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Introduction 

These notes are based on a s e r i e s  of lectures given 

a t  the University of California a t  Irvine i n  the spring of 

1977. My main aim was t o  show how the theory of Jordan 

algebras and, more generally, Jordan t r i p l e  systems and 

Jordan pairs,  may be applied t o  study the geometry of 

bounded symmetric domains. . 

The Jordan t r i p l e  system associated with a bounded 

symmetric domain can be described as follows. Let B be 

a bounded symmetric domain i n  V = , circled with re- 

spect t o  the origin. (This is no essential  r e s t r i c t i on  

since every bounded symmetric domain is biholomorphically 

equivalent t o  a c i rc led  domain which is unique up t o  a 

l inear  transformation.) Let k(z,w) be the  Bergman ker- 

nel function and ds2 = C hijdziGj the Bergman metric of 

B . After a l inear  coordinate change we may assume tha t  

h. . ( 0 )  = 6 .  . Define structure constants CijkQ by 
1J 1J 

and for  u,v,w E V define { u h ]  E V by 

{u;w]= c c . .  u ; w Q  
i,j ,k,a 

l ~ k b .  i j k 



3 + 
where el,--= ,en is the  standard basis  of (ea and 

u = zuiZi,  etc. Clearly t he  t r i p l e  product {uG)  is 

(P-linear and symmetric i n  u and w and C-antilinear 

i n  v (indicated by 7) . It turns out t h a t  it s a t i s f i e s  

t h e  algebraic ident i ty  

and the pos i t iv i ty  condition 

f o r  a l l  O #  u E V .  

A complex vector space V with a composition ( u h }  

as above, sa t i s fy ing  (1) and.(2) is ca l led  a pos i t ive  

hermitian Jordan t r i p l e  system (= PHJTS f o r  short).  We 

have associated with each c i r c l ed  bounded symmetric do- 

main a PHJTS. What makes t h i s  in te res t ing  is the  r e s u l t  

t h a t  t h i s  establ ishes a bi ject ion between c i rc led  bounded 

symmetric domains and PHJTSw s. 

As a typica l  example, t he  reader should keep i n  mind 

t h e  case where V = $, *(C) , p x q matrices, and B is 

* t h e  set of a l l  z E V f o r  which 1 - zz i s . p o s i t i v e  

* t- 
P 

def in i te  (where z = z and 1 is the  p x p un i t  
P 

matrix). Then the  Jordan t r i p l e  product is given by 

Let us take mother  look at  t h e  def in i t ion  of a her- 

mitian Jordan t r i p l e  system. On closer  inspection, t h i s  

turns out t o  be a composite object.  Namely, l e t  V- be 

v i i  

the complex conjugate vector space of V ; tha t  is, 

V- = V a s  abelian groups, but sca la r  multiplication 

,pv (a E @,v E V-) i n  V- is re la ted  t o  sca la r  multipli- - 
cat ion i n  V by a -v  = aor . Then the maps V -t V- and - 
V- + V which are  the ident i ty  on the  underlying abelian 

groups a re  (C-antilinear isomorphisms.which we s h a l l  de- 
- 

note by u -is u .. Also, the  t r i p l e  product {uvw] de- 

f ines  C-trilinear maps V x V- x V + V , (u, a,v) . {uav 1, 

and V- x V x V- + V- , (a,u,b) n {aub) = [zG:;63 , symme- 

tr ic i n  the  outer variables, which sa t i s fy  

fo r  a l l  u,v,w E V ,  a,b, E V- (resp. u,v,w E V-,a,b E 'f). 

This leads t o  the  following def i n i f  ion: A pair  (v+,v-) 

of vector spaces (where now V- is not necessarily the  

complex conjugate of @) together with t r i l i n e a r  maps 

9 x V-O x vU -t fl ((3 = f )  , symmetric i n  the  outer vari- 

ables and sat isfying (J), is cal led a Jordan pair.  The 

point of introducing t h i s  concept is tha t  it makes sense 

over arbi t rary base f i e l d s  o r  even r ings  (although (J) 

has t o  be supplemented by further  i den t i t i e s  i n  charac- 

t e r i s t i c  2 or  3). Every Jordan t r i p l e  system determines 

a Jordan pa i r  (v, V-) , ca l led  t he  underlying Jordan pair ,  

but different  Jordan t r i p l e  systems may have the  same un- 

derlying Jordan pa&. Remarkably enough, several  objects 

associated with a bounded symmetric domain depend only on 

the  Jordan pa i r  of the  corresponding PHJTS; f o r  instance, 

the compact dual X of a (considered a s  an algebraic 



v i i i  

variety)  o r  t h e  complexification of the  automQrphism 

group of 8 . 
Abstracting now from t h e  properties of t he  map 

V -t V- , v + 5 , we define: A hermitian involution of a 

Jordan pa i r  (Y*, V-) is a Q-antilinear isomor phism 

7 : Y* + V- such t h a t  ~ [ u a v ]  = {7u,~- la , rv l  f o r  a l l  

u,V E V' , a E V- . Then V = V+ becomes a hemi t i an  

Jordan t r i p l e  system with ( u h ]  = [u,rv,w) , arid we say 

7 is pos i t ive  i f  t h i s  Jordan t r i p l e  system s a t i s f i e s  (2). 

Thus 

PHJTS - Jordan pa i r  + posi t ive hermitian involution. 

It turns  out t ha t  every complex semisimple Jordan-pair 
, 

admits posi t ive hermitian involutions, and any two' of 

them a re  conjugate by an inner automorphism. Thus from 
t h e  c lass i f ica t ion  of complex semisimple Jordan pa i r s  one 

obtains yet  another c lass i f ica t ion  of bounded symmetric 

domains. 

H e r e  is a short  description of the  contents. After 
reca l l ing  some basic f ac t s  on bounded domains i n  $1, t h e  

P&TTS (resp. Jordan pa i r  with involution) of a c i rc led  

bounded symmetric domain is introduced i n  02. For techni- 

c a l  reasons, we define t h i s  i n  terms of t he  Lie .algebra 

of Aut(B) ra ther  thaa by t h e  fourth derivatives of the  
. . 

kernel  fuhction. We also express the  kernel function, t he  

Bergman metric, and the  curvatune tensor i n  terns of t h e  

Jordan structure.  In  $3, we develop the  algebraic machin- 

e ry  required to.dea1 with Jordan t r i p l e  systems. 

Surprisingly l i t t l e  is needed, and the proofs use only 

basic l inear  algebra. Of fundamental importance is the  

concept of t r ipotent .  We define odd powers i n  V induc- 

tively by x(') = r , x(2n+1) , *[x,&(2n-1)] An 

element e is cal led a t r ipotent  i f  e 3  = e . Thus 

t r ipo ten ts  a r e . t h e  analogues of idempotents of an algebra. 

Every x E V has a "spectral decomposition" 

where the ei are orthogonal t r ipo ten ts  and the  "eigen- 

values" Xi are  positive. Moreover, the  "spectral norm" 

1x1 = m a  hi is a norm on V . A t r ipotent  e gives 

r i s e  t o  the Peirce decomposition 

of V which l a t e r  leads naturally t o  unbounded realiza- 

t ions  of ,@ as  a Siege1 domain. In  94 ,  we prove the 

correspondence between c i rc led  bounded symmetric domains 

and PBJTS' s. The domain associated with a P&PPS V is 

simply the  open uni t  ba l l  of t he  spec t ra l  norm; i n  part i -  

cular, it is convex. It may also be described as the  s e t  

of topologically nilpotent elements of V ( re la t ive  t o  

the powers defined above). W e  a lso give a description of 

B by f i n i t e l y  many polynomial inequal i t ies ,  and t he  class- 

i f ica t ion  based on tha t  of semisimple Jordan pairs.  

In  §§5 ,6  the previous r e su l t s  are  applied t o  study 

the  s e t  I of t r ipo ten ts  of V and the  boundary of A?. 



We.show tha t  M is fibered over a compact 

metric space and parametrizes the  boundary 

R . The boundary of B is not smooth but 

hermitian sym- 

components of 

composed 

of f i n i t e l y  many submanifolds (a  %urvilinear polyhedronf'). 

We determine the normal cones of the convex body ; t he  
cones occurring here a re  the  selfdual  cones associated 

with formally r e a l  Jordan algebras. 

I n  57, we show how t o  imbed the  vector space V = @ 
of a complex semisimple Jordan pa i r  (v+,v-) i n to  a 

projective a lgebra ic .var ie ty  X . a s  a dense open 

subset, essent ial ly by adding t h e  s ingular i t ies  of the  

quasi-inverse a t  in f in i ty .  X ' is the  underlying algebraic 

variety of t he  compact dual of B . Next (QS),we show 

t h a t  t he  connected automorphism group G of X is a 

semisimple algebraic group act ing t rans i t ive ly  on X , 
and by "fractional quadratic transformationsfp on V (gen- 

. era l iz ing  the  f rac t iona l  l inear  transformations of IX) . 
The Lie algebra of G consis ts  of polynomial vector . 

f i e l d s  of degree ( 2 (when r e s t r i c t ed  t o  V) . Blso, 

we give a description of G by generators and relat ions.  

The complex group G has a r e a l  form E, whose connect- 

ed s e t  of r e a l  points is the  ident i ty  component of t he  

automorphism group of B . In  99, we show t h a t  every tri- 

potent e of V defines a one-dimensional R-split to rus  

T, of go and tha t  t he  parabolic subgroup of so de- 

f ined by g, is essent ia l ly  the  normalizer of t he  bound- 

ary component correspording 

In $10 we study pa r t i a l  Cayley transformations and 

' Siegel domain real izat ions.  In the Peirce decomposition ' 

:. (3), V2 is a complex Jordan algebra with uni t  element 

e , and moreover, V2 = A Q i A  .where A is formally 

real.  There is a hermitian positive def in i te  form F on 

V2 with values i n  V2 given by ~(u, ; )  = {uve] and an - 
of Vo . on Vl by y (z)*v = {eGz] . These data 

define a Siegel domain of type three, namely, the  s e t  Je 

of a l l  x2 8 xl 8 xo E V2 0 V1 0 V,, fo r  which X,, G B 
' 

and I M ( X ~ - ~ F ( ~ , ( I ~ + ~ ( ~ ~ ) ) - ~ ~ )  > 0 ,  pod de is iso- 

morphic with B under the  pa r t i a l  Cayley transformation 

defined by e . 
In $11, we consider r e a l  bounded symmetric domains. 

Tbey are  defined as  domains of the  form T I7 R where 

T C V is a r e a l  form of the  complex vector space V with 

.- the property t ha t  complex conjugation with respect t o  T 

leaves B invariant.  This leads immediately t o  r e a l  posi- 

: t i ve  Jordan t r i p l e  systems resp. r e a l  Jordan pa i r s  with 
. . 

. .. . . . , positive involution, and hence t o  an easy c lass i f ica t ion  

'.: of r e a l  bounded symmetric domains. Most of the  r e su l t s  
... 
. on complex domains remen valid; i n  fac t ,  some of the  con- 
... 

r '  cepts introduced for  complex domains appear more natural 

. . i n  the  r e a l  set t ing.  

. . With a few exceptions, the  r e su l t s  of these notes are 
, . .  

not new. The exist ing proofs, though, use Lie theoret ic  

, 
methods instead of Jordan theory. I have made no e f fo r t  

, -. 
t o  give c red i t  in each case, nor i s  t he  bibliography in  



x i i  

any sense complete. The Jordan theore t ic  approach t o  

bounded symmetric domains was pioneered by M . Koecher; 

i n  fac t ,  much of t h i s  work arose out of t he  attempt t o  

understand [~5]. It is a pleasure t o  acknowledge the  

mathematical debt I owe him. 

I wish t o  thank R. A. Kunze and expecially H. L. 

Resnikoff without whose support and encouragement these 

notes would probably not have been written. I am gra tefu l  
t o  t he  University of California a t  I rvine f o r  t h e i r  hos- 

p i t a l i t y ,  and t o  Lynn Addington f o r  her expert typing of 

t he  manuscript. 

80. Notations 

0.1. Let V be a finite-dimensional'complex vector space, 

and RV the underlying r e a l  vector space. The complex 

i , conjugate of V , denoted by V- , has the same underlying 

r e a l  vector space a s  V but sca la r  multiplication i n  V- 

is twisted by complex conjugation: i f  av' (resp. w v )  

. denotes sca la r  multiplication of a E C and v E V i n  

: V (resp. V )  then 

A more convenient way t o  describe t h i s  is t o  introduce 

the  maps v I+ v from V t o  V- and V- t o  V given 

by the ident i ty  on RV = R ~ -  . Then v I+ is complex 

ant i l inear  and ? = v . 1f f : V + W is a l i nea r  map of 

complex vector spaces we denote by 3 : V- -* W- t he  

complex-linear map given by 

0.2. A sesquilinear form on V may and w i l l  be considered 

as a Gb i l i nea r  form < , > : V x V- -f , writ ten <u,G> 
.I_ 

fo r  u,v E V . It i s  hennitian i f  <u,v> = <v,& and a 

(positive definite) sca la r  product i f  < u , 3  > 0 f o r  

u # 0 . The transpose of an endomorphism f of V is 



then defined 

f is 

0.3. Let B 

f* = t p  

c V be open, f : 8  +- W a differentiable map, 

and df (2) : RV + .RW the d i f ferent ia l  of f at z E B . 
Then df (2) decomposes 

where af (2) is 8-linear and zf (2) is &-antilinear ; 
- 

i .e., af (2) : V- + W is G l i n e a r  . For direct ional  de- 

r ivat ives,  we use the notations 

dvf (2) = df(z) -v ,  a,f (2) - af(zj .v,  Zvf (2) = Z?(Z)=: . 
In terms of a C-basis of V , 

af - ayf(z) = CF v j  , a,,fc~) = cS; 
3 azj j' 

Higher derivatives l i k e  

a a f (2) , auZvf (2;) , u v 

a re  defined in an obvious way. In part iculm, i f  f is 

r e a l  valued then 

hz (u,+) - a$,f (2;) 

i s  a hemi t i an  sesquilinear form on V , fo r  every z E B . 
0.4. For & as above, l e t  8- denote the  domain 8.  

considered a s  a subset of V- , with the  complex s t ruc ture  

0.3 

.. induced from V- . That is, the holomorphic functions on 

. . B- are the functions 

P(G) = rn (+ED-> 

.. where f is holomorphic on B . Then the map z I+ 

from b t o  8- is an antiholomorphic isomorphism. 

0.5. A vector f i e l d  on B w i l l  be identif ied with a map 

6 : B , 3  V . The Lie bracket of two vector f i e ld s  4 and 

q is then given by 

[ t , n ]  (2) - ag.(z)-a(z) - d q ( ~ ) * 6  (z) . 
Note that  t h i s  d i f f e r s  from the  usual co&ention by sign. 

0.6. The Lie algebra of a Lie group G is denoted by 8 

or Lie(G)  . For h E G we denote by Int(h) the inner 

automorphism g += hgh-' of G and by Ad(h) = Lie (Int (h) ) 

the d i f ferent ia l  a t  the uni t  element; i.e., the adjoint 

representation of G on Q . The adjoint representation 

of B on i t s e l f  is denoted by adx-y = [x,y] . 
0.7. Real algebraic groups and var ie t ies  a re  denoted by 

underlined symbols g , X , E(V, V-) etc. The group of 

r e a l  points of g is g(R) , its topological identi ty com- 
0 

ponent is often denoted by G =; s ( R )  . 
0.8. We follow the notations and conventious of [L5] re- 

garding Jordan algebras, pa i rs  and t r i p l e  systems. The 

.reader should be aler ted t o  the f ac t  t ha t  there are two 



d e f i n i t i o n s  of t h e  Jordan t r i p l e  product  {xyz] i n  t h e  

l i t e r a t u r e ,  d i f f e r i n g  by a f a c t o r  2. I f  ( say)  A is an 

a s s o c i a t i v e  a lgeb ra  then we de f ine  [xyz) = xyz + zyx 

whereas one o f t e n  f i n d s  Q(xyz+eyx)  a s  t h e  Jordan tri- 

p l e  product .  In  ou r  d e f i n i t i o n ,  t h e  P e i r c e  spaces  a r e  

indexed by t h e  i n t e g e r s  0, 1, 2 ( i n s t e a d  of 0, 4, 1 )  - 
a s  they should be, s i n c e  they r e a l l y  a r e  weight spaces  of 

t h e  m u l t i p l i c a t i v e  group. 

0.9. The n o t a t i o n  a .b .c  r e f e r s  t o  formuPa (c)  of  

s e c t i o n  a - b  . The n o t a t i o n  Y P i j  r e f e r s  t o  t h e  list of 

i d e n t i t i e s  of t h e  Appendix. 

$1. Bounded symmetric domains 

1.1. W e  begin by reviewing some bas i c  f a c t s  on t h e  

Bergmann ke rne l  func t ion .  Let B be a domain i n  a f i n i t e -  

dimensional complex vector  space V , l e t  p be a Haar 

measure on t h e  a d d i t i v e  group of V , and l e t  H(B) be 

t h e  s e t  of square- in tegrable  (with r e spec t  t o  !2 ) holo- 

morphic func t ions  on B . Then H(B) is c losed  i n  ~ ~ ( 8 )  

and hence is a separable  Hi lbe r t  space.  Since eva lua t ion  

a t  a poin t  w c B is a continuous func t iona l  on H(B) 

t h e r e  e x i s t s  kw E H(R) such t h a t  

f o r  a l l  f E H(B) . Choosing an orthonormal b a s i s  

v O , v l , - - -  of H(B) one s e e s  t h a t  

The Bergmann ke rne l  func t ion  k(z,w) = kw(z) is holo- 
def 

morphic on B x i3- and c l e a r l y  s a t i s f i e s  k(z,V) = k(w,I)  , 
k(z , z )  , 0 . If g is an  isomorphism of B onto  a domain 

B' i n  V with  ke rne l  func t ion  k t  then 



where Jg(z) = det(dg(z)) is the complex Jacobian of g . 

1.2. Suppose B is bounded. Then k(z,z) > 0 , and the 

formula 

defines a Kaehler metric on B , the Bergmann metric (cf. 
Helgason [H]). From 1.1.3 it follows that h is invariant 

under the group Aut(B) of biholomorphic automorphisms of 

B . It is a well-known result of Myers and Steenrod that 

the group of isometries of a Riemannian manifold is a Lie 

group in the compact-open topology. Since Aut(B) is a 

closed subgroup of the group of isometries of the Bergmann 

metric, we have the result, due to PI. Cartan, that Aut(B) 

is a Lie transformation group of B with the compact-open 

topollogy . 

1.3. A bounded domain B of V is called symmetric if, 

for every z E B , there exists an automorphism s of 
z 

period two of B , having z as isolated fixed point. 

Since sz leaves the Bergmano metric invariant, it follows 

easily that it is the geodesic symmetry around z , and 
thus B is a hermitian symmetric space in the sense of 

E. Cartan. The Bergmann metric is then complete since 

any geodesic may be extended indefinitely by repeated 

geodesic symmetries. Moreover. 2 is homogeneous 

(Aut(B) acts transitively on B ) as one sees by joining 

two given points by a geodesic and reflecting in the 

midpoint. 

1.4. A domain B of Y is called circled (with respect 

to 0 ) if 0 c B ,  and z.eit : B for all z q :  B , 

t c R .  

By 1.1.3 the Bergmann kernel function of a bounded 

circled domain satisfies k(z,w) = k(zeit,>) . For 

w = 0 it follows that k(z,O) is.constant, and applying 

1.1.1 for f = 1 we get 

1.5. Let f be a holomorphic map of a circled domain B 

into a finite-dimensional vector space W . Then the 

expansion 

of f into homogeneous polynomials around the origin 

converges uniformly on compact subsets of B , and 



For a proof s e e  H. C a r t a n [ C l ] .  Now suppose t h a t  .8 is 

bounded and t h a t  f is an isomorphism of B onto  a 

bounded c i r c l e d  domain B' i n  W , c a r r y i n g  t h e  o r i g i n  

i n t o  t h e  o r i g i n .  Then f is l i n e a r ;  more p r e c i s e l y ,  it 

is induced by a l i n e a r  isomorphism of t h e  ambient vector  

spaces .  For t h e  proof,  due t o  H. Car tan ,  l e t  g be t h e  

inve r se  of f , and d e f i n e  an automorphism h of B by 

h ( z )  = e-itg(eitf ( z ) )  , f o r  any t E: R . Then h l eaves  

t h e  o r i g i n  f ixed  and its d i f f e r e n t i a l  a t  t h e  o r i g i n  is t h e  

i d e n t i t y .  By H. C a r t a n ' s  uniqueness theorem (or ,  u s i n g  

t h e  Bergmann metr ic ,  s i n c e  it is an isometry which is t h e  

i d e n t i t y  on one tangent  space)  it fo l lows t h a t  h is t h e  

it i d e n t i t y .  This  means f (eitz) = e f (z)  and f is 

l i n e a r .  

1.6. THEOREM. Every bounded symmetric domain i n  V 2 

isomorphic a bounded symmetric and c i r c l e d  domain which 

is unique up t o  a l i n e a r  isomorphism of V . - 
This theorem was f i r s t  proved by E. Ca r t an [C2]by  a 

case-by-case v e r i f i c a t i o n ,  then  by Harish-Chandra (see  

Welgason [ H I )  u s ing  L ie  group methods. A r e l a t i v e l y  e l e -  

mentary proof which even remains v a l i d  i n  i n f i n i t e  dimen- 

s i o n s  is due t o  J-P. V i g d  [v] .  The uniqueness p a r t  is 

of course  immediate from 1.5. 

32. The Jordan p a i r  a s soc ia t ed  

wi th  a c i r c l e d  bounded symmetric domain 

2.1.  In t h i s  s e c t i o n ,  B denotes a c i r c l e d  bounded 

symmetric domain i n  a f in i te -d imensional  vector  space V . 

The automorphism group of B is denoted by Aut(B) , its 

connected component of t h e  i d e n t i t y  by Go , t h e  i so t ropy  

group of 0 i n  Go by K . The Lie a lgeb ras  of Go 

and K a r e  go and 1 r e spec t ive ly ,  cons idered  a s  Lie 

a lgebras  of holomorphic vector  f i e l d s  on B . The 

Bergmann ke rne l  func t ion  is k(z,w) , t h e  Bergmann me t r i c  

hZ(u,v) , and V is equipped wi th  t h e  hermi t ian  s c a l a r  

product 

The a d j o i n t  of f c End(V) wi th  r e spec t  t o  ho is f *  . 
By 1 .2 ,  K is a compact subgroup of GL(V) leaving t h i s  

s c a l a r  product i nva r i an t .  By 1.3 and s tandard  f a c t s  on 

Lie t ransformat ion  groups, t h e  n a t u r a l  map Go/X + B is 

an isomorphism of r e a l  manifolds.  The symmetry around 

the  o r i g i n  of B is given by s ( z )  = - z . Since K 

con ta ins  t h e  one-dimensional c i r c l e  group of a l l  t r ans -  

formations eiL1d , we have s - ei"- Id E K . 



2.2. PROWSITION. (a)  K is t h e  c e n t r a l i z e r  of s & 
Go 

(b) The c e n t r e  of Go is t r i v i a l .  

(c) go = 1 @ p where p is t h e  (-1) -eigenspace 

of Ad s go . The spaces  t and p - 
s a t i s f y  

[ t , l l  1 . [ ! ,PI  P , [p ,p l  t , AdK-p c p . 
(d) The eva lua t ion  map 5 -r 5 (0) is an isonorphism -- 

3 RV of r e a l  v e c t o r  spaces .  

Proof. Pf g s  = s g  then g(0)  = g s  (0) = sg (0 )  = - g(0)  

impl ies  g(0)  = 0 and hence g E K . The converse is 

t r i v i a l .  The c e n t r e  of Go is conta ined i n  K by ( a ) .  

But K c o n t a i n s  no n o n - t r i v i a l  subgroup of Go s i n c e  Go 

a c t s  e f f e c t i v e l y  on B . This  proves  (b) . By (a ) ,  t h e  

( t1)-eigenspace of Ad s on go is t . This  proves t h e  

decomposition go = t @ p , and s i n c e  Ad s is an auto- 

morphism of pe r iod  two of go we have ( c ) .  F i n a l l y ,  (d) 

fo l lows  from t h e  manifold isomorphism Go/K = a  . 

2.3. LEMMB. For every v E V let T v  be t h e  unique 

vec to r  f i e l d  i n  g which t a k e s  t h e  va lue  v a t  t h e  o r i g i n .  --- 
Then v - Cv(z) % a  homogeneous quadra t i c  polynomial & - 
z and is (C-anti l inear 9 v . 
h o o f .  Let q c t be t h e  vec to r  f i e l d  - 
c i r c l e  group [ e i t . ~ d ]  ; i . e . ,  q ( z )  - 2 

d t  

Then [q,Cv] E ' p  , and s i n c e  [q,gv] ( 0 )  = 

dCv(0) -q(O) = i v  , w e  have 

by 2.2. I t  fo l lows t h a t  

= 

On t h e  o t h e r  hand, l e t  - 5  (z)  = n= C 0 f n ( z )  be the  expan- 

s i o n  of 5, i n t o  homogeneous polynomials. Then b y  

E u l e r ' s  d i f f e r e n t i a l  equat ion ,  

and hence by (2) , 

It fo l lows t h a t  ((1-n12 - l ) f n  = n -  (n-2)fn = 0 and hence 

f n  = 0 f o r  n # 0,2  . Thus gv(z) = f o  + f 2 , v ( ~ )  = 

v + f Z , v ( ~ )  where we have w r i t t e n  f Z t v  i n s t e a d  of f 2  

t o  i n d i c a t e  t h e  dependence on v . Since C v  and hence 

* 2, v is R-linear i n  v it remains t o  show t h a t  

= - i f a t v  . By (1) and ( 3 ) ,  t iV = i v  t f 2 ,  iv 
- - 

f 2 , i v  

[q,:,] = iz (1-n)fn = i v  - i f2 ,v  - 

2.4.  Example. Let V be t h e  vector  space of complex 

p x q-matrices,  and l e t  

B = v 1 - t?zz p o s i t i v e  d e f i n i t e ]  , 



where 1 denotes  t h e  u n i t  ma t r ix  of t h e  appropr i a t e  s i z e  

Then B is bounded and c i r c l e d .  Let  U(p,q) denote  t h e  

u n i t a r y  group of t h e  hermi t ian  form 
- - 

ZIWl + - - ' - 
+ z T  - z  p p p+pwp+l - " - - Z ~ + q w ~ + q  on c P + ~  

and w r i t e  t he  elements of  U(p,q) i n  block form :) 
where a is p x p , b is p x q , e t c .  Then U(p,q) 

a c t s  t r a n s i t i v e l y  on B v i a  

The L ie  a lgeb ra  of U(p,q) decomposes i n t o  t '  @ p r  

where I '  c o n s i s t s  of a l l  ma t r i ces  6 i) wi th  a , b 

skew-hermitian of s i z e  p x p , q x q r e s p e c t i v e l y ,  and 

p '  c o n s i s t s  of a l l  ma t r i ces  O where v E V . 
0) 

The vector  f i e l d s  induced on B a r e  g iven by 

r e spec t ive ly .  It fo l lows t h a t  t h e  l a t t e r  vec to r  f i e l d s  

a r e  t h e  % ,,'s , and hence 

2.5. Returning t o  t h e  gene ra l  s i t u a t i o n ,  we s h a l l  w r i t e  

s o  t h a t  ~ ( z ) :  V- + V is a complex l i n e a r  map and 

Q: V -> Horn 

Hence 

(v-, V) is a homogeneous quadra t i c  polynomial. 

Q(x,z)  = Q(x + z )  - Q(x) - Q(z)  : V- + V 

is b i l i n e a r  and symmetric i n  x and z . For x , y , z  c V 

we de f ine  

{xyz] = D(x,Tj).z = Q ( x . z ) - 7  . 

Thus ixTjz) is complex b i l i n e a r  and symmetric i n  x and 

z and complex a n t i l i n e a r  i n  y , and D(x,T) is t h e  endo- 

morphism z -, {xyz} of V . In t h e  example above. 

[xT'z] = xt7z + ztyx . 

- - 
F i n a l l y ,  we de f ine  Q: V- + H O ~ ( V , V - )  , D: V- x V -> ~nd(V- )  

and { i y z ]  c V- f o r  x , y , z  c V by 

- 
Q(Z) . V  = Q(Z) - v  = Q(z) -7 

{ZyZ) = D(?I,Y) .z = rn . 

2.6. LEMMA. The following formulae hold. 

(1) [5u,5vl  = D ( U , ~ )  - D(v, ;~)  , 

(2) ~ ~ s u , s v l , s w l  = 5[uvwj - iVGW) 9 

(3) [uV{xS;zJ] - [ x ~ [ u ~ z } ?  = E{u%37z3 - Cx[%73~3 . 
(3 ) '  [ D ( U , ~ ) ,  D ( x , ~ ) ]  = D ( E U V X I , ~  - D(x,{GTI)  , 

(4)  h,({u&},E) = hO(w,{%%]) , 

(4) ' D(u,?)* = D(V,u) . 



Proof. Since Tv(z) = v - Q(z)V and Q(z) is quadra t i c  - 
i n  z , i t  fol lows t h a t  

(5) d5 (z).w = - Q(z,w) -; = - D(z,v).w . v 

Hence [SU,5,] (2) = - D(z,U)- (v-Q(z)?) + D(z,V) (u-Q(z)V) 

= D(u,T)z - D ( v , ~ ) z  + terms of degree 3 i n  z . By 2.2, 

k u , C v 1  belongs t o  t and is t h e r e f o r e  l i n e a r  i n  z . 
This  proves (I). By 2.2, t h e  l e f t  hand s i d e  of (2) is i n  

p and is the re fo re  equal t o  5, where a is t h e  value 

of t h e  vector  f i e l d  a t  0 . Now by (1) and ( 5 ) ,  

and a t  z - 0 t h i s  t akes  t h e  value  D ( U , ~ ) W  - D(v,u)-w 

Cub] - [vuw] , proving (2) .  Hence we a l s o  have 

Comparison of t h e  terms which a r e  aC-linear i n  u y i e l d s  

L inea r i ze  wi th  r e spec t  t o  z ( i . e . ,  r e p l a c e  z by  

z + x and r e t a i n  t h e  terms l i n e a r  i n  x )  t o  g e t  

This is (3)  ( a f t e r  a change of no ta t ion ) ,  and (3) ' is j u s t  

a d i f f e r e n t  way of w r i t i n g  i t .  F i n a l l y ,  s i n c e  

D(u,T) - D(v,u) i$ i n  7 it is skew-hermitian ( c f .  2 .1) :  

Comparing t h e  terms C-linear i n  u we g e t  ( 4 ) ' ,  and (4) 

is equivalent  t o  i t .  

2.7. LEMMA. g 0 # v E V and Q ( v ) ~  = kv f o r  some 

A E a: then A 3 p o s i t i v e .  

Proof. Q ( V ) ~  = &D(v,Y)v = Av says  t h a t  2k is an eigen- 

value of D(v,?) . By 2.6 ,  t h i s  t ransformat ion is s e l f -  

a d j o i n t  and hence A is r e a l .  The i n t e g r a l  curve of 5, 

through 0 is given by 

Indeed, k = ~ o s h - ~  (m t )  v and 

5,(x) = v - Q ( X ) ~  = v - t a n h 2 ( m  t ) p ( v ) T  

= (1 - tanh2 (fl t ) )  v . 
1 

If X 5 0 then x ( t )  = G? - t a n ( m  t ) v  which is un- 

bounded, c o n t r a d i c t i n g  boundedness of R . 

2.8. DEFINITION. Let V' and VV- be complex vec to r  

spaces,  and l e t  Q+: V+ + H O ~ ( V - ,  v+) and Q - :  v + ~orn(v+, V-) 



be quadrat ic  

and b i l i n e a r  

is p o s i t i v e .  We w i l l  prove i n  64 t h a t  t h i s  e s t a b l i s h e s  a  
maps. Define t r i l i n e a r  maps { 3 : f x vmo x vu +f  

one-to-one correspondence between c i r c l e d  bounded symmetric 
maps D_ : V' x V-a + ~ n d  (P) by " 

domains and Jordan p a i r s  with p o s i t i v e  hermitian involut ion 

f o r  x , z  E v*, y  E V-', (u = 2) . The p a i r  (v+,v-) 

together with the  quadrat ic  maps (Q+,Q-) is c a l l e d  a  

Jordan p a i r  i f  the  i d e n t i t y  

holds f o r  a l l  u ,x ,z  E ?, v,y E V-', o  = + . This 

d e f i n i t i o n  may be extended t o  an a r b i t r a r y  base f i e l d  (or 

even base r ing)  but then the  i d e n t i t y  ( J )  t u r n s  ou t  t o  be 

too weak t o  develop a. s a t i s f a c t o r y  theory, and has t o  be 

replaced by more complicated i d e n t i t i e s  ( c f .  [ ~ 5 , 1 . 2 ] ) .  

A s  long a s  2  and 3 a r e  i n v e r t i b l e  i n  the  base r ing ,  

however, (J)  is s u f f i c i e n t  ( c f .  [ ~ 5 , 2 . 2 ] ) .  From 2.5 and 

2.6 it is now c l e a r  t h a t  a  c i r c l e d  bounded symmetric domain 

B i n  V gives r i s e  t o  a Jordan p a i r  (v,v-) with quad- 

r a t i c  maps (Q,Q) . 
Abstracting from the  p roper t i e s  of the  complex a n t i -  

l i n e a r  map v +; from V t o  V- , we def ine:  a  hermitian 

involut ion of a  complex Jordan p a i r  is an i n v e r t i b l e  complex 

a n t i l i n e a r  map r :  V' + V- such t h a t  . I ( $ + ( x ) T ~ )  = Q-(TX) , 

f o r  a  x ,  c v . We say T is p o s i t i v e  i f  Q+(x) rx = kx 

f o r  A E C implies X > 0 f o r  a l l  non-zero x  E V+ . 
Then c l e a r l y  the  map v + of the  Jordan p a i r  (V, V-) 

associa ted with B is a hermitian involut ion and by 2.7 it 

2.9. An equivalent  way of descr ibing a Jordan p a i r  with 

hermitian involut ion is t o  introduce the  concept of 

hermitian Jordan t r i p l e  system, t h i s  being defined a s  a  

complex vector space V with a  map < > : V x V x V + V , 

(x,y,z) + <xyz> which is C-linear and symmetric i n  x  

and z  and C-ant i l inear  i n  y  , and s a t i s f i e s  (J)  (with 

{ 3  replaced by < > )  . Indeed, given a  hermitian Jordan 

t r i p l e  system, we ob ta in  a  Jordan p a i r  with hermitian 

involut ion by l e t t i n g  V+ = V, V- t he  complex conjugate 

vector space of V ,  7 t h e  canonical map v + 7 , and 

def ining Q+(x)y = <xyz> , Q-(y)x = Q+(y)z . In these  

notes,  we have p re fe r red  t o  phrase th ings  i n  terms of 

Jordan p a i r s  with involut ion because t h i s  makes it e a s i e r  

t o  quote [L5] and a l s o  because Jord k p a i r s  make sense  B 
over a r b i t r a r y  base f i e l d s ,  thus  allowing a t  l e a s t  p a r t  

of the  theory t o  be generalized. 

Returning now t o  t h e  Jordan p a i r  (v,v-) associa ted 

with B , introduce the  endomorphisms 

of V , f o r  x,y E V ( c f .  [ ~ 5 , 2 . 1 1 ] ) .  Their s ign i f i cance  

is shown by t h e  following. 



2.10. THEOREM. (a) The Bergmann kernel  funct ion of .B g 

k(x,y)  = v ( ~ ) - ' . d e t  B ( x , ~ ) - '  . 

(b) The Bergmann metric a t  0 & 

(2) h (u,F) = t r a c e  D ( u , ~ )  , 0 
and a t  an a r b i t r a r y  po in t  z c B : --- 

(3 - -1 h (u,?) = ho(B(z,z) u,;) . 

