +3ay)-a, =a, +—(a,+ay,)=—a, +-a,;
2 2 2 2

<u; > Ua“’a” =a,-a, =a,.
Consequently,

7

a,(<a,+ a12)+2ah(2a11 +a12)+20{21( a,+—- an)"’ Z a,a, =

2 3<i<j<n

Hence,

a12(7a11+17a12)+2a1 (4a11+2a12)+2a2 (Say, +3a,)+ Y. 2a,a,=0.

i=3 3<i<j<n

Since Zal =0, we have 0512(351114—15c112)+Z:0(2 (5a,, +3a,,) + Z 2e,a,=0.

i=2 i=3 3<i<j<n

Since 205 =0, then 12a12a12+2a21(2a11)+ Z 2a,a,, =0. Consequently,

I<i<n 3<i<j<n
i#2

a,, =0 . This contradicts our assumption. This proves the lemma.

Theorem 7. The variety Var(J,,) =K is the variety of associative commutative

algebras and has the determining identity xD, =0;

The variety Var(J,,)=Var(J,,)=Var(J,)=IR and has the determining identity
(D.

Proof. It 1is obvious that Var(J,;)=K. From the chain of inclusion
Jocd,.cJ,,weget Var(J,)cVar(J,,)cVar(J,).

n,m —

From the Lemma 9 and the Theorem 5 it follows that
Var(J,,)=Var(J,,)=Var(J,)=IR. The theorem is proved.

7. Reflexive varieties of Jordan algebras

The proof of the specialty of variety IR in the Section 3 required application of
two rather complex results: description of identities of the variety Var(B,) [7]

and the specialty of the variety Var(B,) [8]. The construction basis and the
multiplication table of the algebras S[X] and /R[X] (Section 4) allow us to
easily prove the specialty of the variety IR .
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Let 991 be some homogenous variety of Jordan algebras. Let a free algebra
M[X] in 9 be a special Jordan algebra and A[.X] be some associative envelope

algebra for M[X].

There exists a natural involution * on A4[X], which acts on the monomials by

(x,...x,)" =x,...x,;, and linearly extends over the whole algebra A[X].

We will denote by HA[ X] a Jordan algebra of symmetric elements of A[X] in
regard to *. It is obvious that M[X]|c HA[ X].

Definition. The variety M is called reflexive if M[X]=HA[X] for some
associative envelope algebra A[X] of M[X].

Theorem 8. Any reflexive variety of Jordan algebras is special.

Proof. 1t suffices to prove that all homomorphic images of M[X] are special
Jordan algebras. Let’s consider the algebra J = M[X]/I and let’s prove that J
is a special algebra. In accordance with the Cohn lemma [8] it is sufficient to

show that }: () yxy"M[X]=1, where (I) ., is the ideal of the algebra A[X]
generated by the set 1.

Ll

Let fel. Then f zza.au‘b[, where ag;, b, are the monomials of A[X] or
formal units, and u, € [ . Since f € M[X], then f* = f. Consequently, in view of

reflexivity of the M, we have f :%Zai(aiuibi+b*uiai* )= h(u,X), where

h(u;,X) are Jordan polynomials of u#, and X . Therefore, f €/ and / =1. This
proves the theorem.

Corollary. The variety IR is reflexive and, consequently, it is special.

Proof. The reflexivity of IR is proved in the Proposition 3, and the corollary is
proved.

It would be interesting to describe the reflexive varieties of Jordan algebras.
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