Algebra i analiz Tom 11 (1999), vyp. 4

St. Petersburg Math. J.

Vol. 11 (2000), No. 4

ON A CLASS OF JORDAN D-BIALGEBRAS

V. N. ZHELYABIN

Abstract. A class of Jordan bialgebras related to the “Jordan analog” of the classical Yang–Baxter equation is considered. It is proved that every Jordan bialgebra defined on a finite-dimensional semisimple Jordan algebra belongs to that class.

The Lie bialgebras were introduced by Drinfel^′d in the paper [1], where they served as a tool for the study of the solutions of the classical Yang–Baxter equation (CYBE). In contrast to the associative bialgebras, the Lie bialgebras are Lie algebras with a Lie comultiplication that is a 1-cocycle. Interest in the Lie bialgebras is motivated by the quantization problem for the solutions of CYBE (see [2, 3]). In [4, 5] the author introduced the concept of a Jordan bialgebra in the sense of Drinfel^′d (a D-bialgebra). In the same papers, the relationship was studied between some types of Jordan bialgebras and the Lie bialgebras. In particular, in [4] it was shown that if L(J) in the Lie algebra obtained from a Jordan algebra J in accordance with the Kantor–Keher–Tits construction and admitting the structure of a Lie bialgebra, then, under some natural restrictions, the algebra J admits the structure of a Jordan bialgebra. In the paper [6], the triangle and the quasitriangle Jordan bialgebras were singled out in agreement with the corresponding concepts for the Lie bialgebras, and a characterization was obtained of the finite-dimensional Jordan algebras admitting a nontrivial structure that makes it a quasitriangle Jordan bialgebra. In [7] a class of Jordan bialgebras related to the “Jordan analog” of CYBE was introduced, and it was proved that, over an algebraically closed field, every Jordan bialgebra defined on a finite-dimensional semisimple Jordan algebra belongs to that class.

In the present paper we prove an analog of the latter result in the case of an arbitrary field.

I take this opportunity to thank professor I.P.Shestakov for valuable discussions and advice.

Let Φ be a field, and let U, V be linear spaces over Φ. We denote by U ⊗ V the tensor product of U and V over Φ. On the space V ⊗ V we define a linear mapping τ by

1991 Mathematics Subject Classification. Primary 81R50.

Key words and phrases. Jordan bialgebra, Lie bialgebra, coboundary, triangle, and quasitriangle bialgebras.

Supported by RFBS (grant no. 98-01-01142).

cfl2000 American Mathematical Society

22-06-99 15:12:04
POMI\308\486\c:\journals\bd\bd-zhe1.pmj
22-06-99 15:11 70307

2 V. N. ZHELYABIN

putting τ ( ∑ i a_i ⊗ b_i) = ∑ i b_i ⊗ a_i. Let ξ be the linear mapping V ⊗ V ⊗ V → V ⊗ V ⊗ V defined by ξ(x ⊗ y ⊗ z) = y ⊗ z ⊗ x. As usial, id stands for the identity mapping. We denote by V^∗ the space of all linear functionals on V . For f ∈ V^∗ and v ∈ V , the denotes the linear functional f evaluated at v symbol ⟨f, v⟩. The space V^∗ ⊗ V^∗ is well known to be embeddable in the space (V ⊗ V )^∗, in accordance with the rule ⟨f ⊗ g, ∑ i a_i ⊗ b_i⟩ = ∑ i⟨f, a_i⟩⟨g, b_i⟩. Definition. Let A be a linear space over Φ, and let Δ : A → A ⊗ A be a linear mapping. The couple (A, Δ) is called a coalgebra; the mapping Δ is a comultiplication.

As in Sweedler’s paper [8], for a ∈ A we write Δ(a) = ∑ a a_{(1)} ⊗ a_{(2)}.

On the space A^∗ we define multiplication by putting ⟨fg, a⟩ = ∑ a ⟨f, a_{(1)}⟩⟨g, a_{(2)}⟩, where f, g ∈ A^∗, a ∈ A and Δ(a) = ∑ a a_{(1)} ⊗ a_{(2)}. The space A^∗ equipped with this multiplication is an ordinary algebra over Φ; this algebra is called the dual algebra of the coalgebra (A, Δ). Obviously, ⟨fg, a⟩ = ⟨f ⊗ g, Δ(a)⟩.

The dual algebra A^∗ of the coalgebra (A, Δ) gives rise to the following bimodule action on the space A: f · a = ∑ a a_{(1)}⟨f, a_{(2)}⟩, a · f = ∑ a ⟨f, a_{(1)}⟩a_{(2)},

where f ∈ A^∗ and Δ(a) = ∑ a a_{(1)} ⊗ a_{(2)}. It is easy to check that for any f, g ∈ A^∗ and any a ∈ A we have ⟨fg, a⟩ = ⟨f, g · a⟩ = ⟨g, a · f⟩. Now, let A be an arbitrary algebra endowed with a comultiplication Δ, and let A^∗ be the dual algebra for (A, Δ). The algebra A determines the following bimodule action (•) on A^∗ : ⟨f • a, b⟩ = ⟨f, ab⟩, ⟨b • f, a⟩ = ⟨f, ab⟩. On the space D(A) = A ⊕ A^∗ we define multiplication by putting (a + f)(b + g) = (ab + f · b + a · g) + (fg + f • b + a • g). Then D(A) turns into an ordinary algebra over Φ, and A and A^∗ become subalgebras of D(A). The algebra D(A) will be called the Drinfel^′d double of the bialgebra (A, Δ).