( c )  The t r i p l e  product {uvw} 2 given by t h e  four th  

logarithmic de r iva t ive  of k ( z , z )  at 0 : 

(d) The curvature  tensor  of the  Bergmann metr ic  a t  0 & 

(5) R (u,v).w = - ( u h }  + { G w }  . 0 

The proof r e s t s  on 

2.11. LEMMA. (a) K a c t s  by automorphisms of the  Jordan 

s t r u c t u r e :  

Proof. (a) By 2.2 (c) ,  Ad g leaves  p invar ian t .  Now - 
(Ad g-5,)(0) = g-SV(g-'(0)) = gv and hence Ad g-gV = 

%v 
This proves (a) i n  view of 2.5. 

(b) Using the  chain  r u l e  one sees  t h a t  it s u f f i c e s  t o  

prove t h i s  f o r  a s e t  of generators  of Go . From 2.2 and 

standard f a c t s  on Lie groups it follows t h a t  Go 
is gen- 

* -1 
era ted  by K and exp(p) . For g E K we have g = g 

- -1 
and (1) implies by l i n e a r i z a t i o n  t h a t  gD(x,y)g 

= D(gx ,E)  , proving (2) (remember t h a t  K c o n s i s t s  of 

un i t a ry  t ransformat ions) .  Now l e t  5 = T v  E p , and l e t  

(pt 
be the  one-parameter group of holomorphic automorphisms 

of B generated by 5 . Let xO,yO c B and x = x ( t )  

= (pt(xO) , y = y ( t )  = cpt(yo) the  i n t e g r a l  curves of 5 

through xo , yo . We w i l l  show t h a t  
- 

X(t) = drpt(xo)B(xo,~o)drpt(~o)* and Y(t)  = ~ ( x ( t ) , m )  

s a t i s f y  the  same d i f f e r e n t i a l  equation with the  same 

i n i t i a l  condi t ion X(0) = Y (0) = B ( X ~ , % )  and a r e  there- 

f o r e  i d e n t i c a l .  We have ; = < (x) , and d i t  (xO) 

= d5 ( x ( t ) )  'drpt(xO) . Hence X(t)  s a t i s f i e s  the  d i f f e r -  

e n t i a l  equation 

d 
NOW Y = Tii. ( ~ d  - D(x,Y) + Q(x)B(Y)) = - D ( x > ~ )  - ~ ( x , ? )  + 

+ Q(x,k)Q(Y) + Q(x)Q(Y,$) - - D(v-&(x)v,y) - D ( x , y - W v )  + 
- + ~(x,v-Q(X);)Q(Y) + &(x)Q(y,v-Q(y)~)  . On t h e  other  hand, 

d5(x) = - D(x,?) (cf .  2.6.5) and hence 

dg (x) - Y  + Y . ~ S  (Y)* = - D ( X ~ ? ) B ( X , ~  - B(X,Y)D(Y,T;)* . 
By expanding, using D ( ~ , T ) *  = ~ ( v , ? )  and the  i d e n t i t i e s  

JP4, JP9, JP13, we see  + = d<(x)-Y + Yed$(y)* . This 

proves the  Lemma. 



2.12. Proof of 2.10. 

(a) By taking determinants in 2.11.1 it follows that 

det B(X,?)-' transforms like k(x,y) under Go . Since 

k(x,O) = p(B)-I and det B(x,O) = I,, homogeneity of B 

under Go implies 2.10.1 for x = y . Since both sides 

are holomorphic functions on the B x b- agreeing on the 

diagonal whose complexification is B x .B- , they agree 

on B x B .  
- 

(b) By definition, ho(u,v) = a 7 log k(z,z) lz,O , and 
u v 

by (a), we may replace k by det B-I . Since det ~(z,;) 

is holomorphic in z and antiholomorphic in w , ho(u,v) 

is the coefficient of EF in the power series expansion of 

log det B(EU,G)-' where E and 6 are complex para- 

meters. computing modulo E2 and ti2 , we have 

log det B(EU,G)" s log det (Id - ETD(U,T))-I 

= log (1 + EX trace D(u,~ ) 

= ET trace D(u,~) . 
Writing now hg(u,T) = ho(~(z)u,?) where A(z) E End(V) 

is positive definite and self-adjoint, we have A(0) = Id 

and the Go-invariance of h means that dg ( z )  * .A(g (z) ) -dg(z) 
= A ( Z )  , for z E B , g c G~ . NOW A(Z) = B(Z,;)-' by 

homogeneity of B and the Lemma. 

( 1  BY (D), a w a 7 o z = B , ,  . AS 
- 

before, we have to compute the coefficient of €6 in 

ho(~(cu,~)-1vt9~) : 

(d) The curvature tensor of a symmetric space at a point 

0 is given by Ro(u,v)-w = - [[G,G],f](O) where 5 is 

the unique "infinitesimal transvection" taking the value 

v at 0 (cf. [ ~ 2 ,  vol. 11). In our case, these trans- 

vections are just the vector fields Cv , and hence (d) 

follows from 2.6.2. 



63. Tripotents  and Peirce  decomposition 

3.1. In t h i s  sec t ion ,  Y V  denotes a f i n i t e  dimen- 

s iona l  Jordan p a i r  over C . To s impl i fy  notat ion,  we 

s h a l l  wr i t e  V = V+ and of t en  drop subscr ip t s  + on the  

quadratic operators  Q(x)y = %y , and t h e i r  l i n e a r i z a t i o n s  

D(x,y)z = Q(x,z)y = {xyz) . The d e f i n i t i o n s  and notat ions  

of [ ~ 5 ]  w i l l  be adopted; f o r  convenience, we list some of 

them. A homomorphism (f , f - )  : (v,v-) + (w,w-) of Jordan 

p a i r s  is a p a i r  of C-linear maps f :  V + W , f - :  V- + W- 

s a t i s f y i n g  fQ(x)y = Q(f  (x))f-(y) and f-Q- (y)x 

= Q-(f-(y))f(x) . Automorphisms, subpairs,  and d i r e c t  

products a r e  defined i n  the  obvious way. The automorphism 

group of (v,v-) is denoted by ~ u t  (V,Y-) ; it is an 

a lgebraic  subgroup of GL(V) X GL(V-) . The Lie algebra 

of ~ u t  (v,v-) is t h e  de r iva t ion  algebra D ~ ~ ( v , v - )  , 

cons i s t ing  of a l l  (A,A-) E End(V) x ~ n d ( v - )  which s a t i s f y  

AQ(x)y = Q(x,Ax)y + & ( ~ ) A - Y  and A-Q_(Y)X = Q-(Y,A-Y)~ 

f Q-(y)Ax . By l inea r iza t ion ,  t h i s  is equivalent with 

A[xyz] = [Ax,y,z] + [x,A-y,z) + {x,y,Az] and the  analogous 

formula f o r  A- . Define endomorphisms of V and V- by 

B(x,Y) = Id - D(x,Y) + Q(x)Q-(y) . B-(Y,x) = Id - D-(y,x) 

+ Q-(y)Q(x) . Then i f  B(x, y) is i n v e r t i b l e  so is B-(y,x) , 

and 



is an automorphism of (v,v-) , c a l l e d  an inner  auto- 

morphism. The subgroup of A U ~ ( V , V - )  generated by the  

P (x,y) is denoted lnn(V,Vq) ; i t  is a normal connected 

a lgebraic  subgroup. The Lie a lgebra  of Inn(V,V-) is 

spanned by the  inner de r iva t ions  

For more d e t a i l s  see  [ ~ 5 , ~ 6 ]  

3.2 .  Let now T :  x + ? be a hermitian involut ion of 

(v,v-) , a s  defined i n  2.8. Thus f may be i d e n t i f i e d  

with the  complex conjugate vector space of V , and f o r  
- 

every f E End(V) we have f  E ~ n d ( ~ - )  given by 
- - 

f (2) = f  (x) . Then 7 induces a complex conjugation 

( i - e . ,  a Galois act ion of the  GaPois group of C/R) on 

Aut (V, V-) by (f , f - )  -t (y-,T) . whose f ixed  point  s e t  may 

be i d e n t i f i e d  (by p ro jec t ion  onto t h e  f i r s t  f a c t o r )  with 

the  group Aut(V) of a l l  f  e GL(V) s a t i s f y i n g  

f o r  a l l  x,y E V . In o the r  words, T def ines  an R- 

s t r u c t u r e  on the  complex a lgebraic  group AU~(V,V-)  

whose group of r e a l  po in t s  is Aut(V) . Similar  remarks 

apply t o  ~ n n ( ~ ,  V-) , anal we denote by Inn(V) the  group 

of r e a l  po in t s  of Inn(V,vq) , considered a s  a subgroup of 

Aut(V) . The Lie algebra Der (V) of Aut (V) is  the  

s e t  of a l l  A E ~ n d ( ~ )  with 

AQ(X)? = Q ( X , A X ) ~  + Q ( x ) y  

f o r  a l l  x,y E V . In p a r t i c u l a r ,  it follows from the  

Jordan identit .y t h a t  

(1) i ~ ( x , x )  E Der (V) and D ( x , ~ )  - D(Y,?) F Des(V) 

f o r  a l l  x,y E V . 

3.3. The odd powers of an element x e V a r e  defined by 

x ( l )  = x, x(3) = Q(,),, . . . ,x(2n+l) = Q ( ~ )  x7=n 

We say x is n i lpo ten t  i f  = 0 f o r  n s u f f i c i e n t l y  

l a rge .  One shows by induction (c f .  [MI]) t h a t  

Note t h a t  these  powers depend on t h e  involut ion T , not 

only on t h e  underlying Jordan p a i r .  In p a r t i c u l a r ,  T 

p o s i t i v e  means t h a t  x ( ~ )  = Xx implies h > 0 f o r  x # 0 ,  

and hence the re  a r e  no n i lpo ten t  elements d i f f e r e n t  from 

zero ( the  converse is f a l s e ) .  



3 . 4 .  PROPOSITION. Let  t h e  i n v o l u t i o n  7 p o s i t i v e  

(more gene ra l ly ,  assume V c o n t a i n s  non-zero n i l p o t e n t  

e lements) .  Then Aut(V) % compact, and t h e r e  e x i s t s  a n  

Aut(V)-invariant  p o s i t i v e  d e f i n i t e  he rmi t i an  s c a l a r  product  

on V such t h a t  t h e  a d j o i n t  of D ( x , ~ )  & - 

Proof ( c f .  [P3 ] ) .  Let  m(T,x,y) = .g 
1=0 

be t h e  gene r i c  minimum polynomial of t h e  Jordan p a i r  

(v,v-) ( c f .  [ ~ 5  $161). The mi(x,y) a r e  polynomial 

f u n c t i o n s  on V x V- , homogeneous of b idegree  ( i , i )  , 

i n v a r i a n t  under Aut (v,v-) , and  t h e  r o o t s  of m(T,x,y) 

and t h e  minimum polynomial P , ,~(T)  co inc ide  [ ~ 2 ,  Prop. 1 1 .  
By [ ~ 5 , 1 6 . 5 ]  it is c l e a r  t h a t  px,,(T) is a  power of T 

and hence mi(x,?) = 0, i = 1;--,s, i f  and on ly  i f  x  

is n i l p o t e n t .  S ince  t h e r e  a r e  no nonzero n i l p o t e n t  

elements by assumption,  t he  R-homogeneous polynomials  
- 

f i (x )  = mi(x,x) on R V  have no n o n - t r i v i a l  common ze ro ,  

and they  a r e  i n v a r i a n t  under Aut(V) . By [ ~ 3 ,  Lemma 71 

t h e  subgroup of GLCRV) l eav ing  t h e  f i  i n v a r i a n t  is 

compact, and hence s o  is Aut(V) . Choose now a  p o s i t i v e  

d e f i n i t e  hermi t ian  s c a l a r  product  on V which is Aut(V)- 

i n v a r i a n t .  Then Der(V) c o n s i s t s  of skew-adjoint t r a n s -  

format ions ,  and 3 .2 .1  imp l i e s  t h a t  D (x,:) is  s e l f  - ad jo in t .  

Now t h e  a s s e r t i o n  fo l lows by l i n e a r i z i n g  and comparing 

terms C- l inear  i n  x  . 

3.5.  Remark. The cond i t i on  D(x,y)* = D ( Y , ~ )  is equiv- 

a l e n t  t o  t h e  " a s s o c i a t i v i t y "  

The proof shows t h a t  any Aut(V)- invar iant  hermi t ian  

s c a l a r  product  (not  n e c e s s a r i l y  p o s i t i v e  d e f i n i t e )  is 

a s s o c i a t i v e  i n  t h i s  s ense .  Conversely. any a s s o c i a t i v e  

s c a l a r  product  is i n v a r i a n t  under Inn(V) but not  

neces sa r i l y  under Aut (V) . 
Suppose V admits  a non-degenerate Aut(V)-invariant  

hermi t ian  s c a l a r  product  <,> . Then <.> d e f i n e s  a  

non-degenerate b i l i n e a r  form V x V- + II: which is invar-  

i a n t  under A U ~ ( V , V - )  ; i . e . ,  <fx,f-y> = <x,y> f o r  a l l  

(x,y)  E V x V-, (f , f - )  E Aut (v,v-) . Indeed, t h i s  is  

t r u e  f o r  t h e  r e a l  subgroup { ( f , T )  I f  E Aut(V)} whose 

complex i f i ca t ion  is Aut(V,V-) , and hence fo l lows  by 

a n a l y t i c  con t inua t ion .  A s  a  consequence, 

f -  = tf-l 

( t h e  t ranspose  be ing  de f ined  a s  i n  0 .2) ;  i n  p a r t i c u l a r ,  t h e  

p r o j e c t i o n  onto  t h e  f i r s t  f a c t o r  ~ u t  (v,v-) + GL(V) , is 

i n j e c t i v e .  

3.6. A ( l i n e a r )  Jordan a lgeb ra  is a  vec to r  space  A w i th  

a commutative b i l i n e a r  m u l t i p l i c a t i o n  xy s a t i s f y i n g  

2 2 
x  b y >  = x(x  Y)  



where x2 = xx . (Over f i e l d s  of c h a r a c t e r i s t i c  2 o r  

3 o r  over  a base r i n g ,  t h i s  d e f i n i t i o n  has t o  be  

modified:.) I t  is  o f t e n  convenient  t o  a l s o  u s e  t h e  c i r c l e  

product  

xoy = (xcy)2 - x2 - y2 = 2xy . 

W e  de f ine  l i n e a r  maps P(x) :  A + A which a r e  quadra t i c  

i n  x by 

2 2 
P(x)Y = 2x(xy) - x y = -$(xo(xoy) - x oy) . 

Our s tandard  r e fe rence  f o r  Jordan a lgeb ras  is [B-K]. 

Every Jordan a lgeb ra  g ives  r i s e  t o  a Jordan p a i r  by 

s e t t i n g  V+ = V- = A and Q+(x)y = Q(x)y = P(x)y  . This  

is immediate from well-known i d e n t i t i e s  f o r  Jordan alge- 

b ra s .  On t h e  o t h e r  hand, l e t  (v,v-) be a Jordan p a i r ,  

and le t  a E V- . Then t h e  vec to r  space V becomes a 

Jordan a lgebra ,  denoted by v ( ~ )  , with  

C i r c l e  product and P-operators a r e  given by 

For t h e  proof see [L5,1.9]. 

3.7. Let  A be a r e a l  Jordan a lgebra ,  and l e t  z* =x - i Y  

denote t h e  complex conjugate  of z = x + i y  E Aa: = A @ i A  , 
t h e  complexi f ica t ion  of A . Then t h e  Jordan p a i r  (v,v-) 

= (A , A  ) c a r r i e s  a hermi t ian  invo lu t ion  g iven by 
IT c 

T ( ~ )  = Z* ; i n  o t h e r  words, w e  have 

f o r  z,w F V = A . This  fo l lows e a s i l y  from t h e  f a c t  t h a t  

z + z* is an a n t i l i n e a r  automorphism of per iod  2 of t h e  

Jordan a lgebra  Ac . The Jordan p a i r  with invo lu t ion  obta ined 

i n  t h i s  way is c a l l e d  t h e  h e r m i t i f i c a t i o n  of A . 
We say A is formally real i f  x2 + y2 = 0 impl ies  

x = y = 0 . In t h i s  ca se ,  t h e  invo lu t ion  def ined above is 

p o s i t i v e .  Indeed, suppose Q ( z ) ~  = ~ ( z ) z *  = hz f o r  z E A C .  

Let o be t h e  t r a c e  form of AC , given by o(x)  = t r a c e  

(y + xy) . Then o is a s s o c i a t i v e  and p o s i t i v e  d e f i n i t e  on 

A i n  t h e  sense  t h a t  o (  (uv)w) = o (u(vw)) and o(x2) > 0 

f o r  0 # x E A ( c f .  [B-K]). I t  fo l lows t h a t  o ( ( ~ ( z ) z * ) z * )  

* 2 
= ~ ( ( z z  ) ) = ho(zz*) and zz* = x2 + y2 E A f o r  

z = x + i y  . Since A is formal ly  r e a l  w e  g e t  A > 0 

f o r  z # 0 . 

3.8. An idempotent i n  a Jordan p a i r  (V,V'-) is a p a i r  

(a ,b)  E V x V- such t h a t  Q(a)b = a and Q(b)a = b . 
Note t h a t  t h i s  means i n  p a r t i c u l a r  t h a t  a2  = a i n  t h e  

Jordan a lgeb ra  vcb) . An idempotent de f ines  a one- 

dimensional t o r u s  i n  I ~ ~ ( v , v ' - )  by t + B(a, ( I - t )b )  

( t  E c*) , c f .  [~5,§5]. The s e t  I of idempotents is  

c l e a r l y  a subva r i e ty  of V X V- and i t  can be  shown t o  be 

smooth. Now l e t  7 be a hermi t ian  invo lu t ion  of (V,V-) . 
If (a ,b)  is an idempotent then  s o  is  (Ti,a), and thus  T 



def ines  an R-structure on I . The s e t  of r e a l  po in t s  is 

t h e  s e t  of a l l  idempotents of the  form (a,a) and thus  

may be i d e n t i f i e d  (by project ion onto the  f i r s t  f a c t o r )  

with the  s e t  M of t r i p o t e n t s  of V., where e E V is 

c a l l e d  a t r i p o t e n t  i f  eC3)  = e . Clear ly  ~ u t  (v,v-) 

a c t s  on I , the  ac t ion  is compatible with the  Galois 

ac t ion  defined by T , and Aut(V) a c t s  on M . 

3.9. LEMMA. For t r i p o t e n t s  c and e of V Lhe following 

condi t ions  are equivalent .  

( i i )  ~ (e , ; )  = 0 ; 

( i i i )  ( cze )  = 0 ; 

If they hold then D ( c , ~ )  and D(e,e) commute and e + c - 
is  a t r i p o t e n t .  -- 
Proof. Clear ly  ( i )  implies ( iv )  and ( i i )  implies 

( i i i )  . Assume t h a t  ( iv )  holds.  Then by JP4 , 

2Q(e)c = (eze] = ( e ~ e ( ~ ) ]  = D ( e , c ) ~ ( e ) e  = &(e){=] = 0 . 
Hence by the  Jordan i d e n t i t y ,  [D (e ,e)  .D (e ,c)  ] = D ({eee] ,c) 
- D(e,{eec]) = 2D(e,c) = - [D(e, ; ) ,~(e ,e)]  = - D({eEe],e) 

+ D (e, {Fee] > = 0 which proves ( i i )  . By interchanging 

the  r o l e s  of c and e we s e e  t h a t  a l l  four  condi t ions  

a re  equivalent.  F ina l ly ,  [D(e,e), D(c,e) ] = ~ ( { e z c ] , ? )  

- D ( c , { G ] )  = 0 and (e + 1 2 ) ' ~ )  = eC3) + c ( ~ )  + g ( e ) c  

+ &(c>Z + {e&] + {cze] = e + c . 

3.10. Two t r i p o t e n t s  c and e a r e  c a l l e d  orthogonal 

i f  they s a t i s f y  the  condi t ions  of 3 - 9 .  I t  is easy t o  show 

t h a t  t h i s  is  equivalent with the  orthogonality of the  

idempotents (c,E) and (e , e )  of (v, V-) i n  the  sense 

of [ ~ 5 , 5 . 1 2 ] .  

A r e a l  subspace W C V is c a l l e d  flat i f  { w ~ w ]  C W 

and {xyz] = (yxz] f o r  a l l  x ,y ,z  E W . F l a t  subspaces 

a re  t o t a l l y  r e a l  i n  the  sense t h a t  W f l  i W  = 0 , provided 

V contains  no n i lpo ten t  elements d i f f e r e n t  from zero.  

Indeed, i f  x and i x  a re  i n  W then 2 i ~ ( ~ )  = [ ix ,x ,x ]  
- 

= {x , ix ,x )  = - ~ i x ( ~ )  . (The term " f l a t "  is suggested by 

the r e l a t i o n  with the curvature tensor ;  c f .  2.10). For 

example, the  R-linear span of the  powers x,xC3) , x ( ~ ) ,  . -. 
of x E V is f l a t  by 3.3.3. 

3.11. THEOREM. Let (V,V-) a Jordan p a i r  with a posi- 

t i v e  hermitian involution, and l e t  W C V be f l a t .  Then - 

where the  e i  are pairwise  orthogonal non-zero t r i p o t e n t s ,  -- 
uniquely determined up t o  s ign  and order.  Conversely, any 

subspace of t h i s  form is f l a t .  

Proof. Let S c EndR(W) be t h e  R-linear span of a l l  

D ( x , ~ )  I W where x E W . Note t h a t  D(x,y) I W belong t o  

S f o r  a l l  x,y E W s ince  2D(x,y)z = D(x + y , x + y ) z  

- D(x,x)z - D(y,y)z by f l a t n e s s  of W . Choose a s c a l a r  



product  a s  i n  3 .4 .  By t a k i n g  t h e  r e a l  p a r t  of i t  and 

r e s t r i c t i n g  t o  W , we o b t a i n  a Euclidean s c a l a r  product  

on W such t h a t  S c o n s i s t s  of t h e  s e l f a d j o i n t  t r ans -  

format ions .  Furthermore,  S is commutative s i n c e  

[ ~ ( x , z ) ,  D ( Y , ~ )  1 = { ~ X Z Y ) , ~ Z ~  - ( x , ( x Z y ) , z ]  = 0 f o r  

x , y , z  c W by f l a t n e s s  of W . By a s t anda rd  r e s u l t  of 

l i n e a r  a lgeb ra ,  S may be s imul taneous ly  d i agona l i zed .  

Hence t h e r e  e x i s t s  a b a s i s  el, - - . , e n  of W such t h a t  

f e i  E Rei f o r  a l l  f E S . In p a r t i c u l a r ,  e i 3 )  

- 1 - 
- 2D(ei ,ei)e.  = hei and X > 0 by p o s i t i v i t y .  Replacing 

- h 
ei by A 2ei w e  may assume t h a t  e .  is a t r i p o t e n t .  

- - 
For i # j we have r e . e . e . 1  = D(ei ,e i )e .  

1 l J  J 
= D(e . , e i ) e i  E Reei  n R - e .  = 0 and hence t h e  e .  J J a r e  

mutually or thogonal .  If c = CAiei is a t r i p o t e n t  i n  W 

t hen  c = c ( ~ )  = z X 3 .  imp l i e s  ii = 0, ~l . Fmm t h i s  i 1 

i t  fo l lows e a s i l y  t h a t  t h e  
ei  a r e  unique up t o  s i g n  and 

o rde r .  The l a s t  s ta tement  is immediate from 3.9.  

3.12. COROLLARY. Every x E V can  be w r i t t e n  uniquely  

where t h e  ei  are p a i r w i s e  or thogonal  non-zero t r i p o t e n t s  -- 
which a r e  r e a l  l i n e a r  combinations of powers of x , and ---- 
t h e  X i  s a t i s f y  - 

Proof.  Apply 3 .11  t o  t h e  r e a l  subspace W spanned by - 
t h e  powers of x . Then x = Alel+ - - a  +Anen wi th  r e a l  

X i  , and a f t e r  permutat ion and s i g n  change w e  may assume 
. By o r thogona l i t y  of t h e  e i  , 

t h a t  0 ( X I  5 . . 5 'n 

t h e  powers of x a r e  

S ince  t h e  powers of x span W t h i s  imp l i e s  ( 2 ) .  Now 

suppose t h a t  

w i th  non-zero or thogonal  t r i p o t e n t s  c .  J and p1 < - . - <  )Im. 

Then x (2k+1) = P1 2k+lcl + . . . + p r l c m  , and a Vandermonde 

argument shows c .  J E W . Hence t h e  c j  from a b a s i s  of 

W , and by 3.11, t h e  c j agree  w i th  t h e  ei  up t o  s i g n  

and o rde r .  But now t h e  i n e q u a l i t i e s  on t h e  c o e f f i c i e n t s  

imply c .  1 1  = e .  and X i = p i .  

We c a l l  (1) t h e  s p e c t r a l  decomposition and t h e  X i  

t h e  e igenva lues  of x . 

3 .P3. THEOREM. (Pe i r ce  decomposition) Eet (v,v-) a 
Jordan p a i r  w i th  he rmi t i an  invo lu t ion  T , and le t  e be 

a t r i p o t e n t  of V . - 

(a)  V decomposes 

(1) V = v2 @ V1 ce vo 

is t h e  a-eigenspace of ~ ( e , e )  . The where Va = Va(e> -- 



Va are orthogonal 9 r e spec t  t o  any a s s o c i a t i v e  s c a l a r  

product and s a t i s f y  the mul t ip l i ca t ion  r u l e s  

In p a r t i c u l a r ,  (Va,Va) 2 5 T-invar iant  subpair .  - 
(b) V2 2 5 complex Jordan a lgebra  with m u l t i p l i c a t i o n  

xy = ${xey} and u n i t  element e . The map z + z* = &(e)E 

is  a complex a n t i l i n e a r  automorphism of per iod 2 of the  - 
Jordan a lgebra  V2 . -- 
(c) The f ixed  point s e t  A = A(e) of t h e  map z -, z* 

is 2 r e a l  Jordan a lgebra ,  and V2 = A @ i A  is t h e  - -- 
h e r m i t i f i c a t i o n  of A ( c f .  3 .7 ) .  T % p o s i t i v e  then 

A formally real. 

Proof. (a) Associated with any idempotent (a, b) of a - 
Jordan p a i r  (v,v-) we have t h e  Pe i rce  decomposition 

V = V2 @ Vl @ Vo, V- = V; @ V; @ V; , where t h e  
Va ( resp .  

V; ) a r e  t h e  weight spaces of t h e  a*-action on V ( resp.  

V- ) given by t -+ B(a, ( l - t )b )  ( resp.  t + B-(b, ( l - t ) a )  ) . 
Also, Va is contained i n  t h e  a-eigenspace of D(a,b) , 
and s i n c e  t h e  c h a r a c t e r i s t i c  of t h e  base f i e l d  is not 2 

we have equa l i ty  (see  [~5,5.4]). I f  a = - e , it 
follows e a s i l y  t h a t  V; = . Thus (a) fo l lows from 

(Y 

[ ~ 5 , 5 . 4 ]  and 3.5. 

(b) For zjw c V2 we have zw = ${zew} E V2 by (2) and 

ez  = ${eez} = z . By 3.6, V2 is a Jordan a lgebra  with 

u n i t  element e . Moreover, by JPl2,  

Hence z + z* is a n t i l i n e a r  and of period 2, To show 

t h a t  it preserves  t h e  Jordan product i t  s u f f i c e s  t o  ve r i fy  

* 2 2 * 
t h a t  (z ) = (z ) . Now (z2)* = Q(e)Q(z)B 

* 2 
&(e)Q(z)&(e)e  = &(&(e)z)  -< = ~ ( z * ) ;  = (z ) , by JP3. 

( c )  Clear ly  V2 = A 8 i A  , and P(Z)W* = Q(z)~(z )w*  
** 

= &(z)Q(e)&(e)w = &(z)% s ince  w = w = &(e)G(Z)w and 

hence w = q(;)&(e)w . Therefore (v2,ViiZ) is t h e  

he rmi t i f i ca t ion  of A . Suppose r is pos i t ive ,  and 

choose a p o s i t i v e  d e f i n i t e  hermitian s c a l a r  product <,> 

on V a s  i n 3 . 4 .  Then f o r  x,y E A we have 

This shows t h a t  A is formally r e a l .  

For orthogonal systems of t r i p o t e n t s ,  we have 

3.14. THEOREM. && el;-' , en  orthogonal t r i p o t e n t s  

V =  L v . .  
o<i<jjln IJ 



( d i r e c t  sum of subspaces) where 

The spaces  V . .  a r e  orthogonal with r e s p e c t  t o  any associ -  - 1J - 
a t i v e  s c a l a r  product .  I c  {I ; - - ,n ]  and e l =  C e .  -- 

I I 

then t h e  Pe i rce  spaces  of e I  a r e  g iven by --- 

We have t h e  m u l t i p l i c a t i o n  p& --- 

and a l l  .other types  of p roduc t s  a r e  zero.  --- 
Proof. See [L5,5.14]. - 

- 
Here y I j  = Q(e)yij e = el i . + en . This - 
follows by s t r a igh t fo rward  computation from 3.13 and 

3 .l4. The d e t a i l s  a r e  l e f t  t o  t h e  reader  (d i s t ingu i sh  

t h e 4 c a s e s  i = j > O , l ( i < j s n .  i = O < j ,  

i =  j = O ) .  

3.16. COROLLARY. A hermitian involut ion 7 p o s i t i v e  

i f  and only if t r a c e  ~ ( x , ? )  > 0 f o r  a l l  0 # x c V . -- 
In  t h i s  case ,  <x,y> = t r a c e  D(x,y) is an a s s o c i a t i v e  

Aut(V)-invariant hermitian s c a l a r  product.  

Proof. Suppose T is p o s i t i v e ,  and l e t  0 # x E V . 
Then 3.12 and 3.15 imply x = C hiei wi th  p o s i t i v e  A i  , 

2 
and t r a c e  D(x,z) 2 2 C k i  , s ince  e .  E V.. . Conversely, 1 11 

assume x ( ~ )  = Xx , X E (I! . If X = 0 then one shows, 

us ing JPP3 and JP4 t h a t  D (x,x13 = 0 . Hence t r a c e  D (x,x) = 0 

which impl ies  x = 0 . If x # 0 then A # 0 and (h-'x,~) 

is an idempotent of t h e  Jordan p a i r  (V,V-) . Hence t h e  

eigenvalues of D(A-'X,G) a r e  0,1,2 . This shows t h a t  

the  eigenvalues of D(x,x) a r e  O,h,2h , and thus  

t r a c e  D(x,?T) is a p o s i t i v e  i n t e g e r  mul t ip l e  of X . 
Therefore X > 0 . For t h e  l a s t  a s s e r t i o n ,  note  t h a t  

D(fx,-) = fD(x,y)f-I  f o r  f s Aut(V) which shows t h a t  

t r a c e  D(x,y) is Aut(V)-invariant and hence a s s o c i a t i v e  

( c f .  3 . 5 ) .  

3.17. THEOREM. (V, V-) a Jordan p a i r  wi th  a p o s i t i v e  

hermitian involut ion.  For every x e V 1x1 denote t h e  



l a r g e s t  eigenvalue of x (cf . 3.12). Then I .  I is an 

Aut(V)-invariant norm on V , c a l l e d  the  s p e c t r a l  norm, 

with the  following p roper t i e s .  -- 
(a) ~ x ( ~ ) [  = /x13 and IQ(x)yj '(  1 x 1 ~ 1 ~ 1  . 

(b) / x  1 = \\Q(X) 11 = 6 [ID ( x , ~ )  1 1  , where t h e  operator  norm 
/If 11 for f E End (RV) 9 computed r e l a t i v e  t o  some 

assoc ia t ive  s c a l a r  product <,> V a 
1 

/ I f  l l  = supf llfxll I llxll - 1 1  , and Ilxl/ = < x , a 9  . 
(c) (U,U-) is 5 r - invar iant  subpair  of V then - 
t h e  norm of an element x E U is the same whether com- ----- 
puted i n  U o r  i n  V . 

(d) f (v,v-) & a d i r e c t  product of Jordan p a i r s  

(Vp, v;) pcJ (V2, v;) then the  norm of x = (x1,x2) E V1 x V2 

is max(lxll, Ix21> . - 
Proof. From 3.12 it is c l e a r  t h a t  1 . 1  i s  Aut(V)-invariant 

and s a t i s f i e s  a l l  p roper t i e s  of a norm except t h e  t r i a n g l e  

inequa l i ty .  The l a t t e r  is equivalent  t o  the  convexity of 

the  closed u n i t  b a l l  B = {x E V I 1x1 < 1) . Pick an 

Aut (V)-invarian-t inner  product <x,y> on V (cf . 3.4) . 
Let x = Alep + - - -  + A e be t h e  s p e c t r a l  decomposition n n 
of x so  t h a t  1x1 = A n .  By 3.15.1, 1x1 5 1  i f  and 

only i f  2Id - ~(x,:) is p o s i t i v e  semidef ini te  with 

respec t  t o  the  s c a l a r  product <,> ; i . e . ,  

f (x) = < ~ ( x , x ) y , y >  < 2 f o r  a l l  y E V such t h a t  
Y - 

<y,Y> = P . By 3.15.1, ~ ( x , ? )  is p o s i t i v e  semidef ini te ,  

and hence f y  is a pos i t ive  semidef ini te  quadratic form 

on R V  . I t  follows from the Cauchy-Schwarz inequal i ty  

t h a t  the s e t s  {x  E V I f y  (x) 2) a r e  convex, and hence 

so is B , being t h e i r  in te r sec t ion .  This shows t h a t  1.1 

is a norm on V . From 3.15 it is c l e a r  t h a t  we have (b) .  
3 

The f i r s t  formula of (a) follows from x ( ~ )  = k3e 1 1  + . - + Anen . 
For the  second, use (b) and JP3 and the  inequal i ty  

\lfg\! 5 \If I ! -  j i g ] !  f o r  the  operator norm: 

(Note here t h a t  the  l i n e a r  map Q(x) = f :  V- + V may be 

considered a s  an R-linear map from R V  i n t o  i t s e l f  and 

therefore  \if I /  makes sense.  Also, t h e  conjugate map 
- 
f :  V + V- (cf .  0.1) has the  same norm a s  f ) .  Final ly ,  

(c) and (d) follow immediately from the  de f in i t ions .  

3.68. A s  an appl icat ion,  we have a kind of funct ional  

calculus  f o r  Jordan p a i r s  with pos i t ive  involution. Let 

f ( t )  be an odd complex-valued funct ion of the  r e a l  

va r iab le  t , defined f o r  (tl  < p . For every x E V 

with 1x1 < p def ine  f ( x )  E V by 

where x = Apel+ - - -  +Anen is t h e  s p e c t r a l  decomposition. 

If g ( t )  and h ( t )  a r e  a l s o  odd functions of t then 



one checks (under obvious assumptions on t h e  domains and 

ranges) t h a t  

f ( x ) l  < ol f o r  

i c  and the  power 

around 0 con- 
- 

s e r i e s  expansion f ( t )  = 2 a t2"+l of f 
s=0 2- 

verges f o r  I t'l < P I  then 2 a x(2n+1) converges t o  
n=O n 

f ( x )  f o r  1x1 < P I  ; i n  p a r t i c u l a r ,  f ( x )  is r e a l  a n a l y t i c  

f o r  1x1 < p l  . This follows e a s i l y  from 1x(2n+1) I 
= 1x12n+1 . Moreover, we have 

3.19. PROPOSITION. f ( t )  is r e a l  a n a l y t i c  for It 1 < p 

then the  funct ion x + f ( x )  is r e a l  ana ly t i c  on t h e  domain -- 
f x  f v I 1x1 < P I  - 
Proof. By considering r e a l  and imaginary p a r t ,  we may assume - 
t h a t  f is r e a l  valued. Then f can be extended uniquely 

t o  a holomorphic funct ion i n  a neighborhood of the  open r e a l  

i n t e r v a l  (-p,p) i n  C . For 0 < p '  < p we can f i n d  a 

c losed rec tang le  R c U! , p a r a l l e l  t o  the  r e a l  ax i s ,  con- 

t a i n i n g  the  closed i n t e r v a l  [ -p ' ,p r ]  i n  its i n t e r i o r ,  and 

such t h a t  f is holomorphic on a neighborhood of R . Since 

f is odd, Cauchyrs i n t e g r a l  formula shows t h a t  

f o r  a l l  t E [ -p ' ,p ' ]  - If x = C X . e .  E V and 
J J 

1x1 5 p '  then 

- 
Let V be the  complexification of R V  and l e t  

"B? + ~ n d ( ? )  be the  complex extension of the  r e a l  poly- 

nomial map x + B(x,)E) from R V  i n t o  End(RV) . Similar ly  

extend the  r e a l  polynomial map x -t x (3) from R~ i n t o  

i t s e l f  t o  a complex polynomial map z + z [ 31  of . By 

a simple computation using or thogonal i ty  of t h e  
e j  * We 

have 

Hence we can extend x + f ( x )  t o  a holomorphic funct ion ? 

on a neighborhood of Ex E V I 1x1 5 p r )  i n  ? by 

This completes t h e  proof.  



$4 .  Correspondence between bounded symmetric domains 

and Jordan p a i r s ;  c l a s s i f i c a t i o n  -- 

4.1. THEOREM. Let 3 be a c i r c l e d  bounded symmetric 

domain. Then B is t h e  open u n i t  b a l l  of t h e  s p e c t r a l  

norm of t h e  a s soc ia t ed  Jordan p a i r  wi th  involut ion.  9- --- 
verse ly ,  g iven a Jordan p a i r  wi th  p o s i t i v e  hermit ian  in- 

volut ion,  t h e  open u n i t  b a l l  of t h e  s p e c t r a l  norm is & 

c i r c l e d  bounded symmetric domain whose a s soc ia t ed  Jordan -- 
p a i r  is t h e  given one. 

We f i r s t  e s t a b l i s h  some Lemmas. Recal l  t h a t  a 

Riemannian manifold is c a l l e d  l o c a l l y  symmetric i f  t h e  

l o c a l  geodesic symmetry s around every point  p is a 
P 

l o c a l  isometry. I f  a l l  l o c a l  symmetries extend (necessa r i ly  

uniquely) t o  g loba l  i sometr ies ,  we speak of a Riemannian 

symmetric space. The following Lemma goes back t o  E. Cartan.  

4.2. LEMMA. && I: a K i l l i n g  vector  f i e l d  on a lo call^ 

symmetric Riemannian manifold, and assume t h a t  

ds  . C - s p  = - C f o r  some point  p . Then t h e  i n t e g r a l  curve 
P 

of through p 9 5 geodesic.  - 
Proof.  Let  cpt be t h e  l o c a l  one-parameter group generated 

by < , and l e t  x ( t )  = vt(p) be t h e  i n t e g r a l  curve of 5 

through p . Since 5 is Ki l l ing ,  vt c o n s i s t s  of l o c a l  



i some t r i e s  and t h e r e f o r e  s = s - -1 
x ( t )  ( P t ( p ) - w ' S p O ' P t  

The assumption on 5 imp l i e s  t h a t  s p ( x ( t ) )  = x ( - t )  . 
It fo l lows t h a t  

By d i f f e r e n t i a t i n g  wi th  r e s p e c t  t o  t '  a t  t r  = 0 w e  s e e  

t h a t  x ( t )  s a t i s f i e s  t h e  d i f f e r e n t i a l  equa t ion  

where v  = x(0)  = 5 (p) . On t h e  o t h e r  hand, l e t  y ( t )  be 

t h e  geodesic through p  wi th  i n i t i a l  vec to r  v  . Then 

$ ( t /2 )  is obta ined from v by p a r a l l e l  t r a n s p o r t  along 

y ( t )  , and s i n c e  s (t/2) is an  isometry,  d s  
y  ( t / 2 )  ' V  is 

ob ta ined  from d s  *; ( t /2)  = - ; ( t /2)  by p a r a l l e l  

t r a n s p o r t  along y ( t )  . This  shows t h a t  

and hence x ( t )  and y ( t )  s a t i s f y  t h e  same d i f f e r e n t i a l  

equa t ion  wi th  t h e  same i n i t i a l  cond i t ion  x (0 )  = y(0) = p 

The Lemma fol lows.  

4.3. LEMMA. Let (v,v-) a  Jordan p a i r  w i th  p o s i t i v e  

hermi t ian  invo lu t ion ,  and f o r  v  E V d e f i n e  t h e  vec to r  

f i e l d  S v  V & 

Then t h e  i n t e g r a l  curve of C v  through 0  is def ined f o r  -- 
a l l  t and is given by - 

(where tanh: V + V is def ined a s  i n  3 .18 ) .  

Proof.  Let v  = hle l+  ..- +inen be t h e  s p e c t r a l  decom- 

pos i t i on .  Then we have x(0)  = 0 and 

& = A. c o s h - 2 ( ~ i t ) e i  . By o r thogona l i ty  of t h e  e i  , 

4.4. LEMMA. With t h e  no ta t ions  assumptions of 4.3, let 

B be t h e  open u n i t  b a l l  of t h e  s p e c t r a l  e, and pick  an  

Aut (V)-invariant  s c a l a r  product  < , > V (cf . 3 . 4 ) .  

Then 

(1) 
- -1 

hZ(u,?) = < B(z,z)  - u , v >  

de f ines  a hermit ian  me t r i c  on B with r e spec t  t o  which 

t h e  vector  f i e l d s  5, are K i l l i n g  vector  f i e l d s .  The --- 
geodesic symmetry around 0  % SO = - Id ; it is a 
g loba l  isometrx. 

Proof,  From 3.15 and t h e  defixiitbofi of t h e  s p e c t r a l  norm 

it is c l e a r  t h a t  B ( z , ~ )  is p o s i t i v e  and s e l f a d j o i n t  

r e l a t i v e  t o  < , >  . Thus (1) d e f i n e s  a  hermi t ian  me t r i c  

on B . An easy computation shows t h a t  a  vec to r  f i e l d  5 



is K i l l i n g  i f  and on ly  i f  

where * denotes  t h e  a d j o i n t  r e l a t i v e  t o  < ,>  . For 

= 2, we have d t  ( z )  = - D ( z  ,;) and hence d! (z)* 

= - D(v,Z)  . The l e f t  hand s i d e  of  (2)  is - D(S(z ) , z )  

- D ( Z , Z ) )  + Q(Z,S  (z))Q(Z) + Q(Z)Q(Z,S (2 ) )  . NOW (2) 

fo l lows by a s t r a i g h t  forward computation, by expanding 

both s i d e s  and us ing  t h e  i d e n t i t i e s  JP4, JP9, and JPl3 .  

From B ( z , ~ )  = B(-z,-z) it fo l lows  t h a t  z -t -z is an  

isometry and s i n c e  its only  f i x e d  po in t  is 0 , it is t h e  

geodes ic  symmetry. 

4.5. Proof of 4.1. Suppose B is a c i r c l e d  bounded sym- 

me t r i c  domain i n  V ,  and l e t  5 v  be a s  i n  2.3.  Then g v  

s a t i s f i e s  t h e  hypotheses of 4.2 (with p = 0 )  . Now 

Sv(z)  = v - &(z)T by d e f i n i t i o n  of t h e  Jordan s t r u c t u r e  

a s s o c i a t e d  wi th  B and by 4.3, t h e  geodes ic  through 0 

w i th  i n i t i a l  vec to r  v is  given  by Expo(tv) = t a n h ( t v )  . 
Since  the Bergmann me t r i c  is complete, B = Expo (V) . 
The f u n c t i o n  tanh  is a r e a l  a n a l y t i c  diffeomorphism of Pi 

on to  t h e  open i n t e r v a l  1 1 . It fo l lows  from 3 .I8 and 

3.19 t h a t  x -t tanh(x)  is a r e a l  a n a l y t i c  diffeomorphism 

of V o n t o  [x E V I 1x1 < 11 . and hence B is t h e  open 

u n i t  b a l l  of  t h e  s p e c t r a l  norm. 

Conversely,  l e t  now B be t h e  open u n i t  b a l l  of t h e  

s p e c t r a l  norm o f  a Jordan p a i r  w i th  p o s i t i v e  i n v o l u t i o n .  

C lea r ly  B is bounded and c i r c l e d .  From 4.3 aqd t h e  pro- 

p e r t i e s  of t anh ,  every po in t  of B l i e s  on an  i n t e g r a l  

curve of some vec to r  f i e l d  S v  and t h e s e  i n t e g r a l  cu rves  

a r e  def ined  f o r  a l l  t E R . Since t h e  C v  a r e  K i l l i n g  

by 4.4, i t  fo l lows  t h a t  every po in t  of B has  a neighbor- 

hood which is i some t r i c  t o  a neighborhood of 0 . Again 

by 4.4, B is l o c a l l y  symmetric. By 4.2, t h e  geodes ics  

through 0 a r e  p r e c i s e l y  t h e  i n t e g r a l  curves  through 0 

of t h e  C v  and a r e  t h e r e f o r e  def ined  f o r  a l l  t 6 R . 
This  shows t h a t  B is complete a s  a Riemannian manifold 

( c f .  [HI, p.58,  ema ark]). S ince  K i l l i n g  vec to r  f i e l d s  on 

a complete Riemannian manifold a r e  complete, t h e  holomorphic 

vec tor  f i e l d s  S v  gene ra t e  g l o b a l  one-parameter groups of 

holomorphic automorphisms of 8 , and t h e r e f o r e  B is 

homogeneous. Being symmetric around 0 , it is symmetric 

around every  po in t  by homogeneity. F i n a l l y ,  it is c l e a r  

t h a t  t h e  vec to r  f i e l d s  T v  a r e  p r e c i s e l y  t h e  vec to r  f i e l d s  

used  i n  $2  t o  d e f i n e  t h e  Jordan s t r u c t u r e  a s s o c i a t e d  wi th  

B . Hence t h e  Jordan p a i r  a s soc i a t ed  wi th  B is t h e  g iven  

one, and our proof is  complete. 

4.6. COROLLARY. A c i r c l e d  bounded symmetric domain is 

convex. 

4.7. COROLLARY. The domain a s soc i a t ed  wi th  an involu t ion-  

i n v a r i a n t  subpa i r  (w,w-) of (v,v-) * 8. fl W where B 

is t h e  domain a s s o c i a t e d  with v . The domain associ -  --- 
a t e d  wi th  a d i r e c t  product  of Jordan p a i r s  is t h e  d i r e c t  -- - 



product of t h e  domains a s soc ia t ed  wi th  t h e  f a c t o r s .  

This fo l lows immediately from p r o p e r t i e s  of t h e  s p e c t r a l  

norm (3.17 (d) ) . 

4.8.  COROLLARY. The exponent ia l  Expo : V  + B of t h e  

Bergmann me t r i c  a t  t he  o r i g i n  is a r e a l  a n a l y t i c  d i f f eo -  

morphism ~ i v e n  by Expo (v) = tanh (v) . I t s  i nve r se  is 

x + a r t anh(x )  . The non-zero t r i p o t e n t s  of V a r e  pre- 

c i s e l y  t h e  l i m i t  p o i n t s  of geodes ic  ray_s emanating from 

t h e  o r i g i n .  - 
Proof .  The f i r s t  a s s e r t i o n  was proved i n  4.5. The second 

fo l lows from 3.18.2. F i n a l l y ,  i f  v = C A . e  is t h e  s p e c t r a l  
J j 

decomposition then l i m  Exp(tv) = l i m z  t anh (1  . t ) e j  = z e j  
t-fm t- J 

is a t r i p o t e n t  and obviously every t r i p o t e n t  can be obta ined 

i n  t h i s  way. 

4.9. COROLLARY. With t h e  n o t a t i o n s  of 2 .1  and 3.2, we have: 

(a)  Aut (V) is t h e  i s o t r o p x  group of 0 & Aut (B) and K 

is t h e  i d e n t i t y  component of Aut(V) . In p a r t i c u l a r ,  -- 
f = D e r  (V) . 
(b) Go is r e a l  a n a l y t i c a l l y  diffeomorphic with R V  x K 

under t h e  m_ap (v, k)  + exp (5 ) . k . -- v 

Proof .  (a)  Since Aut (V) p re se rves  t h e  s p e c t r a l  norm, it 

is conta ined i n  Aut(B) . Conversely, t h e  same argument 

a s  i n  t h e  proof of 2.11(a) shows t h a t  an automorphism of 

B f i x i n g  t h e  o r i g i n  (which is l i n e a r  by 1 . 5 )  belongs t o  

0 Aut (V) . Now = Aut(V) n Go con ta ins  Aut (V) , and s i n c e  

B 1 Go/K is simply connected,  K is connected and we have 

e q u a l i t y .  

(b) C lea r ly  t h i s  map is r e a l  a n a l y t i c .  Its r e a l  a n a l y t i c  

i nve r se  is  g + (v  , exp(Tv)-'g) where v = a r t a n h ( g ( 0 ) )  .. 

4.10. W e  now wish t o  c l a s s i f y  c i r c l e d  bounded symmetric 

domains up to  isomorphism. Suppose f : & + B' is an 

isomorphism between two such domains. Af ter  composing f 

wi th  a s u i t a b l e  automorphism of B' we may assume t h a t  

f (0) = 0 . Then f is l i n e a r  by 1.5. Also, it w i l l  

p r e se rve  t h e  vector  f i e l d s  T v  ; i . e . ,  f o t v  = ? ' f ( v ) ~ ~  

f o r  a l l  v E V . This shows t h a t  f ( ~ ( x ) ? )  = Q '  ( f  ( x ) ) f o  , 

and hence f : v + V V is an isomorphism of 

t h e  a s soc ia t ed  Jordan p a i r s  which commutes wi th  t h e  invalu- 

t i o n s  i n  t h e  sense  t h a t  ~ ' . f  = T-7 . Conversely, such an 

isomorphism w i l l  map R isomorphically cnnto B' , s i n c e  it 

p rese rves  s p e c t r a l  norms. Thus we a r e  reduced t o  c l a s s i f y -  

i ng  Jordan p a i r s  wi th  p o s i t i v e  invo lu t ion .  The f i r s t  

observat ion  is t h a t  such a Jordan p a i r  is necessa r i ly  

semisimple. Semisimplici ty is def ined by t h e  vanishing of 

t h e  r a d i c a l .  There a r e  var ious  k inds  of r a d i c a l s  f o r  Jordan 

p a i r s  ( c f .  [~5,84]) bu t  they  a l l  agree  i n  t h e  f i n i t e  - 
dimensional ca se .  The one most e a s i l y  descr ibed i n  our  

s i t u a t i o n  is t h e  n i l r a d i c a l ;  t h a t  is, t h e  s e t  of a l l  x E V 

which a r e  n i l p o t e n t  i n  every Jordan a lgeb ra  v'") , a E V- 

( c f .  3 . 6 ) .  I f  7 is an i n v o l u t i o n ' t h e n  one checks e a s i l y  

t h a t  t h e  n-th power of x in ,,(TX) x(2n+l) . If 



is p o s i t i v e  t h e r e  a r e  no n i l p o t e n t  elements d i f f e r e n t  from 

ze ro  and hence V is semisimple. 

4.11. A Jordan p a i r  (v, V-) is cal l -ed  simple i f  t h e  Q - 
opera to r s  a r e  non- t r iv i a l ,  and i f  it con ta ins  no proper 

i d e a l s .  Here an i d e a l  of (v,v-) is a  p a i r  1 1 of 

subspaces such t h a t  { IV-V] + {VI-V] c I and ( I-VV-] 

+ V I V  c 1- . By [ ~ 5 , 1 0 . 1 4 ]  a  f in i te-dimensional  

semisimple Jordan p a i r  is t h e  d i r e c t  sum of simple i d e a l s  

which a r e  unique up t o  order .  A s  a  consequence, every 

i d e a l  of a  semisimple Jordan p a i r  has a  unique complement. 

The corresponding concept f o r  domains is t h a t  of 

i r r e d u c i b i l i t y .  A c i r c l e d  bounded symmetric domain B is 

c a l l e d  i r r e d u c i b l e  i f  i t  is not isomorphic t o  a  d i r e c t  

product B' x .8" of lower-dimensional c i r c l e d  bounded 

symmetric domains. If  B is not  i r r e d u c i b l e  then c l e a r l y  

t h e  a s soc ia t ed  Jordan p a i r  (v,v-) is  t h e  d i r e c t  product 

of t h e  Jordan p a i r s  a s soc ia t ed  wi th  8' and B" and hence 

is not simple.  Conversely, l e t  I ,  1 be an  i d e a l  of 

(v, Q-) and (J, J-) t h e  complementary i d e a l .  I f  we can 

show t h a t  they a r e  s t a b l e  under t h e  invo lu t ion  T ( i . e .  

~ ( 1 )  - I- and T ( J )  = J-) then by 4.7, .8 is  not  i r r e -  

- ducbble . Assume x  E I and x  = TX E J- . Then 

2xC3) = (x,x,x] E I n J = 0 , and by p o s i t i v i t y ,  x  = 0 . 
Simi la r ly ,  J fl T-'(I-) = 0 . Since t h e  i d e a l  (T-'(I-) , 

~ ( 1 ) )  is  t h e  sum o f .  its i n t e r s e c t i o n s  wi th  (I, I and 

(J,J-1 we have I = I . Therefore,  we s e e  t h a t  B 

is i r r e d u c i b l e  i f  and only i f  (V,V-) is s imple ,  and we now 

have t o  c l a s s i f y  simple Jordan p a i r s  wi th  p o s i t i v e  involut ion.  

This  amounts t o  j u s t  c l a s s i f y i n g  simple Jordan p a i r s  by t h e  

following 

4.12. THEOREM. Every semisimple complex Jordan p a i r  (v,v-) 

admits 5 p o s i t i v e  hermitian involut ion.  Pf T1 and T 2  

a r e  two such invo lu t ions  then t h e r e  e x i s t s  an automorphism --- 
(f , f - )  F AU~(V,V- ) '  such t h a t  ?l ' f  = f - J 2  - 
Proof. By t h e  preceding remarks, it s u f f i c e s  t o  prove t h i s  

f o r  (V,V-) simple.  The ex i s t ence  of a  p o s i t i v e  involut ion 

w i l l  be proved below (4.14) by a  case-by-case v e r i f i c a t i o n .  

(A proof avoiding t h e  c l a s s i f i c a t i o n  is a l s o  poss ib le  by 

choosing a  s u i t a b l e  Cartan involut ion of t h e  Koecher-Tits 

a lgebra  of ( v ) ) .  Now l e t  ~ ~ , ' r ~  be p o s i t i v e  hermitian.  

involut ions ,  l e t  K = ~ u t  (v,v-)' , and l e t  Ki(i = 1 , 2 )  be 

t h e  group of r e a l  p o i n t s  of t h e  R-structure def ined by Ti 

on N ( c f .  3 . 2 ) ;  i . e . ,  

xi = [ ( f , f - )  E H 1 f -  = ri-f-r;'] . 
By 3.4 ,  Ki 

is compact, and is t h e r e f o r e  a  maximal compact 

subgroup of H . By conjugacy of maximal compact subgroups, 
-1 -1 

t h e r e  e x i s t s  (g,g-) 6 H Such t h a t  Kl = (g,g-).K2' (g , g- ) 

(componentwise ope ra t ions ) .  Let ? = g -- T2-g-' . Then one 

checks t h a t  T is a  p o s i t i v e  involut ion,  and t h e  maximal 

compact subgroup.of H defined by T is a l s o  K1 . 
After  r ep lac ing  T~ by T we may the re fo re  assume 

t h a t  TI  and r 2  de f ine  t h e  same maximal 



4.10 

compact subgroup K of H . Since a  Car tan  i n v o l u t i o n  is 

uniquely determined by t h e  maximal compact subgroup it 

de f ines ,  w e  have i l . f  - 7;' = ~~-1- i ; '  and r;'.f-- il 

= .ri'.f - 7  - f o r  a l l  ( f , f -1  E H ; i n  o t h e r  words, 

- 1 -1 (h,h-) = ( i l  - , r2 ,  T1.T2 ) belongs t o  t h e  c e n t r a l i z e r  of 

H i n  GL(V) x GL(v-1 . By t h e  Lemma below, (h,h-) 

= ( a -1d ,d1 -  Id) with u  c B , o r  T~ = ail . Choose a  

non-zero t r i p o t e n t  e r e l a t i v e  t o  . Then 

Q ( e ) - i 2 e  = Q(e)aT e  = z ~ ( e ) - T  e  = z e  , and s i n c e  
1 1 i2 is 

a  p o s i t i v e  invo lu t ion ,  u  = > 0 . Now ( f , f - )  

- 
= ( a i - ld ,  a ' -1d)  i H and ~ = . f  = f-mi 

2  - 

4.13. LEMMA. (v, V-) a  simple Jordan p a i r  over an 

a l g e b r a i c a l l y  c losed  f i e l d  k . Then t h e  c e n t r a l i z e r  of 

lnn(v,Vq) & GL(V) x GL(v-1 c o n s i s t s  of a l l  

(a.Id,a-'-ld> , k .  

Proof.  Suppose (h, h-) c e n t r a l i z e s  ~nn(V,  V-) . Pick a - 
frame E =  ( ( ep , e ; ) , - - - , ( e r , e , ) )  of (v,v-) ( c f .  [ ~ 5 ,  

10.121). S ince  t h e  Pe i r ce  spaces  of E a r e  weight spaces  

of t h e  t o r u s  of I ~ ~ ( v , v - )  def ined by E ( [ ~ 5 ,  $51) and 

V.. = k . e .  
- - 

11 ., V.. = k e e i  , we have he .  = a - e .  
11 - 1 1 1 and 

h-ei = a i l e i  . By conjugacy of frames ([~5,17.1]) we can 

permute t h e  ( e i , e i )  by inne r  automorphisms. Hence 

a. = a .  = a 
1 3  f o r  a l l  i , j  . Thus (h,h-) is of t h e  form 

?u~d,a-'Id) when r e s t r i c t e d  t o  t h e  Car tan  subpa i r  

(zVii9 C V ~ ~ )  , and by [~5,15.15 1 everywhere. 

4.14. We now go through t h e  list of simple complex Jordan 

p a i r s  ( [ ~ 5 , 1 7 . 4 ] ) ,  e x h i b i t i n g  i n  each case  a p o s i t i v e  

hermi t ian  invo lu t ion .  

= I  . v = v- = M ( c )  , complex p  x q-matrices. 
P ,4  P.9 

11, . v = v- = A ~ ( C )  . a l t e r n a t i n g  (= skew-symmetric) 

complex n  x n-matrices 

111, . V = V4 = Sn(B) , symmetric complex n x n- 

ma t r i ces .  

In t h e s e  3 cases ,  t h e  Jordan p a i r  s t r u c t u r e  is given by 

t 
g(x)y  = x. y  .x  (matrix product ) .  A p o s i t i v e  invo lu t ion  is 

- 
T(X) = x (complex conjugate  ma t r ix ) .  Indeed, suppose 

t- t- 2  
Q(x).T(x) = X -  X.X = A X  where A E C . Then (x.  x )  

t- 
= ). ( X . ~ T )  , and s i n c e  x .  x  is p o s i t i v e  semidef i n i t e  

hermi t ian ,  it fo l lows ( f o r  i n s t ance  by t ak ing  t r a c e s )  t h a t .  

k > o  f o r  x f  0 

IVn . V = V- = cn , with  Q(x)y = q(x,y)x - q ( x ) - y  

where q  is a  non-degenerate quadra t i c  form on cn and 

q(x,y) = q(x+y) - q(x)  - q(y) . After  a  change of b a s i s ,  

2  
w e  may assume t h a t  q  (x) = < x ,x  > = C xi , and then  

q(x,y) = 2< x ,y  > . A p o s i t i v e  invo lu t ion  is given by 

- 
T(X) = x (complex conjugat ion  i n  each v a r i a b l e ) .  Indeed, 

assume t h a t  x  + 0 and Q(x)-~; = 2< x,Z>x - < x ,x>Z = Ax , 

h E C . Then i f  < x , x >  = 0 , w e  have A = 2< x;z> > 0 

and i f  < x , x >  # 0 , it fol lows by t ak ing  t h e  s c a l a r  product  

wi th  x  t h a t  2< x , r > <  x , x >  - < x , x > < x , 3  = <x,%> <x,x> 

= X<x,+ , hence A = < x , a  0.. 



V. V = V- = M1,2((Dc) , 1 x 2 -matr ices  w i th  e n t r i e s  

from t h e  complex 8-dimensional Cayley a l g e b r a  Og: , wi th  

Q(x) y  = X.- ( t y - x )  . There - denotes  t h e  ( e - l i nea r )  

canon ica l  i n v o l u t i o n  of Og: . 
VI. V = V- = H (0 ) , 3 x 3  -matr ices  w i th  e n t r i e s  3 e 

from (DC , which a r e  he rmi t i an  wi th  r e s p e c t  t o  t h e  canon ica l  

i n v o l u t i o n ;  i . e . ,  they  s a t i s f y  % = x . The Jordan s t r u c -  

t u r e  is t h e  one induced from t h e  Jordan a l g e b r a  H3((DC) ; 
2 t h u s  Q(x)y = $(xo(xoy) - x oy) where xoy = x 'y  + y - x  . 

Note t h a t  t ype  V may be imbedded i n t o  t ype  V I  by 

A p o s i t i v e  i n v o l u t i o n  f o r  t h e s e  two c a s e s  is  given  by 

T(X)  = X , complex con juga t ion  r e l a t i v e  t o  t h e  r e a l  Cayley 

d i v i s i o n  a lgeb ra  0 . Since  t h e  above imbedding commutes 

w i th  7 , it s u f f i c e s  t o  prove t h i s  f o r  t ype  V I .  Here 

t h e  f i x e d  p o i n t  s e t  of T is t h e  r e a l  Jordan a lgeb ra  

A = H3((D) which is known t o  be fo rma l ly  r e a l  ( c f .  [B-IC]); 

and hence If3(@@) is t h e  h e r m i t i f i c a t i o n  of  A i n  t h e  s ense  

of  3.7. Therefore  T is p o s i t i v e .  

4.15. W e  now d e s c r i b e  t h e  domains a s s o c i a t e d  wi th  (v,v-) 

and T i n  more d e t a i l .  This  w i l l  be done i n  te rms o f  t h e  

gene r i c  minimun polynomial of (V,V-) f o r  which we r e f e r  t o  

[ ~ 5 , 6 1 6 ] .  S u f f i c e  it t o  say  he re  t h a t  t h e  gene r i c  minimum 

polynomial 

of  a  semisimple Jordan p a i r  is a  monic polynomial i n  t h e  

indeterminate  T  wi th  c o e f f i c i e n t s  mi(x,y) which a r e  

polynomial f u n c t i o n s  on V . V- . homogeneous of b idegree  

i . The degree  r is t h e  rank of (V.V-) . If 

(V,V-) is s imple  then  t h e  polynomial func t ion  d e t  B(x,Y) 

on V x V- is a  power of a  unique i r r e d u c i b l e  polynomial 

func t ion  N(x,y) , normalized such t h a t  N(0,O) = 1 . 
c a l l e d  t h e  gene r i c  norm of (v ,v- )  . I t  is r e l a t e d  t o  t h e  

gene r i c  minimum polynomial by N(x,y) = m ( l , x , y )  , and hence 

we can  recover  m(T,x,y) from N(x,y) by m(T,x,y)  

= T ~ - N ( T - ' ~ , ~ )  . 

4.16. PROPOSITION. Let (v,v-) & a  Jordan p a i r  wi th  

p o s i t i v e  i nvo lu t ion  T : X  -f 7 . Define polynomial f u n c t i o n s  

f  J . ( j  = 1 , - . - , r )  V x V- 

. r-i 

1=0 

where t h e  mi a r e  t h e  c o e f f i c i e n t s  of t h e  gene r i c  minimum -- 
polynomial, and r is t h e  rank of (v,v-) . Then ) x  1' 

- 
is t h e  l a r g e s t  r o o t  of m(T,x,x) , and t h e  domain associ -  

a t e d  wi th  (v,V-) and T 



Proof. Let x E V . Bydecomposingthe t r i p o t e n t s  occurring 

i n  the  s p e c t r a l  decomposition of x i n t o  p r imi t ive  ones, 

we may assume t h a t  x = A e -+. - .  tXrer  where ( e l , - - - , e r )  11  

is a maximal orthogonal system of pr imit ive  t r i p o t e n t s  
- - 

(cf .  $ 5 ) .  Then ( ( e l , e l ) , . - . , ( e r , e r ) )  is a frame of 

(V,V'-) and (c,c-) = (CVii, CvYi) is  a Cartan subpair  

( [ ~ 5 , 1 5 . 9 ] ) .  The r e s t r i c t i o n  of m(T,x, y) t o  (c,c-) is 

given by 

where x = CAiei ,  y = Cpiei ( c f .  [~5,16.15,16.16]) .  

In p a r t i c u l a r ,  the r e a l  polynomial 

2 has r o o t s  lhll ;.., I X r I 2  , and 1x1 = maxi l ~ ~ 1 , . . . ,  l h r l l  
i f  and only i f  a l l  r o o t s  of f (T) a r e  l e s s  than one. Let 

g(T) = f  (T + 1) . Then a l l  r o o t s  of f  a r e  l e s s  than one 

i f  and only i f  a l l  r o o t s  of g a r e  negative.  But a r e a l  

polynomial a l l  of whose r o o t s  a r e  r e a l  w i l l  have only nega- 

t i v e  r o o t s  i f  and only i f  a l l  i ts  c o e f f i c i e n t s  a r e  p o s i t i v e .  

Since f (T) = g (T-1) , the  c o e f f i c i e n t s  of g a r e  t h e  

c o e f f i c i e n t s  of t h e  expansion 

of f (T)  i n  powers of T - I : 

r-j r 
= A (r-j ) ! [E a f  -J i=0 & ( - l ) ' m , ( x , ~ ) ~ ~ - '  ] T + l  = 

j i r-i = (-1) (r-j)mi(x,T) = f .  ( ~ ~ 3  - 
i=O J 

This completes the  proof 

4.17. Let us  now work out the domains associa ted with the  

Jordan p a i r s  l i s t e d  i n  4.14. 

-1 The transpose x + tx is an isomorphism: I - 
P74 ' p,9-  Iq,  P ' 

so we assume p 5 q . Then t h e  rank is p , and the  generic 

minimum polynomial is 

t m(T,x,y) = det  (T-1 - x -  y) . 

Hence lx 1 is t h e  l a r g e s t  eigenvalue of x e t ~  , and B 

c o n s i s t s  of a l l  x e M ( f o r  which 1 - x - %  is 
P,q 

pos i t ive  d e f i n i t e .  

1 . The gener ic  minimum polynomial is t h e  square 

roo t  of det(T.1 - xmty)  : 

de t  (T-1  - x s t y )  = -m(T,x,y) 
2 

where r = [$jj is the  rank. Again 1 x 1 ~  is the  l a r g e s t  

- 
eigenvalue of X - ~ F  = - x-x , and B is the  s e t  of a l l  

x E An((C) such t h a t  1 -F x? is pos i t ive  d e f i n i t e .  



I I I n  . The generic minimum polynomial is 

- 
1 x 1 ~  is the  l a r g e s t  eigenvalue of . x - t ~  = x - x  , and B 

- is the  s e t  of a l l  x E Sn(C) such t h a t  1 - x.x is 

p o s i t i v e  d e f i n i t e .  

IV, . The gener ic  minimum polynomial is 

with the  conventions introduced i n  4.14. By 4.17, 

f l (x ,y)  = 2 - q(x,y) = 2 - ( f  - < x , y > )  and f2 (x ,y )  

= N ( ~ , Y )  = 1 - 2 < x , y >  + < x , x > < y , y >  . Hence B is the  

s e t  of a l l  x E en f o r  which 

< x , # >  < 1 and 1 - 2 < x , x >  + l<x ,x>12  > 0 .  

V . The gener ic  minimum polynomial is  

where 

m, ( x , ~ )  - t (xlY1 + x2Y2) , 

m2(x,y) = n(xl)n(y1) + n(x2)n(y2) + t ( ( z1x2) (F2~g) )  , 

f o r  x - (xIJx2) and y = (yl,yZ) i n  M l j Z  (Oc) - Here 

n(a)  = aii and t ( a )  = a + a r e  norm and t r a c e  of 
='$ 

and " is the  canonical involut ion (Note: t h e  formula f o r  

the  gener ic  norm given i n  [ ~ 5 , 1 7 . 9 ]  is wrong; t h e  cor rec t  

one is obtained by imbedding V i n t o  V I  and r e s t r i c t i n g  

the gener ic  norm of V I  ) . For a E (Dc l e t  a* = % = % 
where - is conjugation with respect  t o  0 . Then by 4.16, 

B cons i s t s  of a l l  (a,b) E M1,2(8c) which s a t i s f y  

and 1 - t ( aa*  + bb*) + ~ n ( a )  l 2  + 1n(b)l2 + t ( ( ~ b ) ( b * ~ ) )  > 0 .  

VI . The generic minimum polynomial is 

where n is the  gener ic  norm of the  Jordan algebra 

H ~ ( Q ) ~ )  , t (x ,y)  = - a x a Y log n(z) l a z e  (e  the  u n i t  element), 

# 
and x is the  "adjoint" defined by t (x*, y )  = a Y n(x) 

(cf .  [ ~ 5 , 1 7 . 1 0 ]  and [Mc]). Denote conjugation with respect  

t o  H3 ( 0 )  by - . Then by 4.16, B is the  set of a l l  

x E H3(OC) f o r  which 

4.18. F ina l ly ,  we remark t h a t  t h e  only isomorphisms among 

t h e  types l i s t e d  a r e  the  following ([L5, 17-11] ) .  



(3 Ilj3 113 , 

(4) I I I ~  % 1v3 , 

(5) 12.2 = I V q  , 

(6) I I ~  2 IV 6  ' 

( 7 )  I = I  
P , 9  9,P ' 

(The isomorphism (5) w a s  overlooked i n  [ ~ 5 ] )  

$5. The manifold of t r i p o t e n t s  

5.1. In  t h i s  s e c t i o n ,  (v,v-) denotes a  f in i te-dimensional  

complex Jordan p a i r ,  and :: x + S T  a  p o s i t i v e  hermit ian  

involut ion.  Let K = Aut (v)' and l e t  < , > be a  K- 

i nva r i an t  hermit ian  s c a l a r  product on V . W e  denote by M 

t h e  s e t  of t r i p o t e n t s  of V , and de f ine  an order ing on M 

by 

c < e  U e - C E M  and c l e - c .  

In  o the r  words, c  < e  means t h a t  e  = c  + c '  where c '  

is a  non-zero t r i p o t e n t  orthogonal t o  c  . One checks e a s i l y  

t h a t  t h i s  is indeed an order ing.  A t r i p o t e n t  e  is maximal 

with r e spec t  t o  t h i s  order ing i f  and only i f  t h e  Pe i rce  space 

Vo(e) = 0 . This  fo l lows from t h e  f a c t  t h a t  t h e  t r i p o t e n t s  

orthogonal t o  e  a r e  p rec i se ly  t h e  t r i p o t e n t s  contained i n  

Vo(e) ( c f .  3.9, 3.13).  A t r i p o t e n t  is c a l l e d  p r i m i t i v e  i f  

i t  is minimal among non-zero t r i p o t e n t s ,  i . e . ,  i f  it cannot 

be w r i t t e n  a s  a  sum of orthogonal t r i p o t e n t s  i n  a  non- t r iv i a l  

way. Since an orthogonal s e t  of non-zero orthogonal t r i p o t e n t s  

is l i n e a r l y  independent, it fol lows by f in i te-dimensional i ty  

t h a t  every t r i p o t e n t  can be w r i t t e n  a s  a  sum of p r imi t ive  

orthogonal t r i p o t e n t s .  F ina l ly ,  we def ine  a  frame t o  be a  

maximal orthogonal system of p r imi t ive  t r i p o t e n t s .  



5.2. PROPOSITION. (a) A tripotent e is primitive if 

and only if A(e) = R.e (where A(e) C3 iA(e) = V2(e) , 

cf. 3.13). - 
(b) Let e l  e be an orthogonal system of tripotents. 

The following conditions are equivalent. 

(i) (el'. ..,er) is a frame; 

(ii) the ei are primitive and el+ ... +er is maximal. 

(iii) R.el+ . . .+ R.er is a maximal flat subspace of V  . 

Proof. (a) Let e be primitive. If c is an idempotent 

of A(e) then c2 = c implies c(~) = c3 = c , and hence 
c and e - c are orthogonal tripotents whose sum is e . 
It follows that c = 0  or c = e . Thus the only non-zero 

idempotent of A(e) is e . By standard facts on formally 

real Jordan algebras ([B-K, Chapter XI]), A(e) = R.e . 
Conversely, if e = c + d is not primitive we have Q ~ C  

= Q,Z = c and Q a = Q 3 = d . Hence c, d E A(e) and thus 
d 

is not one dimensional. 

This follows easily from 3.11. 

THEOREM. (a) Any two maximal flat subspaces of V  

are conjugate by an element of K . 
(b) Any two maximal tripotents are conjugate by an element 

of K . - 

Proof. (a) The proof uses an idea due to Hunt. Let W be 

a maximal flat subspace, and write W = Rae1+ . . .+ W.er as 

in 3.11. Choose x E W such that the powers of x span 

W . For instance, let x = X 1 1  e +...+irer with 

0 < XI < ... < Xr (use a Vandermonde type argument). 

Similarly, choose x' for the maximal flat subspace W' . 
The function 

on the compact group K attains its maximum, say for 

g = k . We claim that k(x') = y E W . This will imply 

~ ( w v )  c w and hence k(~') = W by maximality of W' . 
Now by the choice of k , we have, for any derivation 

d 
A E 1 = Lie(K) , that 0 = 1 < exp(t~).y,x> = <A.y,x> . 

t=O 
In particular, for A = D(u,~) - ~(v,;) (cf. 3.2) we get 

for all u it follows that (xyv] = (y~v} for all v . Let 

V = C V.. be the Peirce decomposition of V  with respect to 
1J 

(el,. . ., e . Since (el,. . .,er) is a frame, we have V O 0 = 0  

and Vii = C.ei , by 5.2. Let y = C yij be the corresponding 

decomposition of y . Then by 3.15, 

This implies y. . = 0 for 0 ( i < j 2 r and 
1J 

y?. 13. = yii E A(ei) = R.ei . Hence y = C yii E W . 

(b) Let e and e' be maximal tripotents. By 5.2, 

e = el+ ... +er and e' = ei+ ... + e; where (el, . . . , er) 
and ( e , e  are frames, spanning maximal flat sub- 



spaces  W and W' . By (a)  and 3.11, t h e r e  e x i s t s  g E K 

such t h a t  g(e!)  = 2 e 
n ( j )  

where n is a permutation of 
J 

r . Hence g ( e ' )  = Elel+ . . .+  Erer where E .  = 2 1 .  J 

Now iD(e .  e .)  E 1 = Der(V) by 3 .2 ,  and hence 
J' J 

e x p ( 5  i D ( e .  a) - g .  E K wi th  t h e  proper ty  t h a t  g j ( e j )  
J '  J J 

= - e .  and g . ( e k )  = ek f o r  k # j , by o r thogona l i ty  of 
J J 

t h e  e .  . Thus we o b t a i n  an automorphism i n  K c a r r y i n g  
J 

e '  i n t o  e by fo l lowing g wi th  a s u i t a b l e  product of 

t h e  g .  
J - 

5.4.  We de f ine  t h e  rank of V t o  be t h e  common dimension 

of t h e  maximal f l a t  subsystems of V , and t h e  rank of a 

t r i p o t e n t  e t o  be the  rank of V2(e) . I f  e = el + . . . 
+ es 

is a decomposition of e a s  a sum of or thogonal  p r i m i t i v e  

t r i p o t e n t s  then  s is t h e  rank of e . Indeed, e .  E V2(e) 
J 

and e is a maximal t r i p o t e n t  of V2(e) . Hence 

(el, . . . , es) is a frame of V2 ( e )  which means s is t h e  

rank of V2(e) . In p a r t i c u l a r ,  t h e  p r imi t ive  t r i p o t e n t s  

a r e  those  of rank one, and t h e  maximal ones those  of rank 

equal  t o  rank(V) . 
I f  (el, ... er)  is  a frame of V then  

( (el,Gr), . . 
(V,V-) (cf 

he re  agrees  

def ined i n  

is a l s o  t h e  

- 
e r e r  is a frame of t h e  Jordan p a i r  

[ ~ 5 ,  10.121) . Hence t h e  rank of V def ined 

with the  rank of t h e  Jordan p a i r  (v,v-) a s  

L5, 15.181. We w i l l  show l a t e r  t h a t  rank(V) 

r e a l  rank of t h e  group Go . 

5.5. PROPOSITION. &eJ A be a formally r e a l  Jordan 

a lgebra .  Then t h e  set of maximal t r i p o t e n t s  of t he  hermi- 

f i c a t i o n  V = Ac ( c f .  3 .7)  is t h e  "un i t  c i r c l e "  

where exp denotes the  exponent ia l  funct ion  i n  t h e  Jordan 

a lgeb ra  Ac . 

Proof.  C lea r ly  t h e  u n i t  element e of A is a maximal 

t r i p o t e n t  of Ac . Since K is t r a n s i t i v e  on t h e  s e t  of 

maximal t r i p o t e n t s  by 5.3, and K is conta ined i n  t h e  

s t r u c t u r e  group Str(Ac) of t h e  complex Jordan a lgeb ra  

Ac , every maximal t r i p o t e n t  is i n v e r t i b l e .  ( I n  f a c t ,  K 

is t h e  set of a l l  g E s t r ( ~ @ ) O  which s a t i s f y  (gz)* 

= gP-l(z*) , where # denotes the  canonica l  i nvo lu t ion  of 

Str(Ac) , and is t h e r e f o r e  a compact r e a l  form of 

s t r ( ~ ~ ) O )  . Now z E AC is a maximal t r i p o t e n t  i f  and 

only  i f  z = z ( ~ )  = Q(z)Z = p(z)z* ; i . e . ,  z* = P(E)"Z 

= z-l , by s tandard  p r o p e r t i e s  of t h e  inve r se  i n  a Jordan 

a lgebra .  

Now l e t  a E A . Then ( i a ) *  = - i a  , and hence 

[ exp( i a )  I* = exp(- ia)  = [ exp( i a )  I-' , by elementary f a c t s  

about t h e  exponent ia l  func t ion  i n  a Jordan a lgeb ra .  Con- 

ve r se ly ,  l e t  z* = z-' , and l e t  B be t h e  subalgebra of 

AQ: genera ted  by z and e . Then z* E B and hence B 

is inva r i an t  under * . I t  fo l lows t h a t  B = Bo $ i B o  

where Bo = B n A , and Bo is  an  a s s o c i a t i v e  formally 

r e a l  subalgebra of A . Hence B = R . c l +  ... +R.cs where 



t h e  c .  a r e  or thogonal  idempotents  of A whose sum is e . 
J - -1 

Thus z = a c + . .. +ascs  wi th  a. - a .  , o r  a. = e x p ( i l . 1  , 1 1  J 3 J J 

A .  E R . Thus z = exp i ( h l c l +  . . .+ A,c,) E exp(iA) . 
3 

@his  proof is due t o  U .  Hirzebruch [ H i ] ) .  

5 .6 .  THEOREM. (a) The set M of t r i p o t e n t s  of V 

compact submanifold of V , K a c t s  t r a n s i t i v e l y  on 

every  connected component of M . The t angen t  space  of M 

a t  e ( i d e n t i f i e d  wi th  a subspace of V) - 
T,(M) = iA(e)  @ Vl(e) . 

(b)  Define an  equiva lence  r e l a t i o n  R on M 

d -. e O d a* e have t h e  same P e i r c e  spaces .  

Then t h e  s e t  S = M/R of equiva lence  c l a s s e s  has  a un i aue  

manifold s t r u c t u r e  such t h a t  t h e  canon ica l  map p:M + S 

is a X-equivariant f i b r a t i o n .  The f i b r e  through e u., - 
t h e  equiva lence  c l a s s e s  of e ) is t h e  u n i t  c i r c l e  C ( e )  

of  A(e)q: . Moreover, S is  a compact (not  connected) - 
he rmi t i an  symmetric space  wi th  symmetry around p ( e )  

induced by t h e  'yPei rce  r e f l e c t i o n "  

CL s = B(e,2Z) = exp ?riD(e,G)(= (-1) . I d  on Va(e)) . e 

Proof.  (a)  b~ is compact s i n c e  x ( ~ )  = x imp l i e s  - 
1x13 = 1x1 hence 1x1 5 1  . Let N be t h e  o r b i t  of 

e E M under K . Then N is  a compact submanifold of 

M , and we c l a im  t h a t  t h e  tangent  space  of N a t  e is 

Indeed, by d i f f e r e n t i a t i n g  t h e  equat ion  . x ( ~ )  = x a t  

x = e i n  d i r e c t i o n  v we g e t  

and i f  v - v2 + vl + vo is t h e  Pe i r ce  decomposition wi th  

r e s p e c t  t o  e then  (2)  imp l i e s  v = 2v2 + vl + v l  o r  
* 

v2 = - v2 , vO = 0 . This  proves t h e  i nc lus ion  c i n  (1 ) .  

Conversely l e t  v2 + v1 E iA(e) @ Vl ( e )  and let  

A = D ( u , ~ )  - D(e,u)  E t where u = $v2 + v, . Then 

exp( tA) .e  is a curve  through e i n  N whose tangent  

vec to r  a t  t = 0 is A.e = (uee)  - { e i e )  - +v2 + vl - +vz 

= v . This  e s t a b l i s h e s  (1). 

To complete t h e  proof of (a )  it s u f f i c e s  t o  show t h a t  

N is a neighborhood of e i n  M (where M has  t h e  top- 

ology induced from V). Assume t h i s  is not  t h e  ca se .  Then 

t h e r e  e x i s t s  a sequence z n  E M - N converging t o  e . 
Every z i n  a neighborhood of e i n  V can  be w r i t t e n  

uniquely i n  t h e  form z = x + y where x E N and y 

belongs t o  t h e  normal space T ~ ( N ) '  of N a t  e . Writing 

zn  = xn + yn i n  t h i s  way, w e  have xn E N converging t o  e 

and yn E Te (N)' converging . t o  ze ro .  Af t e r  pass ing  t o  a 

subsequence, we may assume t h a t  t h e  sequence yn/IynI con- 

verges  t o  a u n i t  vec to r  u E T ~ ( N ) '  . By expanding t h e  

equa t ion  z r )  = rn w e  g e t  yn = y p )  + p(xn)Tn + q(yn)Zn 

+ {xnZnyn) + (xnYnyn) . I f  we d iv ide  by lyn I and let  

n 1'03 it fo l lows t h a t  u = (eeu] + Q,< which impl ies ,  i n  

view of  (2 ) ,  t h a t  u E Te(N) . Contradic t ion .  



(b) We show f i r s t  t h a t  d - e i f  and only  i f  d E C(e) . 
Let d - e . Then d E V2(d) = V2(e) , and t h e  map 

z -t ~ ( d ) z  (z E V2(e)) is i n v e r t i b l e  s i n c e  it is conjugat ion  

r e l a t i v e  t o  A(d) . Now ~ ( d ) g  = ~ ( d ) z *  where P denotes  

t h e  quadra t i c  o p e r a t o r s  of A(e)c and * conjugat ion  r e l a -  

t i v e  t o  A(e) . I t  fo l lows t h a t  d is i n v e r t i b l e  i n  t h e  

Jordan a lgeb ra  A(e)c , and d = d(3) = ~ ( d ) d *  impl i e s  

d-I = d* ; i . e . ,  d 6 C(e) . Now l e t  d E C(e) . For 

z E V2(e) we have Id&] = P(d ,z )  .d* = P(d ,z )  .d-I 

= 2d(d-'z) i 2d-'(dz) - 2(dd-')z = 22 (where ab denotes  

t h e  product  i n  t h e  Jordan a lgeb ra  A(e)c),  and f o r  z E Vo(e) 

w e  have (d&) = 0 by t h e  Pe i r ce  r u l e s  s i n c e  d E V2(e) . 
Thus Va(e) c Va(d) f o r  CY = 0,2 . Since  C(e) is con- 

nected  by 5.5 and dim VCY(e) depends cont inuously  on d , 

w e  have e q u a l i t y .  Now Vl(d) = Vl(e) s i n c e  i t  is t h e  

or thogonal  complement of V2(e) @ Vo(e) wi th  r e s p e c t  t o  

< , >  , and t h e r e f o r e  we have shown t h a t  d - e . A s  a  

consequence, d ,- e i f  and only  i f  C (d) = C (e) , and 

thus  C(e) is t h e  equivalence  c l a s s  of e . C l e a r l y  

k.C(e) = C(k.e) f o r  k E K s i n c e  K c o n s i s t s  of auto- 

morphisms of V . Let M(e) be t h e  connected component 

of M con ta in ing  e , K f  t h e  i so t ropy  group of e i n  

K , and K" t h e  normalizer of C(e) i n  K . Then 

M(e) = K/Kf , and t h e  canonica l  map p: M(e) -t S is 

equ iva len t  wi th  t h e  map K/K1 -t K/K" which is a K- 

equ iva r i an t  f i b r a t i o n .  The tangent  space  of C(e) a t  e  

is iA(e) . This fo l lows from (a )  app l i ed  t o  V2(e) i n  

p l a c e  of V. Hence t h e  canonica l  map p: M -+ S induces  

a vector  space isomorphism Vl(e) 2 T (S) , which depends P (e l  

only on n (e )  . By t r a n s f e r r i n g  t h e  complex s t r u c t u r e  

s t r u c t u r e  and t h e  s c a l a r  product from Vl(e) t o  T (S) 
~ ( e )  

we see t h a t  S has  an almost complex s t r u c t u r e  and hermi- 

t i a n  me t r i c  which a r e  K-invariant .  The Pe i r ce  r e f l e c t i o n  

se E K d e f i n e s  a diffeomorphism of S having p (e )  a s  

i s o l a t e d  f ixed  point  s i n c e  se I Vl(e) = - Id . I t  fo l lows 

t h a t  S is a hermi t ian  symmetric space.  

5.7. Example. Let V = M  (C) with p l q ,  and 
P,=I 

~ ~ i i  = zw*z , w* = tii . Let 

Then the  connected component M' of M conta in ing e 

c o n s i s t s  of a l l  matr ices  d c V of rank r which s a t i s f y  

dd*d = d . The Pe i r ce  spaces  of e a r e  

i . e . ,  V2(e) =Mr(C) , A(e) =Hr(C) (hermi t ian  r x r 

ma t r i ces ) ,  Vl(e) = Mr,,-,(C) x Mp-r,r(C) , Vo(e) 

% M (C) . The u n i t  c i r c l e  C(e) is isomorphic with P-r , q-r 

t h e  group of u n i t a r y  r x r matr ices .  Every d E M' may 

be cons idered  a s  a l i n e a r  map d: Cq -t CP of rank r . 



The quo t i en t  S f  = M I / -  may be i d e n t i f i e d  wi th  

Grass (eq) x ~ r a s s ~ ( ~ ~ )  , with  p  being g iven by 
q-r 

p(d)  = (Ker(d), Im(d)) . The group K c o n s i s t s  of a l l  

t ransformat ions  z  + uzv wi th  u , v  u n i t a r y  ma t r i ces  of 

s i z e  p  x p and q x q r e s p e c t i v e l y .  

5.8. Reca l l  t h a t  M = I(R) , t h e  s e t  of  r e a l  p o i n t s  of t he  

v a r i e t y  of idempotents of t h e  Jordan p a i r  (v,v-) , with  

t h e  R-s t ruc ture  given by t h e  Ga lo i s  a c t i o n  (a ,b)  -t (5,a 

(cf . 3.8).  S imi l a r ly ,  l e t  F  c (V x V-)' (where 

r = rank(V,v-)) be t h e  v a r i e t y  of frames of (v,v-) . Then 

7 d e f i n e s  an R-structure on F  and F(R) may be iden- 

t i f i e d  wi th  t h e  s e t  of framesof t r i p o t e n t s  of V . By 

[ ~ 5 ,  17.11 we have: i f  (v,v-) is s imple ,  then  any two 

frames of (v,v-) a r e  conjugate  under an inne r  automorphism; 

ic o t h e r  words, t h e  group H = ~ u t  (v,v-)O is t r a n s i t i v e  on 

F. The analogous s ta tement  f o r  frames o f  t r i p o t e n t s  is 

5.9.  THEOREM. If (V,V-) is simple then any two frames 

of t r i p o t e n t s  of V a r e  conjugate  under K . 
Since K = H(R) , t h e  s e t  of r e a l  p o i n t s  of t h e  

R-s t ruc ture  def ined by 7 ( c f .  3 -21 ,  and t h e  a c t i o n  of K 

on F is compatible wi th  t h e  Ga lo i s  a c t i o n s  ( i . e . ,  it is 

def ined over R), t h i s  w i l l  fo l low from 

5.10. LEMMA. G be a  complex a f f i n e  a l g e b r a i c  group 

a c t i n g  t r a n s i t i v e l y  on a  complex v a r i e t y  X . Suppose 

G,X , and t h e  a c t i o n  a r e  a l l  def ined over R , and t h a t  

G ( R )  is compact. Then G(R) a c t s  t r a n s i t i v e l y  on X(R) . 
For l a t e r  a p p l i c a t i o n s ,  we prove t h e  fo l lowing more 

genera l  " r e a l  version" of 5.10. (To s e e  t h a t  5.10 is a 

s p e c i a l  ca se ,  imbed G i n t o  GLm(@) i n  such a  way t h a t  

G(R) is the  i n t e r s e c t i o n  of G wi th  the  u n i t a r y  group 

U(n) , then r e s t r i c t  s c a l a r s  t o  R . The maps a and 8  

a r e  j u s t  t he  Galois  a c t i o n s ) .  

5.11. LEMMA. Let G c GLn(R) be an open subgroup of t h e  

s e t  of r e a l  po in t s  of a  r e a l  a l g e b r a i c  group, and suppose 

G is s e l f  - ad jo in t ;  &, g 6 G impl ies  8  (g) = tg-l E G . 
Assume G a c t s  t r a n s i t i v e l y  on a  r e a l  manifold X . Let 

o be a  diffeomorphism of per iod  2 of X compatible wi th  

8  ( ~ ( g x )  = 8 (g )a (x ) )  . Then t h e  f i x e d  po in t  s e t  G' - of 

8 i n  G a c t s  t r a n s i t i v e l y  on t h e  f i x e d  point  set - 

Proof.  Let x0 E ( i f  X' = Q t h e r e  is nothing t o  

prove) and le t  H be t h e  i so t ropy group of xo i n  G . 
Then H is s e l f a d j o i n t  and hence t h e  r e s t r i c t i o n  of t h e  

t r a c e  form (A,B) = trace(AI3) (A,B E 81n(R)) t o  

9 = Lie (H) is non-degenerate. Thus g = Lie (G) = t) 8 m 

where m = t)' is both 8  - and Ad H - inva r i an t .  Let 

K = G' with Lie a lgebra  1 and l e t  p , 8 ,  t be t h e  (-1)- 

eigenspace of 8  on 8, 9 ,  m . Then P = s 8 t and a is 

a  Lie t r i p l e  system. By [H, p. 218, Th.1.41, G 

decomposes topo log ica l ly  ( i n  f a c t ,  diffeomorphically)  



G = K.exp( t ) .exp(s)  ( t h e  proof i n  [ H ]  is f o r  t h e  c a s e  G 

semisimple but  a p p l i e s  equa l ly  w e l l  t o  t h e  p r e s e n t  c a s e  

where G is r e d u c t i v e ) .  Let  L = H n K 

vec to r  bundle E = K x t as soc i a t ed ,  wi th  
L 

bundle K -t K/L , wi th  t y p i c a l  f i b r e  t , 

on t v i a  Ad . Then one shows t h a t  t h e  

and cons ide r  t h e  

t h e  p r i n c i p a l  

where L a c t s  

map E -t G/H = X 

induced from t h e  map (k,x)  + k .exp (x) .H (k E K, x E t ) 

is a K-equivariant diffeomorphism, and t h a t  t h e  a c t i o n  of  

a on X cor responds  t o  t h e  map v -t - v ( f ib rewi se )  on 

E . Hence X0 t. ze ro - sec t ion  of E * K/L . 
A s  a consequence of 5.9, we have 

5.12. COROLLARY. J& (v,v-) be s imele .  Then two tri- 

p o t e n t s  of V a r e  conejugate under K i f  and only  i f  t hey  

have t h e  same rank.  

Thus i f  r = rank(V) then  M has  r + 1 connected 

components: M = Mo U MI U ... U Mr , where Mi is t h e  

s e t  of t r i p o t e n t s  of rank i . 

8 6 .  The boundary of B 

6 . 1 .  W e  keep t h e  no ta t i on  introduced i n  t h e  previous  s ec t ion ,  

and denote by B t h e  c i r c l e d  bounded symmetric domain assoc- 

i a t e d  wi th  (V,V-) and 7 . By a holomorphic a r c  we mean 

t h e  image of a holomorphic map from t h e  open u n i t  d i s c  of C 

i n t o  V . A segment is a subse t  of V of t h e  form 

( u  + t v  1 0  < t < 1) where u ,v  E V (V = 0 is p o s s i b l e ) .  

Let  X be a subse t  of V . The holomorphic a r c  components 

of X a r e  t h e  equiva lence  c l a s s e s  of X under t h e  equiv- 

a l ence  r e l a t i o n  

x - y O x and y can  be connected by 

a cha in  of holomorphic a r c s  i n  X . 

Analogously, one d e f i n e s  a f f i n e  a r c  components by r ep l ac ing  

holomorphic a r c s  wi th  segments. The holomorphic ( resp .  

a f f i n e )  boundary components of B a r e  by d e f i n i t i o n  t h e  

holomorphic ( r e sp .  a f f i n e )  a r c  components of t h e  boundary 

aB of B i n  V . 
Recal l  t h a t  a r e a l  hyperplane 8 suppor t s  X i f  8 

meets ( t he  c l o s u r e  of X ) ,  and X is conta ined  i n  

- one of t h e  ha l f -spaces  de f ined  by 8 . 



6.2. LEMMA. For a non-zero t r i p o t e n t  e of V b 

be t h e  r e a l  hyperplane 

and R t h e  comp1.e~ hyperplane - 

Then 8 suppor t s  B and 

Moreover, 

f o r  a l l  x E B . 

Proof.  C lea r ly  R n 3 c O n > . Let e + x E 5) n 3 (hence 

~ e < x , g >  = 0) and l e t  x = x2 + xl + xo be t h e  P e i r c e  decom- 

p o s i t i o n  of x wi th  r e s p e c t  t o  e . Then le  + xl  5 1 

( c f .  4 .1 ) ,  and by 3.17(b),  D(e+x,z+z) 5 2Id  . I t  f o l l ows  

t h a t  2<e,z> 2 < < ( e + x , e + ~ > e , ~ >  = <{eZe} + {eze} + reex] - 
+ { x ~ e j , ~ >  = 2<e(3!3 + 2 < d 3 ) , z >  + 2<x,e(3)> + < x , ~ Z i j >  

= 2<e,g> + 4Re<x,g> + <x,2z2+q> = 2<e,z> + 2<x2,x2>: +<x1,z2>, 

u s i n g  t h e  o r thogona l i t y  of t h e  P e i r c e  spaces  Vi(e) wi th  

r e s p e c t  t o  < , > . Since  < , > is p o s i t i v e  ' d e f i n i t e ,  

x2 = x1 = 0 ; i . e . ,  x = xo E Vo(e) . By t h e  composit ion 

r u l e s  f o r  t h e  P e i r c e  spaces  (3 . l 3 ) ,  V2(e) and Vo(e) 

a n n i h i l a t e  each o t h e r ,  and hence V2(e) @ Vo (e )  

= V2(e) x Vo(e) . BY 3.17(c) ,  ( d l ,  ( e  + xl  = m a x ( l e l , l x / )  5 I 

i f  and only  i f  Ix 1 5 1 (s ince  le 1 = 1 )  which means 

x F zn  vo(e)  . Thus b n z c  e +xrl  V,(e) , and 

e + 3 rl V, (e)  c R n is c l e a r  s i n c e  Vo ( e )  is perpen- 

d i c u l a r  t o  e wi th  r e s p e c t  t o  < , > . This proves ( 1 ) .  

To s e e  t h a t  b suppor t s  B note  t h a t  4 n 3 is conta ined  

i n  t h e  boundary of B ( s i n c e  le  + x i  = 1 f o r  x E 

3 fi Vo(e))  , and use convexity of B (4 .6) .  Consider now 

t h e  complex l i n e a r  form a ( x )  = <x,z>/<e,g> on V . Then 

a(&)  c C is a c i r c l e d  domain and 1 4 a(&)  by (1). Hence 

a @ )  is conta ined  i n  t h e  open u n i t  d i s c .  This  proves (2) .  
t 
I 

6.3. TIEOREM. ( a )  Holomorphic and a f f i n e  boundary com- 

ponents  of B co inc ide .  They a r e  p r e c i s e l y  t h e  sets 

i n  t h e  bounded symmetric domain a s soc i a t ed  wi th  Vo(e) . 

t The map e + Ze is a b i j e c t i o n  between t h e  set of non-zero 

t t r i p o t e n t s  of V and t h e  s e t  of  boundary components of B . 

(b) An element x E V belongs t o  Te i f  and only  i f  

e = l i m  x (2n+l) 
n* 

(c) The boundary components of  Ze a r e  p r e c i s e l y  t h e  ad 
wi th  d > e . In  p a r t i c u l a r ,  a boundary component of a - 
boundary component of B is i t s e l f  a boundary component 



Proof.  W e  f i r s t  show t h a t  aB is t h e  d i s j o i n t  union of 

t h e  s e t s  Je . Let x = Alel+ ... +X e be t h e  s p e c t r a l  n n 

decomposition of an  element x E aB . Then 1x1 = A n  = 1 ,  

and hence x = en + y where y = .Alel +... +An-len-l E Vo(en) 

wi th  lyl = An-l < 1 ; i . e . ,  x E Je : Now assume 
n 

x = e + y = d + z E Te n Jd . Then by t h e  Pe i r ce  r u l e s  

(3 -131, 

and I Y  (2n+')l = l y 1 2 n + 1 + ~  a s  n + -  s i n c e  l y l  < 1 . 
In the  same way z(2nf1) -+ 0 a s  n -+ - , and t h e r e f o r e  

e = d . This  a l s o  shows t h a t  t h e  map e -s Ze is b i j e c t i v e .  

Next we show t h a t  t h e  boundary of Te (in t h e  a f f i n e  sub- 

space  e + Vo(e)) is t h e  union of a l l  ad , d > e . 
Indeed, s i n c e  everyth ing we proved a p p l i e s  t o  Be i n  p l ace  

of B , t h e  boundary of Be i n f  Vo(e) is t h e  union of a l l  

Zc , c a non-zero t r i p o t e n t  of Vo(e) . But Zc = c +Be+cr  

s i n c e  t h e  Pe i r ce  zero-space of c i n  Vo(e) is Vo (e+c) . 
Hence Se = e + aBe is t h e  union of a l l  e + c + Be+c 

= Ze+c , and t h e  e + c wi th  0 # c 1 e a r e  p r e c i s e l y  

t h e  t r i p o t e n t s  d > e . Since each Ze is a star-shaped 

c i r c l e d  domain wi th  r e s p e c t  t o  e it fo l lows t h a t  every 

po in t  of Je can be connected t o  e wi th in  Te by a 

holomorphic a r c .  Thus Ze is conta ined i n  t h e  holomorphic 

a r c  component of e . For t h e  converse,  we have t o  show: 

every holomorphic a r c  y: A -+ aB (A c a: t h e  open u n i t  

d i s c )  which m e e t s  Je is e n t i r e l y  conta ined i n  Ze . I f  

not  then  y(A) would meet t h e  boundary of Ze ; say  y(A) 

meets ad , d > e . , Let a be t h e  l i n e a r  form a ( z )  

= <z,&/<d,& on V . By 6.2,  a o  y :  A -t (C is bounded i n  

abso lu te  value by 1, and the  maximum is a t t a i n e d  s i n c e  

y(A) meets Td c [ x  E ~ l a ( z )  = 1 )  . By t h e  maximum 

p r i n c i p l e ,  a o  y is cons tan t  equal  t o  one, which means, 

i n  view of 6.2,  t h a t  y ( A )  c d + (3 n v0(d))  = 5 c aae , 
a con t r ad ic t ion .  This  completes t h e  proof t h a t  t h e  3, 

a r e  p r e c i s e l y  t h e  holomorphic boundary components of B . 
The proof t h a t  they a r e  a l s o  t h e  a f f i n e  boundary components 

is s i m i l a r ,  r ep lac ing  holomorphic a r c s  by segments and t h e  

complex l i n e a r  form a by the  r e a l  l i n e a r  form Re(a) . 

6.4. LEMMA. Let f be a holomorphic func t ion  on B 

which extends continuously t o  3 . Then t h e  r e s t r i c t i o n  

of f t o  every boundary component Te is holomorphic. - 

Proof.  I f  e + z E (z E Be) then ( 1  - :)e + z E B , 
1 

f o r  n = l , 2 , 3 ,  ... . Define fn(e+z) = f ( ( 1  - :)e + Z) . 
- 

Since f is continuous on B and 5 is compact, t h e  

r e s t r i c t i o n  of f t o  Je is t h e  uniform l i m i t  of t he  

holomorphic func t ions  f n  and is t h e r e f o r e  holomorphic. 

6.5. THEOREM. The Bergmann-Shilov boundary ~1 of B 

co inc ides  wi th  each of t h e  following s e t s :  

( i >  The s e t  of maximal t r i p o t e n t s  of V ; 

( i i )  t he  s e t  of extremal p o i n t s  of 3 ; 



( i i i )  t h e  set of p o i n t s  of maximal Euclidean d i s t a n c e  
- 

from t h e  o r i g i n  i n  B . 
In p a r t i c u l a r ,  UJ is a compact connected submanifold of V 

on which K a c t s  t r a n s i t i v e l y .  

- 
Proof .  Reca l l  t h a t  w is t h e  minimal c l o s e d  s u b s e t  of B 

where every cont inuous  func t ion  on 3 which is holomorphic 

on  B a t t a i n s  maximum abso lu t e  va lue .  Let  e be a maxi- 

mal t r i p o t e n t ,  and cons ide r  t h e  f u n c t i o n  f ( x )  = 

= a ( l  + <x,z>/<e,&) on V . By 6.2, If (x) I 5 1 f o r  a l l  

x E 3 ,  and I f ( x ) l  = 1 i f  and only  i f  f ( x )  = 1 i f  and 

only  i f  x E e + 5 n Vo(e) = {e} s i n c e  Vo(e) = 0 . Hence 

c o n t a i n s  a l l  maximal t r i p o t e n t s .  Conversely,  l e t  f be 

holomorphic on B and cont inuous  on . By t h e  maximum 

p r i n c i p l e  and 6 . 4  and 6.3,  f t a k e s  its maximum a t  a p o i n t  

of aB which is not  an  i n t e r i o r  p o i n t  of  any boundary 

component, and such a p o i n t  is a maximal t r i p o t e n t .  Hence 

111 is t h e  s e t  of maximal t r i p o t e n t s  and a l s o  t h e  set of 

ex t remal  p o i n t s ,  s i n c e  an  ext remal  p o i n t  is j u s t  a one- 

p o i n t  a f f i n e  boundary component. By 5.3, W is an  o r b i t  

of K , i n  p a r t i c u l a r ,  a l l  e E have a common Eucl idean  

d i s t a n c e  6 = <,,a9 from 0 . Every x E 3 is con ta ined  

i n  some maximal f l a t  subspace and t h u s  can  be w r i t t e n  

x = 2 l i e i  where 0 ( X i  ( 1 and (el,.  . . , e r )  is a 

frame, hence e = e l +  ... + e r  a maximal t r i p o t e n t  (5.1, 

2 5 . 2 ) .  ~t fo l lows  t h a t  < x , 5  = C hi<ei,Zi> 5 C <ei,Zi> 
2 = <e,z> = 6 . 

6.6. Let  M be t h e  manifold of t r i p o t e n t s  of V and l e t  

E = ( ( e , v )  E V x Y 1 e E M and v E Vo(e)} . 

Then E is a submanifold of  V x V ; i n  f a c t ,  it is a 

vec to r  bundle over M wi th  p r o j e c t i o n  n: E + M given by 

n ( e , v )  = e . The s p e c t r a l  norm d e f i n e s  a norm on each f i b r e  

of E , and we s e t  

t h e  open u n i t  d i s c  bundle of  E . Clea r ly  B is an open 

submanifold of E . 

6.7. LEMMA. For ( e , z )  c B , the R-linear endomorphism 

v + {eyz ]  of Vl(e) has  a l l  e igenvalues  l e s s  t han  1 & 

abso lu t e  value.  In p a r t i c u l a r ,  v = {eFz} for v E Vl (e l  

imp l i e s  v = 0 . 

Proof.  Note f i r s t  t h a t  v + {e&] is s e l f - a d j o i n t  r e l a t i v e  - 
t o  t h e  r e a l  s c a l a r  product  (u,v) = ~ e < u , v >  on Vl(e) . 
This  fo l lows from <[e?z} , a  = <e,{vzG}> = <e, [Lzj ]>  

= <[eiiz),y> . Hence a l l  e igenvalues  a r e  r e a l .  Furthermore, 

{evz] = Q(e+z).Y by t h e  Pe i r ce  r u l e s .  Suppose now t h a t  

&(e+e)T = Av, v # 0 . Then by 3.3,  Q ( ( e + ~ ) ( ~ ~ + l ) )  .? 
- - X2n+lv . ~ u t  (e+z) (2n+1) = e + z (2n+*) by t h e  Pe i r ce  

r u l e s ;  and z(2n+1) + 0 a s  n + m s i n c e  lz  1 < 1 . It 

fo l lows  t h a t  l i m  = ~ ( e ) ?  = 0 by t h e  Pe i r ce  r u l e s ,  
n* 

which shows < 1 . 



6.8 .  PROPOSITION. The map f :  B -t 5 g i v e n  by f ( e , z )  

= e + z is a b i j e c t i v e  immersion. The r e s t r i c t i o n  of f 

t o  each connected component of B is an  imbedding. 

Proof.  In  view of 6.3 it is c l e a r  t h a t  f is b i j e c t i v e .  

We compute t h e  tangent  space  of E a t  a po in t  ( e , z )  . 
Since  E is de f ined  by t h e  equa t ions  e (3 )  = e ,  [e&] = 0 , 

a tangent  vec to r  (u ,v)  E T 
(e , z )  

(E) C V x V s a t i s f i e s  

u E Te(M) = iA(e) $ Vl(e) (by 5 .6 )  and ( ecz}  + (uez} 

+ {eev]  = 0 . This  imp l i e s  {ezv]  = 2v2 + vl 

= - {e&] E Vl(e) s i n c e  {uez)  = 0 by t h e  P e i r c e  r u l e s .  

Hence v2 = 0 and vl = - { e i z ]  . Comparing dimensions,  

w e  s e e  t h a t  t h e s e  cond i t i ons  a r e  a l s o  s u f f i c i e n t  f o r  (u,v)  

t o  be i n  T(e,Z) (E) . Now assume df ( e , z ) .  (u,v)  = u + v = 0 
- 

Then u2 + v2 = u2 = 0 , ul + vl = ul - {euz]  = ul - {eupz] 

= 0 , and uo + vo = vO = 0 . By Lemma 6.7, we a l s o  have 

u1 = 0 and hence f is an  immersion. To show t h a t  t h e  

r e s t r i c t i o n  of f t o  a connected component B' of B is  

an  imbedding i t  s u f f i c e s  toshow t h a t  f :  B' + f ( B ' )  is a 

-1 proper  map. W e  have B' = T (MI) where M '  is a connected 

component of M . Let C c f ( B 1 )  be compact. We c l a im  

t h a t  t h e r e  e x i s t s  a p < 1 such t h a t  C C f (B') where 
P 

B; = ( ( e , z )  E B I 1x1 5 p ]  . I f  t h i s  were n o t  t h e  ca se ,  

we could  f i n d  a convergent  sequence e n  + zn E C such t h a t  

l i m  lznl = 1 . Then l im(en  + zn)  = e + z E aae I7 f ( B 1 )  
n* n* 
and e E M' . By 6.3, t h e  boundary of ae is t h e  union of 

a l l  ad , d > e . Since  r ank (d )  > r ank (e )  and r ank (e )  

is  cons t an t  on M T  w e  have d 4 M' and t h e r e f o r e  

a n f ( B ' )  = g which impl ies  a 3  n f (B') = qi , a cont ra-  
d 

d i c t i o n .  Now f - l f  (,B') = B; is c l e a r l y  compact i n  B'  and 
P 

hence f - l ( ~ )  . which is c losed  i n  B;i , is compact. 

6.9. Remark. By t h e  P ropos i t i on ,  t h e  boundary of B is 

t h e  d i s j o i n t  union of t h e  f i n i t e l y  many imbedded submanifolds 

where Mi ranges  over  t h e  connected components of  t h e  s e t  

of non-zero t r i p o t e n t s .  I f  V is  s imple  of rank r t h e r e  

a r e  p r e c i s e l y  r of them ( c f .  5 .12) .  Each Xi  is  f i b e r e d  

over Mi by its boundary components. Thus we may desc r ibe  

aB a s  a "convex c u r v i l i n e a r  polyhedron" whose "faces" a r e  

t h e  Xi . W e  s h a l l  s e e  l a t e r  t h a t  t h e  Xi a r e  p r e c i s e l y  

t h e  o r b i t s  of Go on aB . 

6.10. W e  r e c a l l  some f a c t s  on cones de f ined  by formal ly  r e a l  

Jordan a l g e b r a s  (cf . [B-K, Chapter  XI ] ) .  Let  A be a form- 

a l l y  r e a l  Jordan a lgeb ra  wi th  u n i t  element e , and le t  Y 

be t h e  connected component of e of t h e  s e t  of i n v e r t i b l e  

elements of  A . Then Y is an  open convex cone i n  A and 
- 
Y is t h e  s e t  of squa re s  of A . Let (x,y)  be an associ -  

a t i v e  s c a l a r  product  on  A ( i . e . ,  (xy,z)  - (x ,yz ) )  . Then 
- - 
Y '  is se l f -dua l  i n  t h e  s ense  t h a t  x E A belongs t o  Y i f  

and only  i f  (x,y)  2 0 f o r  a l l  y E H . Every x E A has  

a unique s p e c t r a l  decomposition x - A1cl+ ... +Ancn where 

c13. . . ,cn a r e  or thogonal  idempotents  of A whose sum is 



e . Then x E Y i f  and only  i f  a l l  X i  2 0 and x E Y 

i f  and only  i f  a l l  hi > 0 . For x , y  E A d e f i n e  

These o rde r  r e l a t i o n s  a r e  compatible w i th  t h e  v e c t o r  space  

s t r u c t u r e  of A . Note, however, t h a t  x ( y and x # y 

does not  imply x < y . 

6.11. LEMMA. Let e be a t r i p o t e n t  of V and le t  Y(e) 

be t h e  cone of  t h e  Jordan a lgeb ra  A(e) c V2(e) . Then 

Proof .  Let  x = C Aici be  t h e  s p e c t r a l  decomposit ion of 

x i n  A . Then t h e  ci a r e  or thogonal  t r i p o t e n t s  of V 

and hence 1x1 = m a x l ~ ~ l  . Since  t h e  e igenvalues  of 

e + x a r e  1 2  h i  w e  have 1x1 < 1 i f  and only  i f  

e 2 x > 0 and 1x1 5 1 i f  and only  i f  e + x 2 0 . 

6.12. THEOREM. Let b be a boundary p o i n t  of B , 

belonging t o  t h e  boundary component 'e - 
- 

(a)  The normal cone of t h e  convex body B (G., the 

c l o s e d  cone genera ted  by a l l  outward normal v e c t o r s  of 
- 

suppor t ing  hyperplanes  through b )  is Y(e) . 

(b)  There e x i s t s  a r e a l  a n a l y t i c  diffeomorphism cp 

neighborhood N of b & V on to  a neighborhood N '  of 

Proof.  (a )  S ince  Ze is t h e  r e l a t i v e  i n t e r i o r  of t h e  - 
- 

i n t e r s e c t i o n  of B with  a suppor t ing  hyperplane (6 .2 ) ,  

t h e  normal cones a t  b and a t  e a r e  t h e  same. Thus we 

may assume t h a t  b = e . Let M' be t h e  connected com- 

ponent of M con ta in ing  e and l e t  X' = U re . BY 
eEM' 

6.8, 6.9, X 1  is an  imbedded submanifold of V and t h e  

tangent  space  of X 1  a t  e is T . Let e + b be a 

suppor t ing  hyperplane of 3 a t  e wi th  outward normal 

vec to r  n . S e t t i n g  (x ,y)  = ~ e < x , ? >  , we have t h e r e f o r e  

and (e ,n)  > 0 . Then D 2 T and hence n E = A(e) . 
Since  e + 8 suppor t s  w e  have (x,n) ( ( e ,n )  f o r  a l l  

x E 3 . In p a r t i c u l a r ,  let  x E 3 n A(e) and s e t  y = e - x  . 
By 6.11, (y ,n)  2 0 f o r  a l l  y e A(e) w i th  0 5 y 5 2e . 
Every element of is a p o s i t i v e  m u l t i p l e  of a n  element 

y wi th  0 5 y ( 2e and hence (y,n)  1 0  ho lds  f o r  a l l  

y E . By s e l f - d u a l i t y ,  n E Y . Conversely, l e t  

0 # n E Y(e) and d e f i n e  b by (1) .  S ince  Y(e) is t h e  

set of squares  of  A(e) we have n = y2 , y E A(e) . 
Hence (e ,n)  = (e,y2) = ( e y , ~ )  = (y,y) > 0 . Any x E V 

can  be w r i t t e n  uniquely  i n  t h e  form x = he + h where 

h E 4 and A = (x ,n) / (e ,n)  . We have t o  show t h a t  x E 3 

imp l i e s  1 5 1 . Now 1x1 5 1 is equ iva l en t  wi th  

D ( x , ~ )  5 21d by 3.17, and hence 2(y ,y)  2 ({xTy),y) 



( b )  Let b  = e + z0 where zO E B n Vo(e) . Consider 

the map f : V + V defined by f (x+u+z) = exp (D ( u , a  
- - D(e,u)).(e-x+z-zo) where x  E A(e) , u E iA(e) 

+ Vl(e) , z E Vo(e) . Then e x p ( ~ ( u , e )  - D(e,u)) E K 

and therefore  f(x+u+z) E 3 i f  and only i f  f(x+O+z) 

= (e-x) + (z+zo) E 3 . Since e  - x E VZ(e) and 

z + zO E Vo(e) , t h i s  means le  - x + z + zol 

= max(le - x i ,  lz + z o l )  ( 1 ; i . e . ,  e  - x E 3 n A(e) and 

z  + zO E 3 W 0 ( e )  . By 6.11, e  - x E 3 n A(e) i f  and 

only i f  0  ( x (  2e . Clear ly  f ( 0 )  = b , and a  simple 

computation, using 6.7, shows t h a t  d f (0 )  is i n v e r t i b l e .  

Now (b) follows from the impl ic i t  funct ion theorem. 

6.13. COROLLARY. The boundary of B is smooth a t  a  point  

b  i f  and only i f  b  E ae where e  is  a pr imit ive  tri- 

potent .  In p a r t i c u l a r ,  the  following condi t ions  a re  

equivalent.  

( i )  a& is smooth, 

( i i )  (v,v-) has rank one; 

( i i i )  5 is t h e  open u n i t  b a l l  of a  finite-dimensional 

Hi lbe r t  space. 

Indeed, a& is smooth a t  b i f  and only i f  the  normal 

cone of b  is j u s t  a  half  l i n e .  



$7. The compactification of V 

7.1. Let ( V ,  V-) Sc a semisimple f inite-dimensional 

Jordan pair over C . In this section we show how to imbed 

V in a natural way into a compact manifold X (actually, 

a projective variety) as a dense open subset. As an 

example, consider the Jordan pair of p x q-matrices: 

Q = Y =  Mi,q(C) . with Qxy = x. t y.x . Then V  imbeds 

into the Grassmann manifold X = Grass (c~+~) of p- 
P 

dimensional subspaces of c ~ + ~  by associating with every 

x E V  the subspace of c ~ + ~  spanned by the row vectors 

of the p x (p+q) matrix (llx) (where 1 denotes the 

p x p unit matrix). X itself may be identified with the 

quotient of the set of matrices of rank p in M 
PI P+q (C 

by the action of GL (C) given by left multiplication. 
P 

Unfortunately, this construction does not generalize immed- 

iately to an arbitrary Jordan pair, but the following one 

does. It is an exercise in linear algebra to show that, if 

x, y E M C then the p x (p+q) matrix (1-x. ty lx) has 
P, 9 

rank p , and that every such matrix is of the form 

t 
g.(l-x. ylx) with g E GLp(C) . Thus we have a surjective 

map V x  V - + X  . When do (x,y) and (x',yr) in V x  V- 

determine the same point in X 7 If and only if there 

exists an invertible p X p matrix g such that 



t g. (1-x. y lx) = (1-xf . t y l  l x f )  . A simple computation shows 

t h a t  t h i s  is equivalent  wi th  g .  (1-x. (y-y '))  = 1 and 

t x '  = g.x ; i n  o t h e r  words, 1 - x. (y-y') is i n v e r t i b l e  

and x '  = ( ~ - X . ~ ( ~ - ~ ) ) ~ . X  . It t u r n s  o u t  t h a t  t h e s e  

cond i t ions  may be phrased i n  t e r m s  of t h e  quas i - inverse  

i n  t h e  Jordan a lgeb ra  v ( ~ - ~ '  ) (cf . 3 . 6 ) ,  and we there-  

f o r e  cons ider  f i r s t  i nve r ses  and quas i - inverses  i n  Jordan 

a lgebras .  

7.2. Let A be a Jordan a lgeb ra  over C with  u n i t  element 

1 . An element a E A is c a l l e d  i n v e r t i b l e  i f  t h e r e  e x i s t s  

b E A such t h a t  P(a)b  = a and p(a)b2 = 1 (where 

2 P(x) = 2L(x) - L ( x ~ )  a r e  t h e  quadra t i c  o p e r a t o r s  and 

L(x) y = xy t h e  l e f t  m u l t i p l i c a t i o n  of A ) . This  is t h e  

c a s e  i f  and only  i f  P(a)  is i n v e r t i b l e ,  and t h e  i n v e r s e  

of a is by d e f i n i t i o n  b = a-' = ~ ( a ) - ' a  . Note t h a t  

t h i s  impl ies  ab = 1 but  t h i s  cond i t ion  is not  s u f f i c i e n t  

f o r  a being i n v e r t i b l e ,  a s  one sees ,  e .g . ,  f o r  A t h e  

matr ix  a lgeb ra  wi th  ab = *(a.b+b.a) , a .b  being t h e  

ma t r ix  product .  In  f a c t ,  t h e  d e f i n i t i o n  of i n v e r t i b i l i t y  

is  chosen s o  a s  t o  co inc ide  wi th  i n v e r t i b i l i t y  i n  t h e  

a s s o c i a t i v e  sense  i f  A is a Jordan subalgebra  of an  

a s s o c i a t i v e  a lgebra .  

We say  x E A is quas i - inve r t ib l e  i f  1 - x is 

i n v e r t i b l e .  Writ ing (l-x)-' = I + z , t h e  above cond i t ions  

become 

These cond i t ions  make sense  even i f  A has  no u n i t  element,  

and they hold i f  and only  i f  Id - 2L(x) + P(x) is inver-  

t i b l e .  By d e f i n i t i o n ,  t h e  quas i - inverse  of x is 
2 

z = (~d-~L(x)+P(x ) ) - ' .  (x-x ) . 
Now l e t  (v,v-) be a Jordan p a i r ,  and l e t  

(x, y) E V x V- . We say (x,y) is  q u a s i - i n v e r t i b l e  i f  x 

is q u a s i - i n v e r t i b l e  i n  t h e  Jordan a lgeb ra  V(Y)  ( c f .  3 . 6 ) .  

2 
Then x = %y, 2xz = (xyz] = D(x,y)z,  P(x)z = Q Q z , x Y 

hence Id - 2L(x) + P(x) = B(x, y) and (1) and (2) 

become 

The quas i - inverse  of (x,y) is 

(5) z = x ~ =  B(X,Y)-'(X-Q~Y) . 

For example, i f  (v,v-) is t h e  Jordan p a i r  of p x q- 

ma t r i ces  then  (x,y) is q u a s i - i n v e r t i b l e  i f  and only  i f  

t 1 - x. y is i n v e r t i b l e ,  and t h e  quas i - inverse  is 

7.3. W e  now list t h e  main p r o p e r t i e s  of t h e  quas i - inverse  

i n  a Jordan p a i r .  For proofs ,  s e e  [ ~ 5 ,  $31. 

( i )  For a l l  t E C , ( tx ,y )  is q u a s i - i n v e r t i b l e  i f  and 



only i f  (x , ty)  is quasi - inver t ib le ,  and then 

(1) ( tx lY = t . (XtY) . 

( i i )  (x,y) is quasi - inver t ib le  i f  and only i f  (y,x) is  

quasi - inver t ib le  ( in  the  "opposite" Jordan p a i r  (v-,v)) , 

and then 

( i i i )  Let (x,y) be quasi - inver t ib le  and z 6 V- . Then 

(x,y+z) is quasi - inver t ib le  i f  and only i f  (xY,z) is 

quasi - inver t ib le ,  and then 

( iv)  Let (x,y) be quasi - inver t ib le  and z e V . Then 

(x+z, y) is quasi - inver t ib le  i f  and only i f  (z,yX) is 

quasi- inver t ib le ,  and then 

(v) The B-operators s a t i s f y  the  i d e n t i t i e s  

(v i )  If  ( f ,  f  -) : (v, V-) + (w, W-) is a homomorphism of 

Jordan p a i r s  then (x,y) quasi - inver t ib le  implies t h a t  

(fx,f-y) is quasi - inver t ib le ,  and 

Suppose t h a t  (V,V-) is a semisimple Jordan p a i r  over 

C . Let T be a p o s i t i v e  involut ion and 1x1 the  s p e c t r a l  

- 1 norm. For y E V- de f ine  1 y  I= 1 T y 1 . Also denote by 

x (n7Y)  the  n-th power of x i n  t h e  Jordan algebra V(Y) . 
Then we have: 

( v i i )  If  Ix l ly l  < 1 then (x,y) is quasi - inver t ib le  and 

xY is  given by t h e  geometric s e r i e s  

Indeed one shows e a s i l y  by induction t h a t  x(n+2yy) 

= € j Y n  ) and hence, using 3 -17 (a ) ,  t h a t  

\ # b y )  1 5 I X I " I Y I ~ - ~  . 

Therefore t h e  s e r i e s  converges, and computing i n  the  associ-  

a t i v e  subalgebra of v ( ~ )  generated by x one checks t h a t  

(8) holds. 

7.4. Let (v,v-) be a finite-dimensional Jordan p a i r  over 

cC . Clear ly  the  map (x,y) -t xY is a r a t i o n a l  map from 

V x V- i n t o  V . A polynomial funct ion 6 :  V x V- -+ 6: , 

normalized such t h a t  6(0,0) = 1 , is c a l l e d  a denominator 

of the  quasi-inverse i f  

( i )  6 (x,y) # 0 i f  and only i f  (x,y) is quasi- 

i n v e r t i b l e ,  

( i i )  6 (x,y) .xY is a polynomial funct ion.  



Thus xY = v(x,y) where v: V x V- -t V is a polynomial 
6 (x,Y) 

function, c a l l e d  the  numerator of xY (with respect  t o  

6) .  For example, we can take b(x,y) = de t  B(x,y) and 
8 

then v(x,y) = B(x,y) (x-Qxy) where .# denotes the  ad- 

j o i n t  matrix. There is a unique minimal denomiator obtained 

by cancel l ing a l l  common f a c t o r s  of 6 and v , and t h i s  

is j u s t  the  generic norm N(x, y) of (V,V-) (cf .  [L5, 

16.91). If (V,V-) is simple then de t  B(x,y) is  a 

power of N(x, y) and N(x, y) is an i r reduc ib le  polynomial 

funct ion ( [ ~ 5 ,  17.31). Note t h a t  6(x,0) = d(0,y) = 1 

s ince  (x,O) and (0,y) a re  quasi - inver t ib le ,  f o r  a l l  

X E V , Y E V - .  

7.5. LEMMA. Let b , v  be a denominator and numerator f o r  

the  quasi-inverse.  Then 

f o r  a l l  x E V ,  y , ~  E V - ,  t E C . 

Proof. By property (i) of a denominator, 6 (x, y) and 

de t  B(x,y) have the  same i r reduc ib le  f a c t o r s .  Since 

d e t  B(x, y) obviously s a t i s f i e s  (1) and by 7.3.5 s a t i s f i e s  

(2), it s u f f i c e s  t o  show t h a t  so  does each of its i r reduc ib le  

f a c t o r s .  Thus l e t  f l (x ,y)  ,..., fn (x ,y )  be the  d i f f e r e n t  

i r r educ ib le  f a c t o r s . o f  de t  B(x,y) , normalized by 

fi(O,O) = 1 . For each f ixed t E C , f l ( tx ,y )  is an 
m. 

i r reduc ib le  polynomial i n  (x,y) , and TI f i ( t x , y )  
m. 

= TI f i (x , ty )  . Hence the re  e x i s t s  an i = i ( t )  such 

t h a t  f l ( t x , y )  = f i ( x , t y )  , f o r  a l l  (x,y) . I t  follows 

t h a t  the re  e x i s t s  one index, say j , such t h a t  f l ( t x , y )  

= f j ( x , t y )  f o r  a l l  (x,y) and f o r  an i n f i n i t e  number of 

t ' s  . Since an i n f i n i t e  subset  of C is Zariski-dense, 

t h i s  equation holds f o r  a l l  t , and f o r  t =  1 we see  

t h a t  j = 1 . This proves (1).  Next, l e t  F be the  

f i e l d  of r a t i o n a l  funct ions  on V x V- . Then xY E V F , 

and we may consider fi(x,y+z) and f i (xY,z )  (as  funct ions  

of z ) a s  polynomial funct ions  on Y- F . By Gauss' 

Lemma, they a r e  i r reduc ib le .  Since TI f  i(x,y+z) mi 

= g-Tf fi(xy,z)mi (with g = Tf f i (x ,y)  E F) , t h e r e  e x i s t s  

an index j such t h a t  fl(x,y+z) = h.f J . (xY,z) with 

h = h(x,y) E F . For z = 0 we ge t  h(x,y) = fl(x,y) 

s ince  de t  B(x,O) = 1 and hence f .(x,O) z 1 . Now f o r  
J 

y = 0 it follows t h a t  j = 1 . This proves (2) .  Now (3) 

and (4) follow immediately from (1) and (2) and 7 .3 .1  and 

7.3.3. 

7.6. Let (V,V-) be a finite-dimensional Jordan p a i r  over 

C . Motivated by 7 . 1  and 7.2, we def ine  an equivalence 

r e l a t i o n  on V x V- by (x, y) - (xf  , y t  ) (x, y-y1 ) quasi-  

i n v e r t i b l e  and x'  = xy-'' . Using 7.3.3 one checks e a s i l y  



t h a t  t h i s  is indeed an equivalence r e l a t i o n .  We denote the  

equivalence c l a s s  of (x,y) by @:y) and t h e  s e t  of equiv- 

alence c l a s s e s  by X . It is  e a s i l y  seen t h a t  the  map 

x + (x:O) is in jec t ive ,  and we s h a l l  thus  fden t i fy  V 

with a subset of X . Note t h a t  X depends f u n c t o r i a l l y  

on (v, V-) : i f  (f , f -) : (V, f) + (V' , v'-) is  a homomorphism 

of Jordan p a i r s  then we have a map X + X '  by 

(x:y) -, (fx:f-y) . 

7.7. PROPOSITION. For every a E V- let U a = [ ( x : a ) l x ~ v ]  

c X . Then the  map va: Ua + V , (x:a) + x , is b i j e c t i v e ,  

and the Ua form a covering of X . There e x i s t s  a unique 

s t r u c t u r e  of a smooth a lgebraic  va r ie ty  on X such t h a t  

each Ua is an open af f ine  subvar ie ty ,  isomorphic with V - 
under rpa . In pa r t i cu la r ,  V = Uo is open and dense i n  

X . Every f i n i t e  subset  of X is contained i n  one of the  

'a ' 

Proof. I f  (x:a) = ( x t : a )  then by d e f i n i t i o n  of the  

equivalence r e l a t i o n ,  x '  = xava = x0 = x . This shows 

t h a t  rpa is a b i j e c t i o n .  We show t h a t  va(Ua r u b )  is 

Zar i sk i  open and dense i n  V and t h a t  the  t r a n s i t i o n  

funct ions  rpba = 'pborpil : 'pa (ua n ub) + rpb (ua n ub) a r e  

morphisms. Indeed, va(Ua n Ub) = {X E V I  (x, a-b) quasi- 

i n v e r t i b l e ] ,  and qba(x) = xa-b . Denoting by 6 and v 

a denominator and numerator f o r  t h e  quasi-inverse,  we have 

va(Ua fl Ub) = Ex E V /  6 (x,a-b) # 03 which is Zar iski  open 

and dense (since 6 (0, a-b) = 1 )  and xa-b = v (x, a-b)/6 (x, a-b) 

is a morphism. Next we show t h a t  f i n i t e l y  many of t h e  

Ua cover X . For .  every a E V- l e t  f ,(XI = 6 (x,-a) , 

a polynomial funct ion on V . Then the  f a  a r e  of bounded 

degree and hence span a finite-dimensional vector space. 

Let fal, ..., fan be a bas i s  of t h i s  vector space. We 

claim t h a t  the  Uai, i = 1, ..., n , cover X . For every 

a E V- the re  e x i s t  Xi E C such t h a t  6(x,-a) 

= C Xi6(x,-ai) , f o r  a l l  x E V . This implies b(x,b-a) 

= 2 Xi6(x,b-ai) f o r  a l l  x E V ,  b E V- . Indeed, s ince  

t h i s  is a polynomial r e l a t i o n ,  it s u f f i c e s  t o  check it on 

t h e  open dense subset  of a l l  quasi - inver t ib le  p a i r s  

(x,b) E V x V- . Then we have by 7.5.2, 6(x,b-a) 

= 6 (x,b)b (xb,-a) = 6(x,b)hi6(xb,-ai) = C Xi6(x,b-ai) . 
Now l e t  (x:a) E X . Then 1 = b(x,O) = &(x,a-a) 

= 8 Xi6 (x,a-ai) and hence 6 (x,a-aj) Z 0 f o r  some j . 
This means t h a t  (x,a-a ) is quasi- inver t ib le  and there- 

j 

f o r e  (x: a )  = (xaqaJ : a .  ) E Ua. . So f a r ,  we have shown 
J J 

t h a t  X is a p revar ie ty ,  and it remains t o  check t h a t  X 

is separated.  By [MU, p. 71, Prop. 51 it s u f f i c e s  t o  show 

t h a t  any two po in t s  of X a r e  contained i n  an open a f f i n e  

subset .  More general ly ,  we show t h a t  any f i n i t e  subset  of 

X is contained i n  some Ua . Let (xi:ai) E X , 

i = 1 , .  . Then t h e  polynomial funct ions  f i ( a )  
- 

= 6 (xi, ai-a) on V a r e  not zero s ince  f . (ai) = I . 
.I 

Hence t h e r e  e x i s t s  a E V- .such t h a t  f i ( a )  Z 0 f o r  a l l  

i which means (xi,ai-a) quasi - inver t ib le  and the re fo re  



7.10 

7.8. Let 8 be the  sheaf of germs of regular  funct ions  

on X and O* the  subsheaf of i n v e r t i b l e  funct ions .  Also 

l e t  6 be a denominator f o r  the  quasi-inverse.  We def ine  

a I-cocycle (f ab) with values i n  O* on X ( r e l a t i v e  t o  

the  covering (Ua)a V-) by 

fab(p) = 6 (x,a-b) , 

f o r  p = (x:a) E Ua n Ub . Indeed, i f  p = (x:a) = (y:b) 

E Ua " Vb " Uc we have y = xa-b and hence by 7.5,  

a-b 
fab(p)fbc (p) = 6 (x, a-b) 6 (y,b-c) = 6 (x, a-b) 6 (x , b-c) 

= 6(x,a-b+b-c) = b(x,a-c) = faC(p) - 

Let d(6)  be the  l i n e  bundle on X defined by (fab) - 
We remark t h a t  i f  6(x,y) = de t  B(x,y) then L(6) is the  

dual  of the  canonical bundle PC of X . Indeed, the  t rans-  

i t i o n  funct ions  f o r  the  tangent bundle of X a re  given by 
-1 

Bab(p) = dvab(vb(p)) where vab = vaovb - Now vba(x) 

- - ,a-b (cf .  the  proof of 7.7) and we have t o  compute t h e  

de r iva t ive  of xY with respect  t o  x . By 7.3.4, we have 

( x +  E Z ) ~  = XY + B(x,Y)-'(Ez) (yx) 

Now zpV I z(mod e) s ince  z0 = z , and by 7.3.1, ( e ~ ) ~  

2 
= e. (zeV) = ez (mod e ) . Hence 

2 
( X + E Z ) ~  6 xY + c~(x,y)-'.z(mod e ) ,  

and the  de r iva t ive  of xY with respect  t o  x is B ( X , ~ ) - '  . 
It follows t h a t  d x  = ~ ( x a - b  and the re fo re  

drpab (vb (PI ) = [dgba (va (PI I-' = B (x, a-b) , where p = (n: a)  . 
ifence the  t r a n s i t i o n  funct ions  f o r  the  canonical bundle a r e  

de t  = d e t  B(x,a-b)-' . If (v,v-) is simple then 

by 7.4, de t  B(x,y) = ~ ( x , y ) ~  is a power of t h e  gener ic  

norm, and hence &(POg = PC-' . I t  can be shown t h a t  i n  

t h i s  case  d(N) generates  t h e  Picard group of X (see 

C ~ 7 1 ) .  

7.9. Recal l  the  connection between l i n e  bundles and maps 

from X i n t o  p ro jec t ive  spaces:  i f  d is a l i n e  bundle 

on X and s ( ~ ) , . . . , s  a r e  sec t ions  of d without 

common zeroes then we have a morphism X + pn(c) given 

l o c a l l y  by p + [ s p )  (p) , . . . , s p )  (p) ] where t h e  brackets 

i n d i c a t e  the  point  i n  pn(a) defined by a vector i n  

C"'-[O) . Here s:i) denotes the  funct ion on 'a 

defined by s ( ~ )  , assuming t h a t  the  covering (Ua) 

t r i v i a l i z e s  d . The bundle d is c a l l e d  very ample i f  

t h e r e  e x i s t  s e c t i o n s  of d which de f ine  an imbedding of 

X i n t o  some P"(c) . It w i l l  be more convenient f o r  us  

t o  descr ibe  t h i s  s i t u a t i o n  a s  follows: Let E be a f i n i t e  

dimensional vector  space, and consider the  vector  bundle 

E @ & on X (which is isomorphic with the  sum of dim E 

copies  of 2 ) . Then a nowhere vanishing s e c t i o n  s of 

E €3 2 def ines  a morphism a: X + P(E) (the p ro jec t ive  

space of E 1 by p -t [s ,(P) ] l o c a l l y .  

7.10. THEOREM. The l i n e  bundles d (6)  a r e  very ample. 

If (v,v-) is semisimple then t h e  imbedding defined by - 



&(6) is closed and hence X is a p ro jec t ive  va r ie ty .  

Proof. Let v be the  numerator of the  quasi-inverse 

belonging t o  6 . From (1) and (3)  of Lemma 7.5 it follows 

t h a t  the  expansions of 6 and v i n t o  bihomogeneous com- 

ponents a r e  of the  form 

where bi(x, y) is  homogeneous of bidegree ( i ,  i )  and 

vi(x,y) is homogeneous of bidegree ( i  + l , i )  i n  (x,y) . 
Moreover, 60 = 1 and vo(x,y) = x s i n c e  x0 = x . Let 

E be the  finite-dimensional vector space of a l l  polynomial 

funct ions  (cp,f) on V- with values i n  Q! x V ( i - e . ,  

cp: V- -t Q! is a s c a l a r  polynomial and f :  V- + V a vector  

valued polynomial) such t h a t  cp is of degree 5 m and f 

of degree 5 n . Define s sec t ion  s of E 8 Z(6) l o c a l l y  

on Ua by 

f o r  a l l  y E V- . We check t h a t  s = fabsb and hence the  a 

s def ine  indeed a sec t ion :  by 7.5, we have f o r  a 
a-b p = (x:a) = (x :b) E Ua fl Ub and a l l  y E V- t h a t  

fab(p)sb(p)(y) = 6(x,a-b) ( d ( ~ ~ - ~ , b - y ) ,  ~ ( x ~ - ~ , b - y ) )  

= (6 (x, a-b+b-y) , v (x, a-b+b-y) ) 

= S,(P) (Y) . 

The sec t ion  s vanishes nowhere s ince  sa(x:a) (a) 

= (6 (x,O), v(x,O)) = (1,x) . Hence s defines a morphism 

0: X + P(E) . 
Every a E V- de f ines  a l i n e a r  form on E by 

(cp,f) +cp(a) . Thus 

is t h e  complement of a hyperplane of P(E) , and we have 

a morphism qa: P(E), + Ua by sending [cp,f] i n t o  

f (a) \ \m : a) . Clear ly  o maps Ua i n t o  P(E), , and 

qaoo is t h e  i d e n t i t y  on Ua . Since by 7.7 any two po in t s  

of X a re  contained i n  some Ua i t  follows t h a t  o is 

i n j e c t i v e .  

For (cp,f) E E consider the  condi t ions  

f o r  a l l  y,z E V- . 
Here c p ( z + ~ ) ~  and f ( ~ + y ) ~  denotes the  component 

homogeneous of degree i i n  y of t h e  polynomial funct ions  

cp(z+y) and f (z+y) on V- x V- . Then (3) and (4) is an 

( i n f i n i t e )  set of homogeneous polynomial equations f o r  

(cp,f) (indexed by i and (y,z) E V- x V-) , and-hence 

def ines  a c losed subvar ie ty  Z of P (E) . Also l e t  



an open subva r i e ty  of P ( E )  . We cla im t h a t  a maps X 

i somorphica l ly  onto  Z fl W . 
By what w e  proved above, a maps X i n t o  W . To 

show t h a t  a (XI c Z l e t  [rq,f ] E a (X) ; say,  [y , f  ] 

= a (x : a )  which means ( a f t e r  m u l t i p l i c a t i o n  by a non-zero 

s c a l a r )  cp(y) = 6 (x,a-y) and f (y)  = v(x,a-y) f o r  a l l  

Y E V- . Then f o r  a l l  z E V- f o r  which (x,a-z) is 

q u a s i - i n v e r t i b l e  ( t hese  z form a dense open s u b s e t ) ,  we 

have by 7.5. 

Comparing homogeneous components of degree  i i n  y on 

both s i d e s  and mul t i p ly ing  by rq(z)"-' we g e t  (3) f o r  a l l  

z i n  a dense open s u b s e t  and hence everywhere. S imi l a r ly ,  

f (z+Y) = v (x, a-z-y) = 6 (x, a-z)v (xa-z, y)  

imp l i e s  (4).  

Next w e  show t h a t  ooqa is t h e  i d e n t i t y  on Z n P (E), . 
Let [cp,f ] E Z n R(E), . W e  may assume t h a t  ~ ( a )  = 1 . 
Then q a ( [ y , f ] )  = ( f ( a ) : a )  f Ua . From (3) and (4) we g e t  

f o r  z = a by summing up: C (-1)'di(f(a),-y) = C c p ( a + ~ ) ~  
i 

= cp(a+~) = 5 (f (a )  ,-Y) and 2 ( - l l lv i ( f  (a) ,-y)  = C f ( a + ~ ) ~  

= f (a+y) - v(f  (a) ,-y)  . Replacing y by y - a we have 

which s a y s  t h a t  [cp, f ] = a (f (a )  :a) . Thus 0 induces  

isomorphisms between Ua and Z fl P(E), . Since  a is 

i n j e c t i v e  i t  is now c l e a r  t h a t  X 2 Z n W under a . 
F i n a l l y ,  w e  show t h a t  Z c W i f  (v,v-) is semisimple.  

Suppose t o  t h e  c o n t r a r y  t h a t  [cp,f] s Z bu t  rq = 0 . 
Then by (3) ,  d i ( f ( z ) , y )  = 0 f o r  a l l  y , z  and i = l ,  ..., m 

which imp l i e s  6 (f ( z ) ,  y)  = 1 . Hence (f ( z ) ,  y) is quas i -  

i n v e r t i b l e  f o r  a l l  y c V- ; i - e . ,  f ( z )  is s t r i c t l y  

q u a s i - i n v e r t i b l e  and hence belongs t o  Rad V ( c f .  [ ~ 5 ,  

$41). By semis imp l i c i t y ,  f ( z )  = 0 f o r  a l l  z , which 

means f = 0 , a c o n t r a d i c t i o n .  

7.11. A s  an example, cons ide r  t h e  Jordan p a i r  of p x q- 

mat r i ce s .  Here t h e  gene r i c  norm is given  by N(x,y) 

= det ( l -x . ty)  , and d e t  B(x,y) - ~(x ,y ) '+¶  . The pro- 

j e c t i v e  imbedding of X = Grass  g iven  by t h e  l i n e  
P 

bundle &(N) is p r e c i s e l y  t h e  Pliicker imbedding. The 

proof is l e f t  a s  an  e x e r c i s e .  



$8. The automorphism group of X 

8.1.  In t h i s  sec t ion ,  (V,V-) is a semisimple complex 

Jordan p a i r ,  and X is the  p ro jec t ive  a lgebraic  va r ie ty  

constructed i n  the  previous sec t ion .  We denote by Aut(X) 

the  group of automorphisms of X (as an a lgebra ic  va r ie ty )  

Since V is open and dense i n  X , every automorphism of 

X induces a b i r a t i o n a l  transformation of V and thus  

we may consider Aut(X) a s  a subgroup of the  group of 

b i r a t i o n a l  transformations of V . 

8.2. PROPOSITION. There e x i s t s  a unique s t r u c t u r e  of an 

a f f i n e  a lgebra ic  group on Aut(X) with the  following pro- 

per ty:  if A is an a lgebraic  group and A x X + X & 

morphic ac t ion  of A on X then the  n a t u r a l  map A + Aut(X) 

is a homomorphism of a lgebra ic  groups. 

Proof. Let 6(x,y) = d e t  B(x,y) s o  t h a t  &(6) = is 

the  inverse  of t h e  canonical bundle (cf .  7.8).  Then Aut(X) 

a c t s  na tu ra l ly  on y-l and hence on the  space of sec t ions  

( X 1 )  . Since X is pro jec t ive ,  t h i s  space is f i n i t e -  

dimensional, and picking a b a s i s  so, . . . ,sn of T(X,~-') , 
we ob ta in  by 7.10 an imbedding a: X + F ~ ( c )  , and a mono- 

morphism cp: Aut (X) + PCLn+l(C) = ~ u t  ( p n ( ~ ) )  which a r e  



compatible. The image of cq is t h e  normalizer of o(X) 

i n  PGLn+l (a!) . Since o (X) is a closed subvar ie ty  of 

pn(a!) , t h i s  is a Zar iski  closed subgroup of the  a f f i n e  

a lgebraic  group PGLn+l((C) and hence i t s e l f  an a f f i n e  

a lgebraic  group. By t ransport  of s t r u c t u r e ,  s o  is Aut(X) . 
An act ion of A on X induces an ac t ion  of A on 

T(X,~(-') and hence a homomorphism (of a lgebra ic  groups) 

A -, rp (Aut X) . This completes the proof.  

8 - 3 .  Since X is a smooth p ro jec t ive  va r ie ty ,  we may 

consider it a l s o  a s  a compact complex manifold Xan . By 

Chow's Lemma, every holomorphic automorphism of X is 

algebraic ,  and hence Aut(X) = Aut(Xan) (as a b s t r a c t  groups). 

I t  is known t h a t  Aut(Xan) is a complex Lie transformation 

group of Xan i n  the  compact-open topology. On t h e  o the r  

hand, the  a lgebraic  group Aut(X) may be regarded a s  a 

complex Lie group A u ~ ( X ) ~ ~  and from t h e  d e f i n i t i o n  of the  

a lgebraic  group s t r u c t u r e  on Aut(X) it follows t h a t  

Aut (Xan) = Aut (X) an . The Lie algebra of Aut (Xan) and 

the re fo re  of Aut(X) is the  s e t  of a l l  holomorphic vector 

f i e l d s  on X (which, by GAGA , is the  same a s  the  s e t  of 

a lgebraic  vector f i e l d s )  . 
We denote by G t h e  connected of t h e  i d e n t i t y  of 

Aut(X) i n  the  Zar i sk i  topology, t h i s  is a l s o  the  connected 

component i n  the  compact-open topology. The Lie a lgebra  of 

G is g . By r e s t r i c t i o n  t o  V , we may consider g a s  

a Lie algebra of vector f i e l d s  on V . 

8.4.  PROPOSITION. (a) There is a monomorphism T :  V- + G 

of the  add i t ive  group of V- into G given by 

If we iden t i fy  the  Lie a lgebra  of V- with V- then t h e  

vector f i e l d  5 = Lie(:) (v) corresponding t o  v E V- & 

(b) There is a monomorphism ~ u t  (v,v-) + Aut (X) given by 

(h,h-).(x:a) = (hx:h-a) , ((h,h-) E A U ~ ( V , V - )  , (x:a) E X) . 

(c) There is a monomorphism t:  V + G of the  add i t ive  

group of V into G extending t h e  a c t i o n  of V on i t s e l f  

by t r a n s l a t i o n s :  

f o r  u E V , x = (x:O) E V C X - 

Proof. (a) One checks immediately t h a t  ?v is wel l  

def ined,  and from 7.7 it is c l e a r  t h a t  the  map V- x X + X ,  - 
(v,p) + t V ( p )  , is a morphism. By 8.2, we have a homo- 

morphism :: V- + Aut (XI of a lgebra ic  groups, and 

?(v-) c G s i n c e  V- is connected. Assume zv = Id . 
Then f o r  all x E V we have (x:O) = (x:v) , i . e . ,  

v x = x . In p a r t i c u l a r ,  v is s t r i c t l y  quasi - inver t ib le ,  

and hence v E Rad V- = 0 . The b i r a t i o n a l  map of V 

induced by Z v  is given by <(XI = xV , f o r  (x,v) 

quasi - inver t ib le ,  s i n c e  ZV(x) = (x:v) = (xV:O) . The 

vector  f i e l d  "v on X induced by t h e  one-parameter group 



2 zEV is given by ZEv(x) x + cG(x) (mod E ) . By 7.3.2 

X 
and t h e  computation i n  7.8,  ZEv(x) = xEV = x + QX(€v) 

2 
z x + E Q ~ V  (mod E ) . 

(b) By 7.6, we have a homomorphism Aut (V, V-) + Aut (X) 

which is c l e a r l y  a homomorphism of a lgebraic  groups., Since 

(V, V-) admits a non-degenerate Aut (V, V-)-invariant bi- 

l i n e a r  form < , >  : V x  v - + C  ( fo r  ins tance,  < x , y >  

th-1 
= t r a c e  D(x, y ) )  , we have h- = (cf . 3.5) ,  and there- 

fo re  the  homomorphism is i n j e c t i v e .  

(c) Let U+ be the  s e t  of a l l  g E G such t h a t  t h e  

de r iva t ive  of g (considered a s  a b i r a t i o n a l  transforma- 

t i o n  of V) is the  i d e n t i t y .  This is c l e a r l y  an a lgebraic  

subgroup of G , and g E U+ i f  and only i f  g r e s t r i c t e d  

t o  V is a t r a n s l a t i o n  tu , f o r  some U E V . Thus U+ 

may be i d e n t i f i e d  with an a lgebraic  subgroup of V . The 

Lie algebra u+ of U+ cons i s t s  of a l l  vector f i e l d s  i n  

8 which, when r e s t r i c t e d  t o  V , a r e  constant .  Hence t o  

show t h a t  U+ r V it s u f f i c e s  t o  show t h a t  n' = V ; i . e . ,  

every constant vector  f i e l d  on V extends t o  X . For 

u E V def ine  a vector f i e l d  g a  an  Ua (cf .  7.7) by 

ca(x:a) = B(x,a)u (since Ua = V we regard a vector f i e l d  

on Ua a s  a map Ua + V) . Then t h e  S a  def ine  a global  

vector f i e l d  5 on X s ince  f o r  p = (x:a) = (y:b) E Ua fl Ub 

we have y = x a-b and the re fo re  Bab(p)Eb(p) 

= B ( x , a - b ) ~ ( x ~ - ~ , b ) - u  = B(x,a-b+b).u = B(x,a)u = 5,(p) , 

by 7.3.5 and 7.8. Now !O(x:O) = B(x,O)-u = u is the  

constant  vector  f i e l d  u , and hence S extends u . 
This completes the  proof. 

8.5. COROLLARY. G a c t s  t r a n s i t i v e l y  on X . 
Indeed, (x:a) = za(x:O) = % a t x (0:O) . 

8.6. We denote by U- the  subgroup [Tvlv E V-] of G , 

and i d e n t i f y  A U ~ ( V , V - )  with a subgroup of Aut(X) . Let 

H = AU~(V,V-) '  c G , and U+ - { tu lu  E V} c G . The Lie 

a lgebras  of U-,H,u+ a r e  denoted by u-, q ,  ut . Thus 

u- = E7lv E v-1 

c o n s i s t s  of vector  f i e l d s  which, when r e s t r i c t e d  t o  V , a r e  

homogeneous polynomial funct ions  of degree 2, 

g = @,A_) E D ~ ~ ( v , v - ) }  

is isomorphic with the  de r iva t ion  a lgebra  of (v,v-) 

(cf . 3. I) and c o n s i s t s  of l i n e a r  vector  f i e l d s ,  and u+ = V 

c o n s i s t s  of a l l  constant  vector  f i e l d s .  The subgroups u+,u- 

a r e  unipotent,  being isomorphic (as  a lgebra ic  groups) with 

the  vector  groups V,V- . The exponential  map exp: u+ + UL 

is  given by 

exp (u) = tU , exp (3 = Z v  

f o r  u E V = u+ and v E V- . Note t h a t  H normalizes 

U+ and U- ; more p rec i se ly ,  we have 



f o r  (h,h-) E A U ~ ( V , V - )  , u G V, v E V- . Indeed, f o r  

x F V we have h. tu. h-'(x) = h(u+h-'(x) ) = hu + x , and 

i f  (x, v) is quasi - inver t ib le ,  h.'Ev. h-'(x) = h (  ( h - ' ~ ) ~ )  

= xh-v , by 7.3.7. By a densi ty  argument, we have (1 ) .  

On the  Lie algebra l eve l ,  (1) implies 

f o r  (&,A_) c D ~ ~ ( v , v - ) ,  u c V .  v F V- . Also, we have 

and thus [u+,u-] c 9 . Indeed, f o r  x E V ,  [u,G] (x) 

= du(x).G(x) - dXx).u(x)  = - dG(x).u = - {xvu] =-D(u,v) .x  . 
Fina l ly ,  l e t  S t C* be the  one-dimensional to rus  i n  

the  cen t re  of H cons i s t ing  of a l l  transformations 

(x:a) -+ (sx:s-'a) , s E C* , and l e t  5 E 9 be the  vector 

f i e l d  tangent t o  S , given on V by C(x) - x . Clearly,  

Ads.5 = sL1.{ and [c,!] = + { f o r  5 E u+ . 

8.7. THEOREM. G is a semisimple group, generated by U+ 

and U- . The Lie a lgebra  of G g = U+ 8 9 8 u- . - 

Proof. Let R be the  r a d i c a l  of G ; i - e . ,  the  l a r g e s t  

connected solvable normal subgroup of G . Then R has a 

f ixed  point  on the  complete va r ie ty  X . Since R is 

normal i n  G and G is t r a n s i t i v e  on X by 8 .5 ,  R a c t s  

t r i v i a l l y  on X and therefore  R = {I] . For 5 6 3 , 
l e t  5 = C C, be t h e  expansion of 5 i n t o  homogeneous 

n>_o 
polynomials. Then f o r  a l l  s E S , Ads .g  = sP-" .gn E g , 

n>O 
and therefore  5n  E g . Denoting by g n  the  s e t  of 

a l l  f E g which a r e  homogeneous of degree n + 1 , we have 

- n$lgn and [gn., B,] C gn+m ; i . e . ,  g is  a z-graded 

Lie a lgebra .  This implies t h a t  gm is orthogonal t o  

g n  with respec t  t o  t h e  Ki l l ing  form of g except when 

m + n = 0 . Since g is semisimple, the  Ki l l ing  form is 

non-degenerate, and thus  gn  is isomorphic with the dual 

of 9-, . Hence gn  = 0 f o r  n > 1 . Clear ly  u+ = 8-1 9 - 9 c go  , and u c g1 . Since dim u- = dim V- = dim V 

= dim u+ = dim gl , we have u - = g1 . From the  composition 

r u l e s  f o r  t h e  g n  it follows t h a t  Q' = u+ 8 [u+,u-] 8 u- 

is an i d e a l  of g . By semisimplicity,  g = g '  63 8'' ( d i r e c t  

sum of i d e a l s )  where g" is the  orthogonal complement of 

g '  with respec t  t o  the  Ki l l ing  form. Since the  orthogonal 

complement of u+ 8 u- is go it follows t h a t  gl' c go . 
Since t h e  vector f i e l d s  i n  go vanish a t  0 , t h e  normal 

subgroup of G generated by 0" f i x e s  t h e  o r ig in .and  is 

the re fore  t r i v i a l  (by the  same argument a s  used f o r  R). 

Hence g = u+ @ [u+,uq] @ u- , and 9 = [u+,u-] . It follows 

t h a t  G is generated by U+ and U- . 

8.8. COROLLARY. (a) H is t h e  c e n t r a l i z e r  of S G ; 

it is  a reduct ive  groug. 

(b) The c e n t r e  of G is t r i v i a l .  

Proof. By 8 .6  and 8.7,  the  c e n t r a l i z e r  of S i n  g is 

9 . Since t h e  c e n t r a l i z e r  of a t o r u s  i n  a connected reduc t ive  

group is connected and reduct ive ,  we have (a) .  Let g belong 

t o  the  c e n t r e  of G . Then g E H , and by 8.6, 



gtug-l = tgu = tU implies gu = u f o r  a l l  u E V . Since 

we may iden t i fy  B with a subgroup of GL(V) , g = Id . 

8.9.  COROLLARY. Every de r iva t ion  of the  Jordan p a i r  

(v,v-) is inner .  The group ~ u t  (v,v-) is reduct ive  and 

i ts  i d e n t i t y  -component is I ~ ~ ( v , v - )  . 

Proof. By 8.6.3,  the  r e l a t i o n  [u+, u- ]  = 9 implies t h a t  

every de r iva t ion  of (V, V-) is  inner (cf . 3. I). Now the  

asse r t ion  follows from 8.8. 

8.10. PROPOSITION. (a) The isotropy group of 0 G 

is H-U- , isomorphic with the  semidirect product H bc U- . - 

(b) ~ e t  n = {g G ] ~ ( o )  E V) . a n = u+.H-U- , a- 
morphic with U+ x H x U- under mul t ip l i ca t ion .  

Proof. (a) The isotropy group P of 0 i n  G is para- 

bo l i c  and therefore  connected, s ince  G/P * X is a complete 

va r ie ty .  The Lie algebra of P is the  s e t  of a l l  vector 

f i e l d s  i n  8 vanishing a t  0 . By 8.6, t h i s  is 9 d u- . 
Hence P = H.U- . We show t h a t  H n U- = { I ]  . By t h e  

computation i n  7.8, the  de r iva t ive  of \ a t  x E V is 

dZv(x) = B(x,v)-' . In p a r t i c u l a r ,  dZv(0) = ~ ( o , v ) - ' = I d .  

Thus i f  h - Zv E H t7 U- then, s ince  h induces a l i n e a r  

mapof V ,  h = d h ( O )  = I d .  

(b) 0 is  the  inverse  image of V c X under the o r b i t  map 

g -t g(0) and the re fo re  Zariski-open. Since U+ a c t s  

simply t r a n s i t i v e l y  on V , we have n = U+.P z U+ x P 

+ U + X H X U - .  

(c) Since G is connected, n and 0-I = U--H.u+ a re  

open and dense i n  G . Hence G = n-I-  n = U-HU+ufHU- 

- U-U+W- = U-D , using t h a t  H normalizes U+ . Similar ly ,  

G = n.*-1 n.u+ . 

Next, we give a desc r ip t ion  of G by generators  and 

r e l a t i o n s .  

8.11. THEOREM. (a) For (u, v) E V x V- , we have 

tv-tu E Cl i f  and only i f  (u,v) is quasi - inver t ib le ,  and 

then - 

(b) LeP; r be a group, and l e t  fo :  H + r , + f+: U- -, r 
be homomorphisms. Then fo ,  f+,  f -  extend t o  a ?unique) - 
homomorphism f :  G -t r i f  and only i f  

(2) -1 f (h .b -h-3  = fO(h) . f+(b) - fo (h)  , + - - 

f o r  a l l  h E H , b E U~ , (u,v) e V x V- quasi - inver t ib le .  

Proof. (a) W e  have Zv. tU(0)  = zv(u: 0) = (u:v) E V i f  

and only i f  (u: v) = (x: 0) , which means (u, v) quasi- 

i n v e r t i b l e  (and x = uV) , by 7.6. Now (1) needs t o  be 

checked only f o r  the  dense open subset  of a l l  z E V f o r  

which (u+z,v) is quasi - inver t ib le ,  and then by 7 . 3 . 4 ,  w e  have 



(b) Clearly (2) and (3) are necessary for f to exist. 

Conversely, let g E G , and write 

which is possible by 8.10. If f exists then f (g) 

= f-(%v)f+(tu)fo(h)f-(?w) . We check that this is well 

defined. If 

ZV.tU.h.ZW = FV'.tu'.hl.tW' , 

then by 8.6.1, 

and by (1) we have u' = uv-v ' , h'h-' = B(u,v-v')-' , 

(V-V')~ = h-- (wl-w) . Hence by (2) and ( 3 ) ,  

which implies f - (zV) - f+ (tU). f (h) . f - (zW) = 

= f-(tv,).f+(tu,)-f0(h1).f-('EW,) . Now we show that 
f: G + T is a homomorphism. If b G U- and g E G then 

Indeed, writing g as in (4) this is immediate since 

flu- = f- is a homomorphism. If h E H then 

This follows similarly, using (2). Finally, we show that 

( 7 )  f (abc) = f (a)f (b)f (c) 

for a,c E u+, b E U- . Write a = tU, b = Itv, c = t 
w ' 

and pick an element y E V- such that (-u, y) and 

(w,y+v) are quasi-invertible. This is possible since the 

Zariski-open subsets {y E V-ldet B(-u,y) # 01 and 

{y E V-ldet B(w,y+v) # 0) of V- not empty and therefore 

have non-empty intersection. Setting d = " t i  follows 
Y 

by (1) that da-I E 0 and dbc E 0 . Let ad-' = zhx , 

dbc = x'h'zt where x,x' E U+ , h,hl E H , z,zl E U- . 
Then we have by (5) and (6), 

f (abc) = f (ad-'.dbc) = f (zhx.x'hfz') 

= f (a)f (b)f (c) . 

Mow it follows easily from (5) - (7) that f is a homo- 

morphism. 

8 -12. Example. Let (V, V-) be the Jordan pair of p x q 

matrices, thus X = Grass (en) where n = p + q . Then 
P 

G = PGLn((C) and the natural action of GLn((C) on X 

induces a surjective homomorphism It: GLn(C) + G whose 

kernel consists of all multiples of the identity. If 

X E V - M  p , q ( ( C )  and 



divided i n t o  4 blocks of s i z e s  p X p ,  p X q ,  q X P ,  

q x q ,  then  t h e  a c t i o n  of K(g) on V a s  a b i r a t i o n a l  

t ransformat ion  is given by 

For u E V , v E V- = M ( we have 
P , ¶  

and IC-'(R) is t h e  s e t  of a l l  g of t h e  form (1) f o r  

which d is i n v e r t i b l e .  

In gene ra l ,  G w i l l  no t  c o n s i s t  of  f r a c t i o n a l  l i n e a r  

t ransformat ions  a s  i n  (2) but  of f r a c t i o n a l  quadra t i c  

t ransformat ions  i n  t h e  fo l lowing sense .  

8 . l 3 .  PROPOSITION. For every g E G t h e r e  e x i s t  uniquely  

determined polynomial func t ions  v - V + V ,  A V + End V 
g '  g: 

of degree ( 2 such t h a t  g (x) E V (for x E V) i f  and 

only  i f  Ag(x) is i n v e r t i b l e ,  and then 

The maps g + vg & g + A g  a r e  morphisms of a l g e b r a i c  

v a r i e t i e s .  The "denominators" Ag s a t i s f y  

f o r  a l l  g ,h  F G and a l l  x E V such t h a t  h(x)  E V . 

Proof.  Let 5 E 8 , considered  a s  a polynomial vector  

f i e l d  on V . Then t h e  a d j o i n t  r e p r e s e n t a t i o n  of g E G 

is given by 

I n  p a r t i c u l a r ,  f o r  $ = u E u+ (cons tant  vec to r  f i e l d )  we 

have (AdgW1.u) (x) = dg(x)-'.u , and s i n c e  Adg-l.u E 8 

and hence is a polynomial of degree ( 2 i n  x w e  s e e  

t h a t  A (x) = dg(x)-' is  a polynomial of degree  52 with  
g 

va lues  i n  End V . Now l e t  6 E $ be t h e  vec to r  f i e l d  

c(x) = x ( c f .  8 .6 ) .  Then (Adg-l.c)(x) = d g ( ~ ) - l . ~ ( x )  

= vg(x) is a polynomial of  degree ( 2 , and t h e r e f o r e  w e  

have (1) and (2 ) .  S ince  t h e  a d j o i n t  r e p r e s e n t a t i o n  of G 

on g is a morphism s o  a r e  t h e  maps g + vg and g + A g  . 
F i n a l l y  (3) fo l lows from t h e  cha in  r u l e .  

8.14.  COROLLARY. Let X: G -t cC be t h e  polynomial func t ion  

~ ( g )  = d e t  A g (0) . Then R = [ g  E G I x ( ~ )  # 0) . 
This  is immediate from 8.13 and 8.10. 

8.15. For elements of  t h e  subgroup u+,H,u- t h e  numerators 

and denominators a r e  e a s i l y  determined. Indeed, 



The f i r s t  two formulas a r e  obvious (remember t h a t  H may 

be considered a s  a subgroup of GL(V)) . For (3),  use 

\(x) = xV = B(X,V)- ' . (X-Q~V) and dTV(x) = B(x,v)-I 

(cf .  7.2.5 and 7 .8) .  From these  formulas, 8.13.3, and 8.10 

it follows t h a t  Ag(x) belongs t o  the  submonoid of End V 

generated by a l l  B(u,v) , u E V ,  v E V- . Since 

H e I ~ ~ ( v , v - )  is generated by a l l  B(u,v) , (u,v) quasi- 

i n v e r t i b l e ,  we have A (x) € H whenever it is i n v e r t i b l e .  
g 

$9. G a s  a r e a l  a lgebra ic  group 

9 .I. Let (v,v-) be a semisimple Jordan p a i r  over C , X , 
t 

G , U -  , H ,  e t c .  a s  i n  §§7,8. Recall  t h a t  

exp(u) = tU ( t r a n s l a t i o n  by u) 

exp(i;) = Tv (quasi-inverse with respec t  t o  v)  

f o r  u E V = u+ ( i d e n t i f i e d  with t h e  constant vector f i e l d s  

on V) , and t h a t  7 E U- is the  vector  f i e l d  on X whose 

r e s t r i c t i o n  t o  V is t h e  quadrat ic  vec to r  f i e l d  

- 
f o r  v E V- . Also Pet T : V  -t V- , u -t u , be a pos i t ive  

hermitian involut ion of (v,v-) , B c V the  associa ted 

bounded symmetric domain, Go the  connected component of 

Aut(D) , K t h e  isot ropy group of 0 i n  Go , 8, = i O p 

the  Lie a lgebra  of Go (cf . 6 §2,4) . We f i x  a p o s i t i v e  

d e f i n i t e  K-invariant hermitian s c a l a r  product <,> on V ,  

and denote t h e  ad jo in t  with respec t  t o  <,> by * . Then 

* 
H(= Aut (V, V-) O) is invar ian t  under * and K = {h E H I h = h"] 

is a compact r e a l  form of t h e  complex a lgebra ic  group IP 

(cf .  3.2, 3.5, 4.9). 



9 . 2 .  PROPOSITION. There e x i s t s  a unique complex conjugation 

(antiholomorphic automorphism of period 2) u G such t h a t  

The f ixed point s e t  of u g is go . 
Proof. Define f,, : H  + G by h + h*-I , f + : u i  + G by 

exp (u) ;r exp (- 5) , and f -  : U- + G by exp 6) + exp (- 7) . 
Then one checks t h a t  (2) and (3) of 8.11 hold, and hence 

we have a homomorphism u : G + G s a t i s f y i n g  (1) - (3). 
Clearly u is of period 2  and antiholomorphic. Note t h a t  

- 
u leaves  H invar ian t  and interchanges U+ and U . 
The f ixed point s e t  on Q = Lie(H) is 1 = Lie (K) and on 

u+ @I u- i t  is p = ( u - z l u ~  U+ = V] s ince  u - 8 is j u s t  

the  vector f i e l d  5, (cf .  2.3, 2 . 5 ) .  

9 .3 .  The automorphism u def ines  a Galois ac t ion  of the  

Galois group of C/R on G , and hence a s e a l  a lgebraic  

group s t r u c t u r e ,  denoted by Go . I f  A is an R-algebra 

we denote by Go(A) t h e  group of A-valued po in t s  of Go . 
(Accordingtohis  persuasion, the  reader  may think of Go 

a s  of G with the  R - s t r u c t u r e d e f i n e d  by 0 , o r  as the  

functor  A + Go(A) on t h e  category of R-algebras) . In  

p a r t i c u l a r ,  Go(R) is j u s t  the  f i x e d  point  s e t  of u i n  

G = so(C) . The Lie algebra of the  r e a l  a lgebraic  group 

G is go . This is a l s o  t h e  Lie algebra of t h e  r e a l  Lie 
-0 

group so (PI) . 

9.3 

9 . 4 .  PROPOSITION. Every automorphism of .D extends 

uniquely t o  an automorphism of X . Considering thus  Go 

as G , we have 

0 
Go = _Go ( R )  = {g E G I  g(&) =a3 . 

Proof. By 4.9, Aut(B) = exp(p)-Aut(V) and Go = exp(p).K . 
Since Aut (V) c ~ u t  (v, V-) c Aut (X) (cf . 8.4(b) ) and 

p c 9, C g , we have t h e  f i r s t  a s se r t ion .  C l e s l y  

Go = G o ( ~ ) O  c {g E G ~ ~ ( B )  = B] . Conversely, l e t  g(5) = 5  

for  g E G . Composing g with an element of Go we may 

assume g(0) = 0 . Then g E Aut (V) by 4 .9 ,  and we have 

t o  show t h a t  Aut (V) n G = K . But Aut (V) n G i s  con- 

t a ined  i n  t h e  c e n t r a l i z e r  of S i n  6 which is H (8.8), 

and Aut(V) n H is the  f ixed  po in t  s e t  of o i n  H which 

is K . 

9 .5 .  Let s be t h e  symmetry around t h e  o r i g i n  ( s  (x) = - x) . 
Then s E K , and I n t ( s )  is an automorphism of period 2 

of G and of Go whose f i x e d  point  set i n  Go is K ; 

i n  f a c t ,  it is a Cartan involut ion of Go . One checks 

e a s i l y  t h a t  I n t  (s)  commutes with u . Hence 8 = a  0 I n t  (s) 

is a l s o  a complex conjugation of G . The r e a l  a lgebraic  

group s t r u c t u r e  on G defined by 8 is denoted by Gc , its 

Lie a lgebra  by gc . Expl ic i t ly ,  8 is given by 

The f i x e d  point  s e t  of 8 on 9 is f , and on ti+@ u- 



i t  is {u+?ilu E V )  = i p  . Thus t h e  f ixed  point s e t  of 0 

on g , i . e . ,  t h e  Lie algebra of Gc , is B~ = 1 O i p  . 

9 . 6 .  Example. Let (v,v-) be the  Jordan p a i r  of rec-  

tangular  matr ices  (cf.  8 .12) .  Working i n ' t h e  covering group 

t- -1 
) of G = PGLn(C) , 8 is  the  automorphism g + g 

of sLn(6) , and o = I n t  (s)O 8 where 

In  pa r t i cu la r ,  i f  n  = 2 (thus V = (C) we have t h e  ex- 

p l i c i t  formulae 

f o r  ( :) s SL2 (a) . The f ixed  point  s e t  of r i n  

SLZ(@) is  SU(1,P) and t h a t  of 0 is SU(2) . Note, 

however, t h a t  t h e  f ixed  point  s e t  of a i n  G = PGL2 ( a )  , 
i . e . ,  the  group Go(R) , has two connected components. 

9.7. LEMMA. j.& e be a  t r i p o t e n t .  Then t h e r e  e x i s t s  

a  unique homomorphism f  : SL2((C) -, G such t h a t  

- - 

(3 O = ~ ( e , ( ~ - p ) e )  ( p ~ ~ * )  . f(: 
The homomorphism f  commutes with the  automorphisms o 

and 0 of SL2(@) and G . - 
proof. Define a  homomorphism on the  Lie a lgebra  l e v e l  by 

( :) -+ e c ui (constant vec to r  f i e l d ) ,  

( :) -+ E u- (quadrat ic  vector  f i e l d ) ,  

-:) + D(e,G) E IJ ( l i n e a r  vec to r  f i e l d )  . 

One checks t h a t  t h i s  is indeed a  Lie a lgebra  homomorphism. 

Since SLZ(C) is simply connected, it induces a  group 

homomorphism f  which c l e a r l y  s a t i s f i e s  (1) and (2) .  To 

prove (3 ) ,  note t h a t ,  by t h e  r u l e s  f o r  t h e  Peirce  decom- 

pos i t ion  (3.13), ~ ( e , e ) x  = nx and B(e, ( l - ~ ) ; ) x  = pnx 

f o r  x E V,(e) , n = 0,1,2 . Fina l ly ,  t h e  compat ibi l i ty  

of f  with u and 8 is  e a s i l y  v e r i f i e d .  We remark 

t h a t  f  is i n j e c t i v e  i f  and only i f  t h e  Peirce  space 

V1 (e) # 0 , and has kernel  *I otherwise.  

We can now give e x p l i c i t  formulae f o r  t h e  one- 

parameter groups generated by the  vector  f i e l d s  

a 
v - v = [  , E p and v  + ?  E i p ( v ~ V )  . Recall  (3.18, 

3.19) t h a t  any odd r e a l  a n a l y t i c  funct ion cp ( t )  gives 

r i s e  t o  a map x + rp (x) (x E V) . In  p a r t i c u l a r ,  t h i s  is 

s o  f o r  the  funct ions  tanh and tan.  



9 . 6  

9.8. PROPOSITION. For v E V let u = tanh(v)  

w = t an (v )  , t h e  l a t t e r  provided jvl < 7r/2 . Then we have 

(1) exp(v-7) = e x p ( ~ ~ )  = t u 0 B ( ~ , ~ ) j o ~  -a J 

L 

(2) exp (v+V) = t w o  ~ ( w ,  -$)"OF- . 
W 

Proof. Let ?, E R . An elementary matr ix  computation 

shows t h a t  

cosh X s i n h  A 

s i n h  h cosh X 

Applying t h e  homomorphism f of 9.7, we g e t  

-1 - 
exp (A (e-t)  ) = taeo B(e, (1- (cosh X) ) e)O TvaE 

2 -2 
where m = tanh X . Now tanh ?, = 1 - (cosh h) and hence 

-1 - 2 
~ ( a e , a e )  = ~ ( e , a % )  = ~ ( e , ( ~ - ( c o s h ~ )  ) e )  . Since  

tanh(he) = tanh(A).e , t h i s  proves (1) i n  case  v = Xe . 
For t h e  genera l  case ,  Pet  v = X1el + - - -  + Xvey be t h e  

s p e c t r a l  decomposition. By o r thogona l i ty ,  t h e  homomorphisms 

f i  : SL2 ((E) + G def ined by t h e  ei commute and thus  w e  a r e  

reduced t o  t h e  previous  case.  Note t h a t  t h e r e  is a well- 

def ined p o s i t i v e  d e f i n i t e  square r o o t  of ~ ( u , ; )  s i n c e  

u E B (cf .  4.8) and hence ~ ( u , ; )  is p o s i t i v e  d e f i n i t e  

(4.4 o r  3 . I s )  . The proof of (2) fo l lows t h e  same l i n e s .  

Note t h a t  t a n  is a diffeomorphism of 5 .8 onto V , and 

B(w,-w) is p o s i t i v e  d e f i n i t e  f o r  a l l  w E V by 3 - 1 5 .  

9.9. PROPOSITION. 0 is a Cartan invo lu t ion  of G . Its 

f i x e d  po in t  s e t  Gc = Gc (R)  = exp( ip)  K is a compact con- 

nected  subgroup of G , a c t i n g  t r a n s i t i v e l y  on X . = 
i so t ropy  group of 0 &I Gc 2 K . 
Proof. Let g E Gc wi th  g(0) = 0 . By 8.10, g = h-zv . 

- 
Since 0 in terchanges  U+ and U , we have v = 0 and 

*-1 g = h with h = h E K . Hence t h e  i sot ropy group of 

0 i n  Gc is K . Next, we show t h a t  Gc a c t s  t r a n s i -  

t i v e l y  on X . Let W be a maximal f l a t  subspace of V 

and Y its c losu re  i n  X . Then K. W = V (5.3) and hence 

K - Y  = X . Now W -- R" and Y is isomorphic with t h e  pro- 

duct  of n copies  of t h e  r e a l  p r o j e c t i v e  l i n e .  By (2) of 

9.8, V belongs t o  t h e  o r b i t  of 0 under Gc . Thus it 

s u f f i c e s  t o  show t h a t  t h e  "point  a t  i n f  i n i t y t l  ( e :  e)  E X - V 

of t h e  l i n e  Rae belongs t o  t h e  o r b i t  of  0 under Gc , 
- 

f o r  any t r i p o t e n t  e . Now (e  : e)  is t h e  image of 0 

w 
under g = t-0 t o x -  and g = 0 (g) s i n c e  

e e e 

where f is t h e  homomorphism SL2 ((E) + G def ined by e . 
Therefore Gc a c t s  t r a n s i t i v e l y  on X . Since X and K 

a r e  compact and connected s o  is 
Gc . By s t andard  proper- 

t i e s  of compact L ie  groups, Gc = exp( ip)-K . 

9.10. Metr ic  boundary components. As a f u r t h e r  applica- 

t i o n  of 9-8, we show t h a t  t h e  boundary components of B 

may be cha rac te r i zed  i n  terms of t h e  Bergman met r i c  on B . 



For x, y E l e t  d(x, y) denote the  Riemannian dis tance 

of x and y . Call  two po in t s  a,b of the  boundary of 

B equivalent (a-b) i f  t h e r e  e x i s t  sequences xn,yn EL? 

with l i m  x = a ,  l i m  yn = b , and d(xn, yn) bounded. I t  is n 

e a s i l y  v e r i f i e d  t h a t  t h i s  is an equivalence r e l a t i o n .  The 

equivalence c lasses  a re  c a l l e d  the  metr ic  boundary com- 

ponents of B . 

9.11. THEOREM. The metr ic  boundary components agree with 

the  holomorphic resp.  a f f i n e  boundary components of B 

(cf.  6.1). 

Proof. Let Ze be a holomorphic boundary component, e 

a t r i p o t e n t ,  and l e t  e + x E Ze , x E Vo(e) , 1x1 < 1 

(cf.  6.3).  We show t h a t  e -t x -  e . Let g = 
n 

- 
-a e 

s ince  x = x by the  Pe i rce  r u l e s ,  and ~ ( e , ; )  is t h e  

p ro jec t ion  onto Vo (e) . Also, d(xnryn) = d(x,O) is 

bounded. 

Now l e t  b be a boundary point  of B and b - e . 
We show t h a t  b c Ze . Let l i m  xn = b , l imy  = e , and 

i n 
d(xn,yn) bounded. We can wr i t e  yn = tanh (vn) with 

c- 
unique vn E V . Let gn = exp(vn-vn) E Go . Then 

yn = gn(0) . Also l e t  xn = gn(zn) with zn E B , and 

wr i t e  z n = tanh(wn) , wn E V .  Then d(xn,yn) = d(z,,O) . 
Since the  exponential  map tanh = Exp : V + B is a dif feo-  

morphism (4.8), d(zn,O) = I/wnll (Euclidean length i n  the  

Bergman metr ic  a t  0) . After passing t o  a subsequence, 

we may therefore  assume t h a t  the  wn converge t o  w E V , 

and hence the  zn t o  z = tanh(w) E B . Now 

b = l i m x  n - l imgn(zn)  - 
)+.z-Yn) 

= lim(yn + B(Y,.ST~ 

with x E Vo(e) s ince  ~ ( e , ; )  is t h e  p ro jec t ion  onto 

Vo(e) . Moreover, 1 bl = l e + x l  = max(le1, 1x1) = 1 shows 

1x1 1 . Thus b belongs t o  t h e  c losure  of Ze . I f  b 

were not i n  Xe then b E ad where d > e (cf .  6 .3) .  

Hence d - b - e and the re fo re  e belongs t o  the  c losure  

of ad which implies e > d , a contradic t ion.  This com- 

p l e t e s  t h e  proof.  

9.12. Let E be a t r i p o t e n t  and f : SL2(C) + G the  

associa ted homomorphism (9.7) . In  SL2 (a) , considered a s  

a r e a l  a lgebra ic  group v i a  a (cf.  9.6.1) (so its group of 

r e a l  po in t s  is SU(1,l) , not SL (R)) we have t h e  one- 

dimensional R-split  to rus  cons i s t ing  of a l l  matrices 



Denote by xe c Go the one-dimensional R-split  tO~US 

which is the  image of T under f . The Lie a lgebra  of 

T has t h e  canonical generator (: :lo ani hence t h e  Lie 
=% 

algebra of se is spanned by L ie ( f )  = e - e = c e  E p . 
Let go = C gn(e) be t h e  decomposition of go i n t o  t h e  

n d  
weight spaces with respect  t o  se ; i . e . ,  gn(e) is the  

n-eigenspace of ad 5, on go  . By s tandard f a c t s  on 

semisimple a lgebraic  groups, the re  is a unique parabol ic  

subgroup ge of Go whose Lie algebra is C gn(e) . 
"Lo 

9.13. LEMMA. Let V = V2 O Vl O Vo be the  Peirce  decom- 

pos i t ion  with respect  t o  e , @ * : V 2  -+ V2 a s  i n  3.13. 

Then - 

D(a,e) = D(e,>) for a E V2 . 

Proof. We have t o  show laex]  = { e T x ]  f o r  a l l  x E V . 
For x E VO t h i s  is t r u e  s ince  both s i d e s  vanish by the  

Peirce  ru les .  For x E Vp we have, by JP9 , {sex] = 

{ee{a&]] = {a,g(e)x,e]  + D(e,&(e)a)x = { e z x ]  s i n c e  

Q ( ~ ) x  E vg = o and 3 = &(;)a f o r  s E v2 .  or x E v2 
* * 

we have {a&] = aox and {e>x] = P(e,x)a  = P(e,x)a  = 

a0 x . 

9.14. LEMMA. Let l e  = { A ~ l l A ( e ) = 0 3  . Then the  spaces 

gn(e) a re  given by 

- 
(3) gk2 (e) = RV + D(v.e) 1 v E i ~ )  , 

(4) gn(e)  = o  f o r  In1 > 2 .  

Here V2 = A O i A  as i n  3.13. - 
Proof. go  c o n s i s t s  of a l l  A + tv  , A E .t , v E V . We 

have A (e) = b + u where b E i A  , u E V1 , s i n c e  A (e) 

is tangent t o  the  manifold of t r i p o t e n t s  a t  e (cf .  5.6). 

Let A '  = A - & ~ ( b , ; )  - ( ~ ( u , ; )  - ~ ( e , ; ) )  . Note t h a t  

2 ~ ( b , ; )  = ~ ( b , ; )  - D(e,Z) E I by 9.13 and 3.2.1. Then 

a t ( e )  = 0 s o  E i e  - ~ e t  v =  c + d + v  + vO be the  

components of v i n  t h e  Peirce  spaces (c E A, d E iA,v . E V . ) . 
J J 

Then 

where wil = (vl ? u) E Vl and = ! Z d T $ b  E i A  . Hence 

8, is t h e  sum of the  subspaces ind ica ted  on t h e  r i g h t  hand 

s i d e s  of ( I )  - (3). A s t r a igh t fo rward  computation, using 

t h e  f a c t  t h a t  [5u,5v] = ~ ( u , ; )  - ~(v, ; )  , [A,tU] = , 
and the  Peirce  ru les ,  shows t h a t  these  subspaces a r e  t h e  

0 , * 1 , * 2 - eigenspaces of ad $ . 

9-15. THEOREM. The normalizer of t h e  boundary component 

de &I Go 9 N(Ze) = ge(R) n Go (hence an open subgroup 

of t h e  group of r e a l  po in t s  ge(R)) . Moreover, 



where Ke = { k c ~ l k ( e )  = e ]  . 
Proof. Let N = N(Ze) and l e t  n be its Lie algebra.  

(Since Go a c t s  on X and s t a b i l i z e s  '2 it s t a b i l i z e s  

the  boundary of B and c l e a r l y  permutes the  boundary com- 

0 1 2 
ponents) . We f i r s t  show t h a t  n = Lie(Ne) = Q (e) 8 g (e)O g (e) . 
Clearly n cons i s t s  of a l l  vector  f i e l d s  5 E go which 

a r e  tangent t o  Ze ; i . e . ,  s a t i s f y  (e + z) E VQ f o r  a l l  

z c Vo " . For A c t e  we have A(e) = 0 and A leaves  

the  Peirce  spaces invar ian t .  Hence A E n . I f  a E A 

then C a ( e + z )  = a - Q ( e + z ) a  = a - g(e)a  = a - a* = a - a = O .  

I f  v E Vo then 5,(e + z )  = v - Q(e + z ) v  = v - ~ ( 2 ) ;  E Vo . 
This shows ~ ' ( e )  c n . For v E V1 and E = * 1 we have, 

by the  Pe i rce  r u l e s ,  

= v - g(e +z)V - o({v,e,e + z ]  - {e,G,e +z})  

= ( l - ~ ) ( v - { e ; z ] )  . 

Note t h a t  0 # v - { e k )  E V1 f o r  v # 0 by 6.7. For 

b E i A  we have 

t b ( e + z )  -  ED(^,;) (e + z )  = b - &(e + z ) 6  - ~ { b e e 3  

= b - &(e)g - 2Eb = 2(1 - ~ ) b  , 

s ince  , g(e)6 = b* = - b . From these  r e l a t i o n s  it follows 

t h a t  n = Lie(Ne) . Since a parabol ic  subgroup equals  t h e  

normalizer of its Lie algebra,  we have 

ae(R) n Go = Norn ( n )  2 N . 
Go 

Let be t h e  unipotent r a d i c a l  of IVe and 5 t h e  centra- 

l i z e r  of Te i n  PTe , a Eevi subgroup. Then ,N, (W) n Go = 

(&(R) N o )  - ;(R) s i n c e  ,A) is connected. Also g(R) = 

1 2 exp(8 (e))  mexp(8 (e))  . The group & ( R )  n Go is s t a b l e  

under 6 and hence has the  Cartan decomposition 

L(R) n G~ = (&(I?) n K) exp (e) n p )  . Thus it remains t o  - 
show t h a t  &(R)  r l  K c N . ~ u t  c l e a r l y  &(I?) n K = K~ c N . 
This completes t h e  proof. 

9.16. COROLLARY. The normalizer (in Go) of a boundary 

component of B is t r a n s i t i v e  on B . 
Proof. I f  we evaluate  a l l  t h e  vector  f i e l d s  i n  n a t  0 

we g e t  a l l  of V . Hence the  o r b i t  of 0 under N is open. 

I t  is a l s o  c losed i n  B s i n c e  Go a c t s  properly on B . 

9.17. COROLLARY. The o r b i t  of a t r i p o t e n t  e under Go 

equals  t h e  o r b i t  of Ze under K . The o r b i t s  of Go 

t h e  boundary of B a r e  . just  t h e  submanifolds Xi de- 

sc r ibed  i n  6.9. 

Proof. By t h e  proof of 9.15, t h e  vec to r  f i e l d s  t V ( v €  VO) 

s a t i s f y  6 ,  (e + z )  = 6, (2) f o r  e + z E Ze and hence 

exp (tv) (e) = e + exp (Sv) (0) = e + . tanh v . I t  follows t h a t  

the  o r b i t  of e under N is Ze . By 9.16, Go = N - K  = 

K * N  . Hence Go* e = K-N. e = K*Ze - 



9.18. (The following r e s u l t s  a r e  not needed f o r  $10).  Let 

S c be a  maximal A-split to rus  of & . Then - 

where @ , the  r e a l  roo t  system of G+, , is the  s e t  of 

weights of 2 i n  go  (with respect  t o  the  ad jo in t  repre- 

s e n t a t i o n ) ,  9" is t h e  weight space f o r  t h e  weight f f  , 

and gS is the  c e n t r a l i z e r  of S i n  go . By assoc ia t ing  

with a E + its d i f f e r e n t i a l  we may iden t i fy  Z with a  

subset  of the  dual of e = Lie(2)  . Then $ c o n s i s t s  of 

a l l  l i n e a r  forms a on 5 f o r  which g a =  f x  G go I [ h , ~ ]  =ff(h)x 

f o r  a l l  h  E $1 is not zero.  

Now l e t  go = t €9 p  be the  Cartan decomposition of 

go  and assume 5 c p  (such t o r i  always e x i s t ) .  Then 

where 

Since 8 (ga) = B-" we have = p - f f  . This shows t h a t  we 

can compute $  once we know the  Lie t r i p l e  system p  with 

t r i p l e  product [xyz] = [ [x ,  y]  , z ]  . (All  t h i s  holds f o r  any 

reduct ive  r e a l  a lgebraic  group i n  place  of Go ) . 
Note now t h a t  the  r e a l  vector  space R V  is a  r e a l  Lie  

t r i p l e  system with 

and t h a t  R V  '- p under the  map v + C v  . This is an 

immediate consequence of 2.6.2. Now we can compute the 

r e a l  roo t  system of G 
- 0 '  

9.19. PROPOSITION. Let e l - e  be a  frame of tri- 

po ten t s  of V , 9 T the  one-dimensional R-split 
-i 

to rus  of & associa ted with e i  ( c f .  9.12). 

(a) 2 = 'I& -Gr is a  maximal R-split  to rus  of & 
(and hence t h e  r e a l  rank of equals t h e  rank of t h e  

Jordan p a i r  (V, V-) 1 . 

(b) Define l i n e a r  forms mi B = Lie@) & 

w j  ( 5  ) = 6 . . . Let V = C V .  . be t h e  Peirce  decomposition 
i 1J 1J 

of V with respec t  t o  ( e l , - - - , e r )  . Also l e t  - 
V. . = A. . d Bij (I 5 i 2 j 2 r>  be t h e  decomposition i n t o  
1J 1J 

r e a l  and imaginary pa r t  r e l a t i v e  t o  the  r e a l  form A(e) 

of V2(e) (where e  = e l + - . -  - + er and hence 

V2(e) = i , ~ > o  C V. i j  ; c f .  3-14].  Then +cl+mi,+2mi,  +mi+m.] 
J 

and - 

under the  isomorphism p  3 RV o f  9.18. 

c  (v,v-) is Simple then e i t h e r  i = [+ ami, + m .  + .) 
1- J 

is of type Cr * = E+mi,+2mi,+wi+w.l is of type B C ~  . 
J 

Remark. The f i r s t  case  i n  (c) occurs i f  and only i f  (v,v-) 
contains  i n v e r t i b l e  elements, o r  equivalent ly ,  the  domain B 



is equivalent t o  a tube domain ( c f .  10.9).  The multi-  

p l i c i t i e s  of t h e  r o o t s  ( i . e . ,  the  dimensions of t h e  

spaces @,a pa ) can be looked up, f o r  each 

simple type, i n  [ ~ 5 ,  9171. Note t h a t  . 2wi always 

has m u l t i p l i c i t y  1 ,  and t h a t  wi + W .  and mi - w j  
J 

have the  same m u l t i p l i c i t y ,  s ince  Bii = J'=T Rei 

and B . .  = J=I A . .  . 
1 J 13 

Proof. Clear ly  e 1 W = CR .ei under the  isomorphism of 

9.18. Let x = Xlep+- - -+Xrer  E W and Y. .  E V.. . Then 
1J 1J 

we have by 3 . 8 5 ,  

This implies 

[ a .  x = ( X  - . a j  , o r  a E A .  . 
1J J 1J 1J ' 

2 
[ b . . x x ]  = (Xi+h.)  b i j ,  f o r  b . .  E Bij , 
1 J J 1J 

2 
[yiOxx1 = kiyiO , f o r  yiO E viO - 

From these  formulae, it follows i n  p a r t i c u l a r  t h a t  e. S= W 

is a maximal abe l i an  subspace of p which implies t h a t  

is a maximal Pi-split to rus  of & . Also, wi(Sx) = X i  

and hence we have (a) and (b) . For (c ) ,  note t h a t  f o r  a 

simple Jordan p a i r ,  t h e  spaces V . .  (1 i < j ( r )  have 
1J 

t h e  same dimension, and s o  do t h e  spaces ViO . Moreover, 

V. .  # 0 f o r  15  i <  j 5 r (cf .  [L5, 17.23). 
AJ 

9.20. Recall  t h e  r e l a t i o n  between parabol ic  subgroups of 

G and subsets  of @ : I f  C c I is a simple roo t  system 
-0 

and Y C C a subset  then N(Y) is t h e  parabol ic  subgroup 

S 
whose Lie algebra is 5- 63 C 5a where t h e  sum is over a l l  

a E @ which, when w r i t t e n  a s  l i n e a r  combinations of simple 

roo t s ,  involve t h e  elements of - Y with non-negative 

c o e f f i c i e n t s .  This e s tab l i shes  a one-to-one correspondence 

between subsets  of C and conjugacy c l a s s e s  of parabol ic  

subgroups of G (cf . [B-T] ) . 
-0 

9.21. PROPOSITION. ]Let (v,v-) be simple. Then the  map 

e -t is a b i j e c t i o n  from the  s e t  of non-zero t r i p o t e n t s  

of V onto the  s e t  of proper maximal parabol ic  subgroups - 
of s. f e l - e  is a f r a m e a n d  C = { a l , . - - , a r ]  - 
is the  simple r o o t  system with = w1 - m2, ' ' - , ' Y ~ - ~  = wrml - wr , 

a = 2mr - 
r i n  case  + = Cr and oi, - tor i n  case  + = BC, 

% sl+ ... is the  parabol ic  subgroup associa ted with 
+ ek 

the  subset  C - {q3 of C . 
Proof. Let e be a t r i p o t e n t  and w r i t e  e = e l + .  .. 

+ ek 

where the  ei a r e  pr imit ive  orthogonal t r i p o t e n t s .  Complete 

( e l , - - - , e k )  Lo a frame ( e l , - - - , e r )  . Then we have 

ai(5,) = 0 f o r  1 5  i 5 k - 1 o r  k + 1 5  i 5 r , 

and %(Te) > 0 ( = I  o r  = 2) .  In  view of the  d e f i n i t i o n  

of & , t h i s  shows t h a t  t& = z ( C  - {ak]) ; i n  pa r t i cu la r ,  

every maximal parabol ic  subgroup of & is conjugate t o  

one of t h e  t& . By [B-T, 14-21, t h e  conjugacy c l a s s  of 

M is isomorphic with (s/t&) (R) * & (R)/I& (R) 1 GO/N(Ze) -e 



( r e c a l l  Go = %(R)O and N(ae) - $ ( R )  13 Go) . By 9.15, 

K n N(Ze) = K~ , and hence by 9.16, Go/~(Ze)  = 

K.N(Ze)/N(J,) r K / K ~  1 t h e  component containing e  of t h e  

manifold of t r i p o t e n t s .  This completes ' the proof. 

9.22. More general ly ,  one can show e a s i l y  t h a t  t h e r e  is a  

b i j e c t i o n  between t h e  s e t  of a l l  parabolic subgroups of 

$ and t h e  s e t  of f l a g s  of t r i p o t e n t s ,  where a  f l a g  of 

t r l p o t e n t s  is a  k-tuple (fl;.-,fk) of t r l p o t e n t s  such 

t h a t  0 < f l  < . . . < f k  . The b l j e c t l o n  is given by 

ctl , . . . , fk,  -gfl  n . . - n  B~~ . 

g l O .  Cayley transformations and 

Siege1 domain r e a l i z a t i o n s  

10.0. We keep t h e  notations of $9. Throughout t h i s  sec t ion ,  

e  is a  t r i p o t e n t  and V = V2 8 V1 O VO t h e  Peirce  decomposl- 

t i o n  with respec t  t o  e  . The vector  space V is a  Jordan 

a lgebra  with product Xy = xoy = {xgy] and quadrat ic  

operators  P(x)y = Q(X)Q(;)Y (cf .  3.6). We denote by J 

the  subalgebra whose underlying vector space is V2 . Thus 

J has unxt element e  , and J = A O iA where 
* 

A = iz E V2 = J ) Z  = Q(e)z = 23 1s formally r e a l ,  and * is 

complex conjugation with respec t  t o  A i n  J (c f .  3.13). 

The positxve cone of A rs denoted by Y , and a  > 0 

(resp.  a  2 0) s t ands  f o r  a  e Y (resp. ~ E Y )  (cf. 6.10). 

10.1. The p a r t l a 1  Cayley transformation defined by e  

ye = e x p z ( e + Z )  . 
Thus ye  E Gc . By 9.8 and s i n c e  t a n ( 2 )  = t an (2)e  - e , 
we have t h e  e x p l i c i t  formula 

(1 - ye - te B(e, ?, . 
One checks e a s i l y  t h a t  

(2: B ( e ,  - e)$.x = (filnx f o r  x  E vn , n = 0,1,2 . 



where f  is  a s  i n  9.7. I n  SL2((C) we have the-  r e l a t i o n s  

By applying f , t h i s  y ie lds  

- 
(4) = teo  t - o  e  t e = X E o  t e 0  TE , 

( the  Peirce  r e f l e c t i o n ;  c f .  5.6), 

(6) y: = I d  . 

Also, we see  t h a t  y: = I d  i f  and only i f  Vp = 0 . Note 

f u r t h e r  t h a t  yo = Id , 

( 7 )  y-P e = Y-e 

f o r  orthogonal t r i p o t e n t s  c and d . 

W e c a l l  j e =  
2 0 I 

Y e  = f(-l O) t h e  p a r t i a l  inverse  de- 

f ined  by e . This is motivated by the  e x p l i c i t  formula 

derived below. F i r s t  we prove 

10.2. LEMMA. For a E J let Ra E End(V1) be defined 

& R (x) = aox = {sex] . Then the  map a + R is a homo- 
a a 

morphism of u n i t a l  Jordan a lgebras  (V1 is a "specia l  

J-module") ; e. , 

f o r  a ,b  E J ,  x E V1 . Moreover, - 

(2) 
* 

a0 (b ox) = {ai;x] , 

(3 R Z = R * ,  
a 

(4) Ra p o s i t i v e  d e f i n i t e  f o r  a > 0 . 

Here R: denotes t h e  ad jo in t  with respec t  t o  the  s c a l a r  - 
product <,> . 
Proof. By JP 13, 

s i n c e  a2 = ~ ( a ) ;  and Q(;)x t V3 = 0 . Linear izat ion 

y i e l d s  (1) ( c lea r ly  cox = {eex] = x by d e f i n i t i o n  of 
* 

Vl) . For (2) we use  JP 9 : a0 (b o X) = D(a,e)D(b*,;)x = 

* 
~b , Q G ) X , ~ I  + ~ ( a , & ( e ) b * ) x  = (ai;xl . Next, 

<sox,?> = < { a ~ x ] , ~ >  = a~,{;a73> = a,{-]> = <x,H*oy> 

(by (2))  which proves (3). Final ly ,  a > 0 means 

2 
a = b2 , b = b* E A i n v e r t i b l e .  Hence Ra = Rb is the  



square of an i n v e r t i b l e  se l f -ad jo in t  endomorphism and 

the re fo re  p o s i t i v e  d e f i n i t e .  

10.3. PROPOSITION. Let x = x2 0 x1 0 xo be t h e  com- 

ponents of x E V i n  t h e  Peirce  spaces.  e Then ye(x) E V 

i f  and only i f  e - x2 is i n v e r t i b l e  i n  J , and then 

Also, je(x)  E V i f  and only i f  x2 is i n v e r t i b l e  i n  J , 
and then 

-1 e+x2 - 
Here a denotes t h e  inverse  i n  J , 4 - - - e-x2 

-1 
(e - x2) (e + x2) (which can be computed i n  t h e  commuta- 

t i v e  assoc ia t ive  subalgebra generated by e and x2) . 
Proof. By 10.1.1, ye(x) , which a p r i o r i  belongs t o  X , 
l i e s  i n  V i f  and only i f  (x,;) is quas i - inver t ib le .  

where w = (6) E V- . By t h e  Peirce  r u l e s ,  t h e  p a i r  
"2 

(xp + xO,w) is n i lpo ten t  i n  t h e  sense  of [ ~ 5 , 3  -81, and 

moreover, 

x + x O n w  = 0 f o r  n > 2 . 

Further,  by [ ~ 5 ,  3.131, 7- (e) = (e - Xi)-' and the re fo re  
* -1 * X2 -1 

Q(e)w = ( (e  - x2) = (e - x2) which implies g(xl)w = 

Q ( ~ ~ ) Q ( ~ ) Q ( ~ ) W  = P(xl)(e-x2)- l  . Next, E%(x2,g) leaves  

t h e  Peirce  spaces invar ian t ,  a c t s  l i k e  t h e  i d e n t i t y  on 

Vo , and f o r  yl E V1 s a t i s f i e s  B ( X ~ , ~ ) ~ ~  = 

- 
y1 - ( X ~ , ~ , Y ~ I  + Q ( ~ ~ ) Q ( ~ ) Y ~  = y1 - x 2 ~ y 1  = (e -x2)0y1 , 
s i n c e  = 0 . Hence we get  

Now by (1) and (2) of 10.1, 

- x2 e+x2 
and t h i s  proves (1) s i n c e  e + 2 xz = e + 2 - = - 

e-x2 e-x2 ' 
Next, by (3) and 10.1.4 ( replace  x2 by e + x2 !), 

- e+x2 
s i n c e  e + (e +x2)e  = -1 

e+,e;(e+xa) = - X 2  - 

10.4. Siege1 domains. Define 3' : V1 x V; -t J by 

Then F is hermitian and p o s i t i v e  d e f i n i t e  i n  the  sense  

t h a t  



Indeed, by JPP2,  

For (2) ,  l t t  a E P . Then <{die } , & = <{uea] , ii> = 

< R ~ ( u ) , ; >  2 0 s ince  Ra is p o s i t i v e  semidef ini te  by 10.2. 

Now Y is a se l f -dual  cone and hence we have F(u,G) 0 . 
~f ~ ( u , i i )  = o then o = <{uGe],Z> = <u,{ieZ}> = a,;> 

impl ies  u = 0 . 
For z E Vo def ine  t h e  C-ant i l inear  endomorphism 

(P(z) of v1 by 

Then ~ ( z )  is se l f -ad jo in t  with respec t  t o  F i n  the  

sense  t h a t  

and s a t i s f i e s  

f o r  0 # v E V1 and z E Be = B n Vo . Indeed, by JP13, 

( s ince  ~ ( e ) ;  E V3 = 0) which is symmetric i n  u and v . 
Now l e t  z E be , and s e t  f = cp(z) . Then 

- - 2 T F ( ~ v , ~ v )  = F(f  v,;) = F(v,f V) and f 2  is a l s o  s e l f -  

ad jo in t  with respec t  t o  t h e  hermitian s c a l a r  product 

<,> on V1 . The eigenspaces of f 2  a r e  orthogonal both 

2 with respec t  t o  F and t o  <,> . Let f v = X .v .  
J J 

where t h e  X .  a r e  d i s t i n c t  eigenvalues of f 2  . Then 
J 

~(v , ; )  - F(f;,=) = ( 1  - ~ . ) F ( V ~ , ; ~ )  ) 0 s i n c e  by 6.7, 
J - - 

0 ( X j  < 1 , and ~ ( v , ; )  - F(fv,fV) = 0 impl ies  

F(v,,G.) = 0 ( s ince  Y is a convex cone containing no 
d J 

s t r a i g h t  l i n e )  and hence v = 0 . 
Now t h e  da ta  (A,Y,F,Be,(p) def ine  a Siegel  domain of 

type t h r e e  i n  V = V2 @ V1 0 + Vo with base Be which is 

Here we s e t  

f o r  z E Be , u,v E V1 , and Re denotes t h e  r e a l  p a r t  

with respec t  t o  t h e  r e a l  form A of J (cf . [W1] ; actu- 

a l l y ,  (5) is a general ized r i g h t  hal f  plane r a t h e r  than 

upper ha l f  p lane as i n  [ W l ] ,  s e e  a l s o  10.10). We c a l l  ge 

t h e  Siegel  domain defined by t h e  t r i p o t e n t  e . We w i l l  

show t h a t  de = Ye(B) . TO do so,  we s h a l l  use  the  f a c t  

the  normaiizer N of t h e  boundary component Ze i n  Go 

is t r a n s i t i v e  on B (9.16) and hence N' = y e ~ y i l  is 

t r a n s i t i v e  on ye(&) . I t  t u r n s  out  t h a t  W' c o n s i s t s  

e s s e n t i a l l y  of a f f i n e  transformations of the  vector  space 

V , except f o r  a subgroup corresponding t o  t h e  automorphism 



group of Be which is t r i v i a l  i f  e is maximal and hence 

Be is a point .  Our f i r s t  goal is t o  descr ibe  t h e  Lie 

a lgebra  of Nv . 

10.5. LEMMA. v E V = u+ (constant vec to r  f i e l d ) ,  

v = v  + v1 + vO t h e  Peirce  components, and v2 = a + b 

where a E A , b E i A  . Then 

Proof. For any g E G (considered a s  a b i r a t i o n a l  t r ans -  - 
formation of V) and 5 E B (considered a s  a vector  f i e l d  

on V) we have 

s i n c e  ye1 = y-, t h i s  implies 

- A - -1 
Now dy-=(x) = B(e, - e ) 2 ~ ( x ,  - e)  by 10.1.1, s i n c e  

-1 
d%(x) = B(x,y) (see t h e  computation i n  7.8). Hence 

and t h i s  implies (1) - (4) s ince  { x ~ v .  3 = D(vj , e )x  and 
J 

0 1 2 10.6. PROPOSITION. Let n = g (e) @ $ (e) (3 (e) be t h e  

Lie a lgebra  of - N  = N(ae) (Cf. 9.14, 9.15). The following 

formulae descr ibe  t h e  Lie a lgebra  n 1  = Adye(") . 

(1) AdyeaA=A, for A E l e  , 

(2) Ad ye'(, ' tV J for v E Yo .. 
(3) Adyeme,= D(a,e) , for a E A , 

(4) Ad yes (Sb-(D(v,E) -D(e,;)) =so (V +D(e,;)) , 
f o r  v E V1 , - 

(5) Ad ye '  ( t v  - D(b,z)) = 2 b , for b E i A  . 
Proof. (1) follows from 10.1.8. (2) follows from 10.5.1 

and Ad ye-?=?,  obta ined by applying t h e  automorphism 8 

t o  it and r e c a l l i n g  t h a t  ye is f ixed  under 0 s i n c e  it 

belongs t o  Gc . Apply 0 t o  10.5.3 and obtain  

Adyee%=+($+a-  ~ ( a , ; ) )  

s i n c e  e (D(a,e)) = - D(a,e)* = - D(e,a) = - D(a,e) by 

9.13. I f  we s u b t r a c t  t h i s  from 10.5.3 we ge t  (3). Next, 

r ep lace  e by -e i n  10.5.2: 

Applying Adye t o  t h i s  equation it follows, s i n c e  

ye1 = y-, , t h a t  



and combining t h i s  with 10.5.2, one g e t s  

Now apply 9 t o  10.5.2 and t o  (6) and add a l l  four  equa- 

t i o n s  (with appropr ia te  s igns )  t o  g e t  (4).. Final ly ,  re- 

p lace  e by -e i n  10.5.4: 

and apply Ad y e  t o  obta in  

which is (5) .  

-1 
10.7. LEMMA. Every element of N t  = yeNye can be w r i t -  

t en  uniquely 

where b E i A  , v E V1 , y E Y , w E VO , k E K~ , and t h i s  

e s t a b l i s h e s  a diffeomorphism N1 w i A  x V1 x Y x Vo x Ke . 
Expl ic i t ly ,  B(e - y, z) exp D (e, ?) a r e  given by 

f o r  x = x  O x  O x o  E V ~ Q V ~ O V ~ .  - 2 1 

Proof. In  view of 9.15 and 10.6, t h i s  e s s e n t i a l l y  amounts 

t o  computing exp D(a,e) f o r  a E A and exp(v +D(e,;)) 

f o r  v E Vf . For x2 E J = A @  i A  w e  have D(aJe)x2 = 

2 La (x2) where La is l e f t  mul t ip l i ca t ion  by a i n  the  

Jordan algebra J . By [B-K, Satz  2.2, p. 3171, exp 2 La= 

P(exp a) where exp a =C an/n! is the  exponential  map of 

J . Also, exp : A + Y is a d i f  feomorphism ([B-K, p. 3331). 

For xl E VI we have exp (D(a, e )  ) .xl = (exp Ra) .xl = 

BeXp ;xl , by 10.2. For xo E V,, c l e a r l y  D(aJe)xo = 0 . 
On t h e  o the r  hand, one checks e a s i l y  t h a t  (2) holds. Hence 

B(e - exp a,;) = expD(a,e) . 
For u E V (considered a s  a constant vector f i e l d )  

and f E EndV (considered a s  a l i n e a r  vec to r  f i e l d )  we 

have [ f , u ]  = f (u) . Hence t h e  Campbell-Hausdorff formula 

is 

In p a r t i c u l a r ,  l e t  u = v + F(v,?) and f = D(e,?) . By 

t h e  Pe i rce  r u l e s ,  

and hence 

BY (4), D(e, ;) = 0 and theref  o r e  

2 
exp ~ ( e , ; )  = 1 d +  ~ ( e , ; )  +$ D(e,G) . 



From t h i s ,  (3) follows e a s i l y  by a s t r a igh t fo rward  compu- 

t a t i o n .  

10.8. THEOREM. The image of B under t h e  Cayley t rans-  

format ion ye is t h e  Siege1 domain of t y p e  t h r e e  

Proof. We have B = N- 0 (9 . l 6 )  and y e  (0) = e . Hence 

ye(&) = N' . e  . For w E Vo we have exp (Ew) e = 

e + tanh w = e + z , z E Re . Thus by 10.7,  t h e  t y p i c a l  

element of ye (a) is 

which proves ye (B)  t d, . Conversely l e t  

and l e t  y be the  unique p o s i t i v e  square  r o o t  of 

Ite(xZ-+Fx (x1,S1)> 
0 

(c f .  [B-K, Kap. X I ,  § 6 ] ) ,  l e t  

and w = ar tanh(xo) . Then x = g(e) E ye(&) where 

g 6 N' is a s  i n  10.7.1 (with k = Id) . 

10.9. COROLLARY. Let e be a maximal t r i p o t e n t  (hence 

Vo = 0) . - Then ye(&) is  t h e  Siege1 domain of type two 

(By 5 . 3 ,  2 is independent of t h e  choice of e , up t o  a 

transformation of K) . In  t h e  s p e c i a l  case where V1 = 0 

a s  well  (hence V = V2 = AO iA) , Y e  (&) is the  tube domain -- 

over the  cone Y c A . 
This is immediate from 10.8. Note t h a t  V = V2 with 

respect  t o  a maximal t r i p o t e n t  i f  and only i f  the  Jordan 

p a i r  (v,v-) contains  i n v e r t i b l e  elements i n  the  sense of 

[L5, 1.10]. For t h e  simple Jordan p a i r s  l i s t e d  i n  4.14, 

t h i s  happens p rec i se ly  f o r  t h e  types  

10.10. Remark. The reader  w i l l  have not iced t h a t  it is 

general ized r i g h t  ha l f  planes r a t h e r  than t h e  more fami l i a r  

upper half  p lanes  which occur na tu ra l ly  as Cayley t rans-  

forms of bounded symmetric domains. This is confirmed by 

the  f a c t  t h a t  r i g h t  hal f  planes general ize  t o  t h e  case of 

r e a l  Jordan p a i r s  and are ,  i n  f a c t ,  t h e  Cayley transforms 



of r e a l  bounded symmetric domains, whereas upper ha l f  

p lanes  don ' t  make sense i n  t h e  r e a l  case.  I n  t h e  complex 

case,  t h e  upper half  plane p i c t u r e  is obtained by replac-  

ing e by i e  but keeping the  decomposition V2 = A @ i A  

with respec t  t o  e . (Note t h a t  the  Pe i rce  spaces of e 

and i e  a r e  t h e  same but A(ie) = iA(e)) . One. checks 

e a s i l y  t h a t  

where Re and I m  a r e  understood with respec t  t o  t h e  r e a l  form 

A = A(e) of V2(e) = V2(ie) , and I!= (u,;) is defined a s  

i n  10.4.6. I f  e is maximal we get  

and i n  case  V = V2 , the  upper half  plane A O i Y  . 
We f i n a l l y  prove a number of formulae (see a l s o  [Dl, 

[ = I ,  b 2 1 ,  [T31). 

10.11. PROPOSITION. (a) For a E V 2 .  u,v E V, we 
have - 
(1 aoF(u,;) = ~(aou,;)  + F(u,a*Ov) , 
(2) ~ (a )F(u , ; )  = F(aou,a*ov) - 
(b) The ac t ions  of V2 and V0 Vg given by a + Ra 

and z + cp (z) commute i n  t h e  sense  t h a t  - 

f o r  a E V2 TZ z E Vo . - 
(c) If e is maximal (VO = 0) then 

f o r  u ,v  6 V1 . a E V2 . - 
Proof. ( I ) :  By t h e  Jordan i d e n t i t y  and 10.2.2, 

Now by JP10, {uval = { u , v , g ( e ) s }  = ~ ( u , ? ) g ( e ) S  = 

- - - - {Q(e)v,a*,u] + ( u , a * ~ v , e ]  = F(u,a*ov) s i n c e  

~ ( e ) ;  E V3 = 0 . (Note t h a t  u E V can be a r b i t r a r y  i n  

t h i s  computation) . 
(2):  By exponentiating (1) and observing exp 2Lx = 

P(exp x) (cf . t h e  proof of 10.7) we ge t  (2) f o r  a of t h e  

form e x p x ,  X E  V2 . Since these  elements a re  open i n  
V2 

and (2) is a polynomial i d e n t i t y ,  t h e  asse r t ion  follows. 

(3): R~CP(Z)(;)  = ao{e;zl = EaGEe+z}} 

= E{aEelikl - Ce{Za;}z] + {e?{a&}} 

- - 
= 2 {z?a] - {e,a*ov,zJ = {e,a*ov,z] 
- 

= rp (z)Ra*v by 10.2.2, s i n c e  {a&] = 0 by t h e  

- 
Peirce  r u l e s ,  and {z;a3 = {z,a*ov,e} by t h e  remark i n  the  

proof of (1). 

(4): ByJPP1, ~ ( u ) ;  = g(u){ee;} 

= D ( u , e ) ~ ( u , e ) f  - {g(u),,;,e} 

= {ug{u;e}} = ~(u, ; )ou s i n c e  g(u)e E Vo = 0 . 



- 
(5) : By JP12, ~(u,a*ov)ou = Q(u) (a*Ov) 

= Q ( u ) D ( ; , ~ ) ~  = { u z { e h } ]  - {e, i ; ,~(u)%} 

= {F(u,;) , s , u ]  = F(u,;)o (aou) , using 10.2.2 and 

Q ( u ) ~  E Vo = 0 . 
Remark. I f  Vo = 0 then (v~,v;) is an . a l t e r n a t i v e  p a i r  

i n  t h e  sense  of [ ~ 5 ]  with composition a y z >  = {[xye}ez} , 
and (4) and (5) of 10.11 correspond t o  8.2.2 and 8.3.3 of 

[L5l. 

10.12. PROPOSITION. The geodesic symmetry around e of 
de is given by 

The geodesic symmetry of Jie (in  t h e  form 10.10.1) 

around i e  is given by 

-1 
(Were x2 is t h e  inverse  i n  the  Jordan a lgebra  J = V2 

with u n i t  element e) . 
Proof. Since ye(0) = c , t h e  geodesic symmetry around e 

-1 
is s = ye. (-ld)ey;' . NOW y e . (-1d1 = - ~ d - y - ~  = - 1d-ye 

and hence s = yz. (-Id) = je. (-Id) , and (1) follows from 

10.3.2. Formula (2) follows s imi la r ly ,  by observing t h a t  

the  inverse  i n  t h e  Jordan algebra J' = V2 with u n i t  e le-  

ment i e  (an isotope of J) is given by the  negative in- 

ve r se  i n  J . 

$11. Real bounded symmetric domains 

11.1. PROPOSITION. Let (V,V-) be a complex Jordan p a i r  

wi th  p o s i t i v e  involut ion T and l e t  B c V be t h e  associ-  

a t e d  bounded symmetric domain. T c V be a r e a l  form 

of t h e  complex vec to r  space V , and l e t  q be complex 

conjugation with respec t  t o  T . Then q(R) = R i f  and 

only i f  T is a sub- t r ip le  system; i.e., { T T T )  c T . 
Proof. assume B is invar ian t  under 'q . Let k(z,%) - 
be t h e  Bergman kerne l  funct ion of B . Then 

This impl ies  t h a t  q is an isometry of t h e  Bergman m e t r i c  

and hence t h e  f ixed  point  s e t  of q , which is B n T , is 

a t o t a l l y  geodesic submanifold of B . By 4.8, 

R n T = tanh(T) . I n  p a r t i c u l a r ,  i f  v E T then 

t anh( tv )  = t v  + (t3/3)vC3) + * - *  E T f o r  a l l  t E R which 

impl ies  v ' ~ )  E T . By l i n e a r i z a t i o n ,  we have 

{ u < v }  + Q(u); E T f o r  a l l  u,v E T . By s tandard f a c t s  

on symmetric spaces, T . which may be i d e n t i f i e d  with t h e  

tangent space of T R R a t  0 , is a sub-Lie t r i p l e  sys- 

tem of t h e  Lie t r i p l e  system V . Hence {u?w) -[vzw} E T  

f o r  a l l  U,V,w E T (cf .  9.18). .Therefore; 3 ~ ( u ) v  = 

Q ( U ) ~  + { u K ]  = ( Q ( U ) ~  + {uuv] ) + ( { u h )  - {viiu}) E T , and T 

is a sub- t r ip le  system. 



Conversely, l e t  T be a  sub- t r ip le  system. Then a  

computation shows t h a t  q ({xyz) ) = {q (x) , m , q  ( z ) )  and 

hence v (z ) (n )  = ( z n )  . Since z E B i f  and only i f  

2'") + 0 a s  n  + i t  follows t h a t  q(B) = B . 

11.2. Suppose t h a t  T c V s a t i s f i e s  t h e  condi t ions  of 

11.1. Clear ly  t h e  p a i r  (T,T-) (where T- = 7 c V-) is 

a  r e a l  Jordan p a i r  whose complexification is (V,V-) . 
Also, the  r e s t r i c t i o n  T~ : T + T- is an involut ion of 

(T,T-) which is p o s i t i v e  i n  t h e  sense  t h a t  Q ( v ) T ~ ( v )  = X V  

(X  F R )  implies h > 0 , and t h e  hermitian involut ion 

7 : V + V- is obtained by C-ant i l inear  extension from 

T o  . Conversely, l e t  (T,T-) be a r e a l  Jordan p a i r  wi th  

p o s i t i v e  involut ion T~ . We s h a l l  s e e  below t h a t  t h i s  is 

equivalent with the  t r a c e  form t r a c e  (z + { x , ~ ~ y , z ] )  being 

p o s i t i v e  d e f i n i t e .  Let (v,v-) = ( T ~ , T ~ )  be the  complexi- 

f i c a t i o n  and extend T~ t o  a C-ant i l inear  involut ion T 

of v . Then by 3  .P6, 7 is a  p o s i t i v e  hermitian 

involut ion of (V, V-) . 
We s h a l l  c a l l  r e a l  bounded symmetric domain a  domain 

B n T a s  i n  11.1. Thus r e a l  bounded symmetric domains a r e  

i n  one-to-one correspondence with  r e a l  Jordan p a i r s  with 

p o s i t i v e  involut ion (or,  i n  analogy t o  2.9, r e a l  Jordan 

t r i p l e  systems with p o s i t i v e  d e f i n i t e  t r a c e  form). I t  

would be n ice  t o  have an i n t r i n s i c  charac te r i za t ion  of such 

domains i n  analogy t o  the  complex case .  

11.3. The theory developed i n  83 can be c a r r i e d  over 

almost word f o r  word t o  the  case  of a  r e a l  Jordan p a i r  

with p o s i t i v e  involut ion.  In  p a r t i c u l a r ,  3.4, 3.9-3.12, 

3.14-3.19 a l l  remain va l id  (with some obvious changes i n  

formulation).  The d e t a i l s  a r e  l e f t  t o  the  reader .  Let 

us point  out some of the  di f ferences  t o  t h e  complex case .  

Changing s l i g h t l y  the  notat ion used i n  11.1 and 11.2, l e t  

(v,v-) be a  r e a l  Jordan p a i r .  The automorphism group 

Aut(V,V-) is t h e  s e t  of r e a l  points  of a  r e a l  a lgebra ic  

group &(v,v-) , and a  p o s i t i v e  involut ion T of (v,v-) 

induces a  Cartan involut ion of ~ u t  (v, V-) whose f ixed  

point  s e t ,  denoted Aut(V) , is the  automorphism group of 

the  Jordan t r i p l e  system on V defined by T . The 

idempotents of a r e a l  Jordan p a i r  a r e  t h e  r e a l  po in t s  of a  

r e a l  a lgebra ic  va r ie ty ,  and 7 de f ines  an involut ion of 

t h a t  manifold whose f ixed  points  may be i d e n t i f i e d  with 

the  t r i p o t e n t s  of V . The important Peirce  decomposition 

3  .I3 d i f f e r s  from t h e  complex case  a s  follows. I f  e  is 

a  t r i p o t e n t  of a r e a l  Jordan p a i r  wi th  involut ion then 

V = V2 8 V1 t9 Vo a s  before where Va is t h e  a-eigenspace 

of ~ ( e , e )  . B u t  the  vector  space V2 is now a real 
semisimple Jordan a lgebra  J with u n i t  element e  and 

product xy = ${xey] . The map z + z* = ~ ( e ) z  is an 

automorphism of period 2 of J . Denoting by A and 

B t h e  (+I) - and (-1) -eigenspace of * , respect ively ,  



is a Cartan decomposition of J i n  the  sense  t h a t  A is 

formally r e a l ,  and the  t r a c e  form of J is negative d e f i n i t e  

on B . (We say t h a t  * is a Cartan involut ion of J ) . 
The Jordan t r i p l e  s t r u c t u r e  of V2 is given i n  terms of J 

and * by 

2 (where P(x)y = 2x(xy) - x y ) . Indeed, one proves A 

formally r e a l  and formula (1) a s  i n  3 -13. From (1) it 

follows t h a t  t r a c e  ~ ( x , ? )  = 2 t r a c e  ~ ( x y * )  where 

L(x) y = xy . Since the  former is p o s i t i v e  d e f i n i t e ,  we 

2 have t r a c e  L(x ) < 0 f o r  x E B . 
Conversely, l e t  J = A gl B be t h e  Cartan decomposition 

of a r e a l  semisimple Jordan a lgebra  J with Cartan involu- 

t i o n  * . Then t h e  r e a l  Jordan p a i r  ( J , J )  has a p o s i t i v e  

involut ion r given by rx = x* , and thus  J is a posi- 

t i v e  Jordan t r i p l e  system with ( I ) .  The proof is s i m i l a r  

t o  3.7. Observe t h a t ,  i n  con t ras t  t o  the  complex case  

where B = i A  , B and A a r e  not very c l o s e l y  t i e d  to- 

gether ;  f o r  ins tance B may be zero,  o r  A = R.e and B 

of a r b i t r a r y  dimension. 

A s  i n  t h e  complex case,  t h e  r e a l  bounded symmetric 

domain associa ted with  (V,V-) and r is simply t h e  open 

u n i t  b a l l  of t h e  s p e c t r a l  norm, or  may be described i n  

terms of the  gener ic  minimum polynomial as i n  4.16. 

11.4. The c l a s s i f i c a t i o n  of r e a l  bounded symmetric domains 

is obtained a s  follows. A s  i n  4.11, one is reduced t o  the  

case  of a simple r e a l  Jordan p a i r  (v,v-) . If  t h e  com- 

p l e x i f i c a t i o n  V is not simple then (V,V-) is a 

complex Jordan p a i r ,  considered a s  a r e a l  Jordan p a i r  by 

r e s t r i c t i o n  of s c a l a r s .  This case  was t r e a t e d  i n  4.14. 

We may the re fore  assume (Vc, v;) simple; i . e . ,  (V, V-) 

absolute ly  simple. Then 4.12 and 4.13 continue t o  hold, 

and we only have t o  c l a s s i f y  absolute ly  simple r e a l  Jordan 

p a i r s .  From t h e  r e s u l t s  of [L5, $121 together  with well- 

known f a c t s  on r e a l  a s soc ia t ive  d iv i s ion  a lgebras  and t h e i r  

involut ions ,  r e a l  Cayley a lgebras ,  and r e a l  Jordan d iv i s ion  

a lgebras  (which a r e  a l l  constructed from pos i t ive  d e f i n i t e  

quadrat ic  forms) one obtains  without much d i f f i c u l t y  the  

following list of absolute ly  simple r e a l  Jordan p a i r s .  

Here the  symbols , IIZn ItI e t c .  have been chosen i n  

such a way t h a t  t h e  complexifications a r e  obtained by 

simply eras ing t h e  supersc r ip t s  R ,H, e t c .  

v =  v - = M  
P,9 

( R )  , r e a l  p x q - matrices.  

v = v ' = ~  (8) , p x q - matrices with 
P, 4 

quaternion e n t r i e s .  

V = V- = Hn(a!) , n x n complex hermitian 

matrices.  

V = V- = An(R) , r e a l  a l t e r n a t i n g  n x n - 
matr ices  

V = V- = H,(H) , quaternionic  n x n - 
matrices,  hermitian wi th  respec t  t o  the  

s tandard involut ion of B . 



R 
111, . V = V- = Sn(R) , r e a l  symmetric n x n - 

matrices.  

1 . V = V- = SHn(H) , skew-hermitian quaternionic  

n x n - matrices.  

In  these  cases,  t h e  Jordan p a i r  s t r u c t u r e  is given by 

t- t- 
Q(x)y = x- yex , where y is t h e  transpose - conjugate of 

y (with respect  t o  t h e  s tandard involut ion of t h e  coef f i -  

c i e n t  a lgebra  R,C,H) . A p o s i t i v e  involut ion is given by 

the  i d e n t i t y ;  i n  o the r  words, the  vector  spaces V l i s t e d  
t - 

are  p o s i t i v e  Jordan t r i p l e  systems with x- y -x  . Note t h a t  

111:~ is isomorphic with t h e  Jordan p a i r  of t h e  Jordan 

a lgebra  of n x n quaternionic  matr ices ,  hermitian r e l a t i v e  

t o  an involut ion of M with 3-dimensional f i x e d  point  s e t .  

I{JP . V = V- = Rn , with Q(x)y = q(x,y)x - q(x)y 

where q is t h e  quadrat ic  form 

2 2 2 2 
p p+l + " ' + x n  of index p , 

-xl-" '-x + X  

and q(x,y) = q@+y) - q(x) - q(y) . A Posi- 

t i v e  involut ion is given by Tx = 

( -xpta-*, -xp , X ~ + ~ , . - ' , X ~ )  Note here  t h a t  

1 % ~ ~  is not absolute ly  simple and I{" 

is not simple. 

Here 0 is t h e  r e a l  Cayley d iv i s ion  algebra,  and fDo t h e  

r e a l  s p l i t  Cayley algebra.  The Jordan p a i r  s t r u c t u r e  is 

&(x)y = x- (ty.x) where t h e  bar r e f e r s  t o  t h e  canonical in- 

volution. 

@o Type V I  v = V- = H ( 0  ) , 3 x 3 - matr ices  - 3 0 

with e n t r i e s  from 0 resp.  Oo , hermitian 

with respect  t o  t h e  s tandard involution. 

The Jordan p a i r  s t r u c t u r e  is induced from 

t h e  Jordan algebra H3(Q) resp.  H3(00) . 
'0 . ='o fis i n  4.14, t h e  type V0 imbeds i n t o  VI' and V l n t o  V I  . 

A pos i t ive  involut ion is given by t h e  i d e n t i t y  i n  case  V 8 

0 and V I  , and by r e f l e c t i o n  i n  a quaternion subalgebra JH 

of Oo i n  t h e  o the r  two cases.  

11.5. Among t h e  r e a l  Jordan p a i r s  l i s t e d  above, p rec i se ly  

t h e  following isomorphism occur. 

(1 1 
R R Q: H 1 ,  I = I I = I = I , ; 

(2) 1 = I x I ; 1 (a,.) ; 

(3 = 11; ; 

(4) 
1 

1 1  = 1 ; 1 = 1 ; 

2 
( 5 )  I;,, * l.",jO ; = I.",.' ; I",, = I", ; 

( 6 )  
1 

II: .. 1 p I s 9 ~  ; 112 = I ~ J  ; 



11.6 .  Let (V,V-) be a r e a l  Jordan p a i r  with p o s i t i v e  

involut ion 7 . Let K = ~ u t  (v)' , a compact connected 

group, and < , >  a pos i t ive  d e f i n i t e  Aut(V)-invariant 

s c a l a r  product on V . We may consider Aut(V,v-) a s  a 

subgroup of GL(V) and then Aut(V) is the  i n t e r s e c t i o n  

of Aut (V, V-) with the  orthogonal group of < , > (cf . 
61.3). With the  d e f i n i t i o n s  of 5.1, Proposit ion 5.2 re- 

mains v a l i d .  Note, however, t h a t  A = R.e does not t e l l  

much about V2(e) = A e3 B (c f .  11.3) except t h a t  i t  is a 

r e a l  Jordan d iv i s ion  a lgebra;  B may be zero o r  more-than- 

onedimensional. Pa r t  (a) of 5 .3  continues t o  hold, and we 

def ine  the  r e a l  rank of V t o  be t h e  dimension of a maxi- 

mal f l a t  subspace. This is t h e  same a s  t h e  capaci ty  of 

(v,v-) a s  defined i n  [ ~ 3 ] ,  but not the  same a s  the  rank 

of (V, V-) a s  defined i n  [ ~ 5 ,  15 -181 (rank and r e a l  rank 

agree i f  (v, V-) is reduced; s e e  below). P a r t  (b) of 5.3 

is no longer t r u e  i n  t h e  r e a l  case ,  and t h e  s i t u a t i o n  is 

more complicated. 

11. 7.  LEMMA. Let (V, V-) be a simple r e a l  Jordan pa i r ,  

e a maximal t r i p o t e n t ,  VZ (e) = J = A @ B a s  i n  11.3. 

Then J is a simple r e a l  Jordan algebra,  and A is e i t h e r  - 
simple o r  t h e  sum of two simple i d e a l s .  I n  t h e  second 

case, t h e r e  e x i s t s  c E A such t h a t  ( i )  c2  = e , ( i i )  

t h e  Cartan involut ion * f J is given by z* = P(c)z , - 
( i i i )  t h e  Peirce  spaces of of c and e V agree,  

( i v )  t h e  Jordan a lgebra  J' = V2(c) (with u n i t  c and 

quadrat ic  representat ion P 1 ( x ) y  = Q ( X ) Q ( T ) ~ )  is formally 

r e a l .  

Proof. The Jordan p a i r  (V2(e), V;(e)) is simple and 

hence s o  is J ([L5, 10.14, 1.61). Now ( i )  and ( i i )  

follow from [He 1, Satz  2.3, Kor.]. We have 

-1 c* = p(c)c  = c3 = c = c . Now 10.2, which continues t o  
- 

hold i n  the  r e a l  case ,  implies D(e,e) = D ( c , ~ )  and hence 

e and c have t h e  same Peirce  spaces.  Moreover, - - 
P(X)Y* = Q(x)Q(Z)Q(C)Q(Z)Y = Q ( x ) Q ( Q ~ ~ ) Y  = QWQ(C*)Y = 

P1 (x)y , and s ince  * is a Cartan involut ion,  it follows 

t h a t  J r  is formally r e a l .  

11.8. PROPOSITION. Let (v,v-) be a simple r e a l  Jordan 

p a i r  with p o s i t i v e  involut ion.  ( e l , - - - , e , )  and 

( e i , - - . , e i )  a r e  frames of t r i p o t e n t s  then the re  e x i s t s  

f E K such t h a t  f ( e l )  = + ei , i = 1,. .. , r  . 
Proof. In view of 5 . 3  (a) it s u f f i c e s  t o  Show t h a t ,  f o r  

one p a r t i c u l a r  frame e l - e  and any permutation a 

of ( P , - . . , r I  t h e r e  e x i s t s  f E X with f (e i )  = e ~ ( i )  ' 

Let e = e l + - - -  + er and V2 (e) = A 8 B a s  before.  By 

11.7, we may assume t h a t  A is simple. (Otherwise replace  

e by c and decompose c = c l + - * -  + cr i n t o  a frame). 

Now ( e e r  is an orthogonal system of pr imit ive  

idempotents of A and the re fo re  t h e r e  e x i s t  a E Aij f o r  



i # j (where the  A . .  a r e  t h e  Peirce  spaces of  A 
1 J 

r e l a t i v e  t o  el, - - - ,  er)  wi th  a2 = e .  + e .  . Let 
1 J 

A = ~ ( a , e ~ )  - D(ei,a) E t =  lie(^) . Then one checks t h a t  

A(e.1 = a = - A(e.1 , & ( a )  = 2 ( e .  - e i )  , and A(ek) = 0 
J J 

f o r  i # k # j . I t  follows t h a t  f = e x p ( 5 ~ )  E K i n t e r -  

changes e .  and e .  and leaves the  other  ek f ixed .  The 
J 

Proposit ion follows. 

Remark. From [p3, Th. 61 together  with 5.11 one g e t s  t h e  

somewhat weaker r e s u l t  t h a t  f E ~ n n ( v , Q )  S Aut(V) , an 

open subgroup of Aut(V) which is i n  general  not connected 

(hence # K) . 

11.9. Let (v,v-) be simple r e a l ,  e a pr imit ive  tri- 

potent.  Then t h e  isomorphism c l a s s  of the  Jordan d i v i s i o n  

a lgebra  V2(e) is independent of t h e  choice of e (and 

i n  f a c t  determined by dim V2(e)) . We say  (v,v'-) is 

reduced i f  V2(e) = R.e . Note t h a t  V2(e) has (absolute)  

rank 2 un less  it is one-dimensional, being t h e  Jordan 

a lgebra  of a p o s i t i v e  d e f i n i t e  quadrat ic  form. This 

implies t h a t  (v,v-) is reduced i f  and only i f  the  r e a l  

rank agrees wi th  t h e  rank of the  complexification, and t h e  

l a t t e r  is twice the  former i n  t h e  non-reduced case .  In  

the  list 11.4, t h e  non-reduced types a r e  $H 
ZP,% ' 111:~ , 

I ~ J '  , , and i n  these  eases ,  the  dimension of V2(e) 

( e  primit ive)  is 4, 3 ,  n, 8 respec t ive ly .  

11.10. Let J be a r e a l  semisimple Jordan a lgebra ,  

J = A @ B a Cartan decomposition with  Cartan involut ion * . 

and (v,v-) = (J,  J)  the  associa ted Jordan p a i r  with posi- 

t i v e  involut ion 7 = * . Then t h e  s e t  of maximal t r i p o t e n t s  

is t h e  "unit  c i r c l e "  

( see  [ ~ e 2 ]  f o r  an extensive s tudy) .  Indeed, the  condi t ion 

f o r  a t r i p o t e n t  is x = x ( ~ )  = ~ ( x ) x *  . Thus we have t o  

show t h a t  a maximal t r i p o t e n t  is i n v e r t i b l e  i n  J . Clear ly  

t h i s  is the  case  f o r  the  u n i t  element e of J . If  c 

is a maximal t r i p o t e n t  then 5.3 (a) implies f (V2 (c ) )  = 

= V (e) = J f o r  some f E K , and hence J = V2(c) which 2 

implies c i n v e r t i b l e .  In con t ras t  t o  the  complex case,  

C is i n  general  not connected (see below f o r  more infor-  

mation). The tangent space of C a t  e is B , and 

2 exp(B) c C ; i n  f a c t ,  exp(B) = {c  I c E C] (c f .  [ ~ e 2 ,  

Satz  1.11).  The Cartan involut ion * of J induces a 

Cartan involut ion 8 of t h e  s t r u c t u r e  group S t r ( J )  by 

O(g)  (x) = [g#-%*)]* where # is the  canonical involut ion 

of S t r ( J )  , and K is t h e  f ixed  point  s e t  of 0 i n  

~ t r  (J)' . 

11.11. PROPOSITION. (v,v-) be a simple r e a l  Jordan 

p a i r  with p o s i t i v e  involut ion.  

( i )  I[f (v,v-) = @,A) is t h e  Jordan p a i r  associa ted 

with a simple formally r e a l  Jordan a lgebra  of degree ( = 

rank) r then t h e . s e t  C of maximal t r i p o t e n t s  of V - 
is Ea E A I a = aV1] and has r + 1 connected components. - 
These a r e  the  cases  111; , l E J n  , 1Cn , If?' , VI' . 



( i i )  _If (v, V-) = (J, J)  , J a  simple reduced r e a l  Jordan 

a lgebra  with Cartan involut ion * = T , and J .  is not i so-  

top ic  with a  formally r e a l  algebra,  then t h e  s e t  c of 

maximal t r i p o t e n t s  has 2  connected componeqts. These a r e  

n  00 the  cases  I ,  , I . I 2  5 p  5 [Z] , VT . 
( i i i )  (v,v-) is not reduced, or  contains  no i n v e r t i b l e  

elements, then K a c t s  t r a n s i t i v e l y  on frames, and t h e  

s e t  of maximal t r i p o t e n t s  is connected. (The r e s t  of the  

cases ,  including a l l  complex Jordan p a i r s ) .  

Proof.  (i) C is isomorphic with the  s e t  of idempotents 

of A v i a  a  + $ ( a + e )  . Now the a s s e r t i o n  follows from 

well-known f a c t s  on formally r e a l  Jordan a lgebras  (see a l s o  

[ ~ e 2 ,  Satz  5 . 3  ( c ) ] ) .  

( i i )  See [ ~ e 2 ,  Satz  5 . 3  (B1), (B2)] . 
( i i i )  Let e ,  - - - e  be a  frame of t r i p o t e n t s .  Let 

e  = e  +. . -  
1 + e r  , J = V (el  = A @ B . By 11.8, i t  s u f f i c e s  2  

t o  show t h a t  the re  e x i s t s  f  E K with f (e i )  - - e .  
1 ' 

f  (e .) = e .  , f o r  a l l  i # j . If V is not reduced then 
J J 

V.. = R.e i@ Bi is a  Cartan decomposition with 11 

Bi = Vii ll B # 0 . Choose x  t Bi such t h a t  x2 = - ei 

Then A = D ( x , ~ )  - ~ ( e , ? )  E t = Lie (K) , and by 9.13, we 

have D(x,e) = D ( ~ , F * )  = - ~(e,;;) hence A = 2D(x,e) . 
NOW A(ei) = 2{xee.] = 4x , ~ ( x )  = 2{xZx] = 4x 2  = - 4ei , 

and A (e . )  = 0 f o r  j # i . Hence f  = exp(;a) has the  
J 

required p roper t i e s .  

If V contains  no i n v e r t i b l e  elements then ViO # 0 , 
i - 1,. . . , r  . Choose x  E ViO such t h a t  [xxei] = e .  . 
This is possible  s ince  (xZei] E A n Vii = R.ei by t h e  

Peirce  r u l e s ,  and {xzei] is a  p o s i t i v e  mul t ip le  of e i  , 

by 10.4.2. Then A - D ( X , < )  - D(e,%) E 1 , and 

A(e.) = x  , A(x) = - ei  , A(e.1 J = 0 f o r  j # i . Hence 

we may s e t  f = exp(nA) . 

11.12. Let M be the  s e t  of t r i p o t e n t s  of a  r e a l  Jordan 

p a i r  with pos i t ive  involut ion.  Then Theorem 5.6 holds i f  

we replace  iA(e) by B(e) , the  (-1)-eigenspace of * 
i n  V2(e) . Also, S = M/R is now only a  compact 

Riemannian symmetric space. Note t h a t  t h e  Peirce  r e f l e c t i o n  

~ ( e , 2 z )  is i n  general not i n  K , nor a r e  t h e  "unit  c i r c l e s "  

C(e) connected. The proof t h a t  d - e  i f  and only i f  

d  E C(e) has t o  be modified; c f .  t h e  proof of 11.7. The 

f i b r a t i o n  p : M + S is obtained a s  follows. Let e  E M 

and consider t h e  map f  : Vl(e) x C(e) + M given by 

f  (u,c) = k(u) .c where k(u)  = exp(D(u,e) - D(e,ii)) E K . 
Then f (0,c) = c , f (u,C(e)) = k(u).C(e) = C(k(u1.e) . 
For the  d i f f e r e n t i a l  of f  a t  (0,c) one obtains  by a  

simple computation 

where v  E Vl (e) and w E Te (C (e) ) = B(c) . Thus 

df(O,c).(v,w) = 0  implies w = D(c,e)v = 0  , and s ince  c  

is i n v e r t i b l e  i n  VZ(e) , we ge t  v  = 0 by 10.2. Hence 



f is an immersion a t  a l l  po in t s  of {o] x C(e) , and by 

comparing dimensions, we s e e  t h a t  it is a l o c a l  d i f feo-  

morphism. By compactness of C(e) , the re  e x i s t s  an open 

neighborhood U of 0 i n  Vl(e) such t h a t  f : U x C(e) + M 

is an open imbedding. Now i t  follows e a s i l y  t h a t  S is a 

compact manifold and p : M  + S a f i b r a t i o n .  

11.13. Let B be a r e a l  bounded symmetric domain. A l l  of 

the  r e s u l t s  of $6 on the  boundary s t r u c t u r e  of D which 

make sense f o r  r e a l  domains remain v a l i d .  There a r e  now no 

holomorphic boundary components but we do have a f f i n e  (and 

metr ic)  boundary components, and they a r e  described by 6.3. 

The s e t s  ( i ) - ( i i i )  of 6 .5  still  coincide but a r e  no longer 

connected. It  would be i n t e r e s t i n g  t o  charac te r i ze  the  s e t  

of maximal t r i p o t e n t s  a s  the  Shilov boundary of a s u i t a b l e  

funct ion space. 

11 -14. Let (v,v-) be a r e a l  semisimple Jordan p a i r  and 
C -- 

(V,V ) = (v,v-) @ @ its complexification. Let 

X = V x V-/- be a s  i n  7.6.  Then X is  a compact r e a l  

manifold; moreover, X = & ( R )  is the  s e t  of r e a l  po in t s  of 

a r e a l  p ro jec t ive  a lgebra ic  va r ie ty  & whose complexifi- 

c a t i o n  is the  va r ie ty  2 defined by ( . Thus one 

may think of a l s o  a s  of 2 together  with the  Galois 

a c t i o n  induced by complex conjugation r e l a t i v e  t o  (v,v-) . 
The manifolds X obtained i n  t h i s  way a re  p rec i se ly  the  

symmetric R-spaces s tud ied  i n  [ T I ] .  

Let G =  Aut (x) O , a r e a l  semisimple connected a lgebra ic  group 

with t r i v i a l  c e n t r e  (whose complexif i c a t i o n  is 5 = ~ u t  (2)') . Let 

G = G(R)' , K = G fl g(R) where g = A u t ( ~ , ~ - ) O  , and uf- 

a s  i n  8.6. Then the r e s u l t s  of $8 a l l  remain va l id .  In 

8.9, we have A u t ( ~ , ~ - ) O  = &(v,v-) a s  a lgebra ic  groups 

(I) . In genera l ,  Inn(V,v-) , the  subgroup of GL(V) x GL(V-) 

generated by a l l  (B(x,y) , ( ~ ( y , x ) - l )  , (x,y) quasi- 

i n v e r t i b l e ,  is ne i the r  topological ly  connected nor equal t o  

Inn(v,V-) (R) . For an extension of these  r e s u l t s  t o  a rb i -  - 
t r a r y  base f i e l d s  s e e  [ ~ 6 ,  ~ 7 1 .  

11.15. Now l e t  7 be a p o s i t i v e  involut ion of t h e  r e a l  

Jordan p a i r  (V,V-) . Then T def ines  commuting auto- 

morphisms o and 8 of period 2 of the  r e a l  a lgebraic  group 

G a s  i n  9.2 and 9.5. Let and & be t h e  f ixed  point  - 
s e t s  of u and 8 i n  5 and l e t  

be t h e  topological  i d e n t i t y  components of the  s e t s  of r e a l  

po in t s .  Then and a r e  r e a l  reduct ive  ( i n  general  

not semisimple) a lgebraic  groups with Lie a lgebras  

C 

where 1 = Der(V) = Lie(K),  p = { u - u  l u  E V} , 

m = t u + S  1 u E v} . Thus u+ O u- = p Q rn . The complex- 

i f i c a t i o n s  of go and gc a r e  isomorphic (but have not 

much t o  do with g = Lie@) , i n  c o n t r a s t  t o  the  complex 



case ) .  We note t h a t  

Indeed, the  second equa l i ty  is immediate from the  d e f i n i t i o n s .  

BY 8 . 7 ,  9 = [u+ u- , u+ u-] = [m 8 p , m EB p ]  = 

= [p ,p ]  @ [m,p] , and t h i s  is the  decomposition of 9 i n t o  

the  (21)-eigenspaces of B . On the  o the r  hand, the  f ixed  

point  s e t  of 8 i n  9 is t . 
A s  i n  9 .7 ,  a Lripotent e of V de f ines  a homo- 

morphism f : SL2(R) -t G , and we have 9 .8  and 9.9, with 

i d e n t i c a l  proofs ( replace  i p  by m). It  follows t h a t  

8 1 Go is a Cartan involut ion and hence 

is  a Cartan decomposition. 

11.16. Let B c V be t h e  r e a l  bounded symmetric domain 

defined by T . The r e s t r i c t i o n  of t h e  Bergman metr ic  of 

the  complexif i c a t i o n  of B t o  b is a Riemannian 

metr ic  on B , given by ds2 = <B (x,~)- 'dx,  d a  (cf . 2.10) . 
Since B is t o t a l l y  geodesic it is i t s e l f  a Riemannian 

symmetric space, and its exponential  map a t  0 is given 

by 4.8. We claim t h a t  Go 2 (by r e s t r i c t i o n  t o  B iso- 

morphic with) t h e  group of displacements of t h e  symmetric 

space B ; i . e . ,  t h e  group generated by a l l  s;sy,x,y c B , 

where sx denotes t h e  geodesic symmetry around the  point  

x (c f .  [ ~ 2 ] ) .  Indeed, K a c t s  on B by isometr ies .  By 

4.4, the  vector f i e l d s  i n  p r e s t r i c t  t o  Ki l l ing  vector  

f i e l d s  on B . Hence 11.15.2 shows t h a t  Go is contained 

i n  t h e  group of isometr ies  of B . Now i t  follows from 

11.15.1 and general  f a c t s  on symmetric spaces t h a t  Go is 

t h e  group of displacements of B . 
Fina l ly ,  note t h a t  metric boundary components of B 

can be defined a s  i n  the  complex case (9.10), and the  

proof.of 9.11 shows t h a t  they agree with the  a f f i n e  boundary 

components. 

11.17. Let e be a t r i p o t e n t .  Then t h e  homomorphism 

f :s2 + G induced by e maps the  R-split  t o r u s  

T = ( ( t  :) 1 a2 - b2 = 11 of S& i n t o  . Denoting the - 
image of 2 by , 9.12-9.17 a l l  remain v a l i d  i f  we 

replace  i A  by B (where VZ(e) = A 8 5 ) .  Note t h a t  Go 
- 

a c t s  on B and permutes the  bo~~ndary  components. This 

follows from t h e i r  charac te r i za t ion  a s  met r i c  boundary 

components s i n c e  Go a c t s  by isometr ies  on B . 
The r e a l  roo t  system PI of Go may be computed a s  

i n  9.18, 9.19. In p a r t i c u l a r ,  9.19 (a) ,  (b) hold i n  t h e  

r e a l  case  a s  wel l  (where now B.  = B n V. .) . Par t  (c) ,  
13 1~ 

however, now takes  the  following form. 

11.18. PROPOSITION. ]Let (v,v'-) be an absolute ly  simple 

r e a l  Jordan p a i r  with p o s i t i v e  involut ion 7 , and Let 

e e )  be a frame of t r i p o t e n t s  with t h e  property t h a t  

f o r  e = e + . - .  - 1 + e r  we have V2(e) = A 8 B with A e- 
& (cf .  11.7).  Then the re  a r e  t h e  following p o s s i b i l i t i e s .  



(A) + = E+(wi - w . ) I  is of type Arql f o r  t h e  types  
J 

0 11% , I ,  , I I ~ ~  , f l =  , and VI ( r - 3 )  . 

(B) @ = { k  m i ,  + mi + w . }  is of type Br f o r  the  cases  
J 

00 with r < q , I I ~ ~ + ~  , V ( r  = 2)  . 

(BC) @ = {+ mi,  + 2mi, + mi + m.} is of type BCr i n  t h e  
3 

cases  I ,  2q r < q , V' ( r  = 1) . 

Observe t h a t  (A) and (D) correspond t o  t h e  cases  ( i )  and 

( i i )  of 11.11, respect ively ,  and (BC), ( B ) ,  and (C) t o  

case  ( i i i ) .  In f a c t ,  t h e  number of connected components 

of t h e  s e t  of maximal t r i p o t e n t s  is equal t o  the  index of 

t h e  Weyl group of @ i n  the  group of a l l  signed permuta- 

t i o n s  of m l , - .  - , w r  (resp.  e l , - - . , e r )  . 

11.69. In c o n t r a s t  t o  t h e  complex case,  t h e  r e a l  a lgebra ic  

group $ (resp.  the  Riemannian symmetric space 8) does 

not determine the  Jordan p a i r  uniquely. For example, the  

domains associa ted with the  non-isomorphic Jordan p a i r s  

70 and 12,~ a r e  isomorphic a s  symmetric spaces.  The 

same happens f o r  11: and V X ~ ~  x ( R , R )  . This is a l l  the  

more su rpr i s ing  a s  VoO is an except ional  Jordan p a i r  

(cf . [L-MC] and q, is  not.  

11.20. P a r t i a l  Cayley transformations and Siege1 domain 

r e a l i z a t i o n s  work the  same way a s  i n  t h e  complex case,  

provided we rep lace  i A  by B (J = A @ B = V2(e)) through- 

out ,  and def ine  the  " rea l  part" Re(x) f o r  x E V2 by 

5 (x + x*) . The endomorphisms cp (2) of V1 (cf . 10.4) a r e  

now of course R-l inear .  Also, the re  is no way of converting 

r i g h t  half  planes i n t o  upper half  planes a s  i n  the  c o ~ p l e x  

case .  



(For proofs see [W ] 

Let (vf,v-) be a Jordan pair, with quadratic maps - - 
Q: VL * ~orn(v+,v-) . Thus for x E vL, y G vi, we have 

Q(x)y - E V -  and Qxy is quadratic in x and linear 

in y . We set 

Appendix: 
~ist of identities for Jordan pairs 

XY = B Y -  (the quasi-inverse) . 
Then the following identities hold (the first three are the 

defining identities of a Jordan pair) 



A2 

JP7 

JP8 

JP9 

JPlO 

JPll 

JP12 

JP13 

JP14 

JP15 

JP16 

JP17 

JP18 

JP19 

JP20 

JP21 

JP22 

JP23 

JP24 

JP25 

JP26 

JP27 

~ ~ 2 8  

The quasi-inverse satisfies 

BY ( X V  = (pyx)" , 
(shifting) 

B(u,v) ( x ~ ( ~ ~ ~ ) ~ )  = (B(u,'v)x)Y , 

XY+" = (xY)z , 
(addition 

-1 (yx)) . formulae) (x+zly = xY+B(x,y) (z 

The following identity of degree 11 (an analogue of Glenniels 

identity) holds in all special Jordan pairs but not, e-g., 

in the Jordan pairs of type V or VI (cf. [L-lcl). 

(GI [ ~ Z ~ W ~ Q ( ~ , Y ) Q ~ Q ~ W ~  - %Q~Q(X,Y)Q&,Z 
= ~QpywJQ(~,x)Qz'~w~ - QyQZQ(~,x)QW~z . 
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