On the algebra D(A) we define a form Q as follows: Q(a + f, b + g) = ⟨g, a⟩ + ⟨f, b⟩ for any f, g ∈ A^∗ and any a, b ∈ A. The form Q is nondegenerate and symmetric. We show that Q is associative. Indeed, Q((a + f)(b + g), c + h) = ⟨h, ab + f · b + a · g⟩ + ⟨fg + f • b + a • g, c⟩ = ⟨f, b · h + g · c + bc⟩ + ⟨b • h + gh + g • c, a⟩ = Q(a + f, (b + g)(c + h)) for any f, g, h ∈ A^∗ and any a, b, c ∈ A.

ON A CLASS OF JORDAN D-BIALGEBRAS 3

Definition. Let M be an arbitrary manifold of Φ-algebras, and let A be an algebra in M equipped with a supplementary comultiplication Δ. The couple (A, Δ) is called an M-bialgebra in the sense of Drinfel^′d if the algebra D(A) is in M.

In what follows, the Jordan bialgebras in the sense of Drinfel^′d will be called the D-bialgebras.

Suppose that 1/2 ∈ Φ. If (J, Δ) is a Jordan D-bialgebra over Φ, then for any a, b, c ∈ J we have Δ((ab)c) − Δ(ab)(c ⊗ 1) − Δ(c)(1 ⊗ ab) + Δ(c)(a ⊗ b + b ⊗ a) − Δ(ac)(b ⊗ 1) − Δ(bc)(a ⊗ 1) − Δ(a)(1 ⊗ bc) − Δ(b)(1 ⊗ ac) + (Δ(a)(c ⊗ 1))(b ⊗ 1) + (Δ(b)(c ⊗ 1))(a ⊗ 1) + (Δ(a)(1 ⊗ c))(1 ⊗ b) + (Δ(b)(1 ⊗ c))(1 ⊗ a) = 0.

(1)

This relation can be obtained from formula (6) in [4] by linearization. If J has unit 1, formula (1) shows that Δ(1) = 0.

We recall the definition of a Lie bialgebra. For a Lie algebra L, a couple (L, Δ) is a Lie bialgebra if and only if (L, Δ) is a Lie coalgebra, and the comultiplication Δ is a 1-cocycle (see [1]), i.e., it satisfies the identity

Δ([a, b]) = ∑ a ([a_{(1)}, b] ⊗ a_{(2)} + a_{(1)} ⊗ [a_{(2)}, b]) + ∑ b ([a, b_{(1)}] ⊗ b_{(2)} + b_{(1)} ⊗ [a, b_{(2)}]).

Among the Lie bialgebras, the triangle and the quasitriangle ones play an important role. Let L be a Lie algebra over Φ, and let R = ∑ i a_i ⊗ b_i be an element of (id −τ )(L ⊗ L) (i.e., τ (R) = −R). We define a comultiplication Δ_R on L by putting Δ_R(a) = ∑ i[a_i, a]⊗ b_i + a_i ⊗ [b_i, a] for any a ∈ L. Then the comultiplication Δ_R is anticommutative and is a 1-cocycle. Drinfel^′d showed (see [9]) that the couple (L, Δ_R) is a Lie coalgebra if and only if the element

C_L(R) = [R_{12}, R_{13}] + [R_{12}, R_{23}] + [R_{13}, R_{23}]

is ad-invariant ( L-invariant). Here [R_{12}, R_{13}] = ∑ ij [a_i, a_j ]⊗b_i⊗b_j , [R_{12}, R_{23}] = ∑ ij a_i ⊗ [b_i, a_j ] ⊗ b_j , and [R_{13}, R_{23}] = ∑ ij a_i ⊗ a_j ⊗ [b_i, b_j ]. In particular, if

(2) [R_{12}, R_{13}] + [R_{12}, R_{23}] + [R_{13}, R_{23}] = 0,

then (L, Δ_R) is a Lie coalgebra. Relation (2) is called the classical Yang–Baxter equation, or the triangle equation. Since τ (R) = −R, (2) can be written in the form ∑ ij ([a_i, a_j ] ⊗ b_i ⊗ b_j + b_i ⊗ b_j ⊗ [a_i, a_j ] + b_j ⊗ [a_i, a_j ] ⊗ b_i) = 0.

4 V. N. ZHELYABIN

In the class of Jordan bialgebras we can also distinguish those related to the “Jordan analog” of (2).

Let J be a Jordan Φ-algebra. We take an element r = ∑ i a_i ⊗ b_i of (id −τ )(J ⊗ J) and define a comultiplication Δ_r on J via the formula Δ_r(a) = ∑ i a_ia ⊗ b_i − a_i ⊗ ab_i. We put r_{12} = ∑ i a_i ⊗ b_i ⊗ 1, r_{13} = ∑ i a_i ⊗ 1 ⊗ b_i, r_{23} = ∑ i 1 ⊗ a_i ⊗ b_i, and

C_J (r) = r_{12}r_{13} + r_{13}r_{23} − r_{12}r_{23}.

Here r_{12}r_{13}, r_{13}r_{23} and r_{12}r_{23} are the products of the corresponding elements in the algebra J ⊗ J ⊗ J. Calculating C_J (r), we obtain

C_J (r) = ∑ ij (a_ia_j ⊗ b_i ⊗ b_j + a_i ⊗ a_j ⊗ b_ib_j − a_i ⊗ b_ia_j ⊗ b_j ).

Since τ (r) = −r, we have

C_J (r) = ∑ ij (a_ia_j ⊗ b_i ⊗ b_j + b_i ⊗ b_j ⊗ a_ia_j + b_j ⊗ a_ia_j ⊗ b_i).

For an element a of a Jordan algebra J, we denote by a^′ the operator of right multiplication by a, and for a, b ∈ J we put [a^′, b^′] = a^′b^′ − b^′a^′. It is well known that any linear combination of operators of the form [a^′, b^′] is a differentiation of the algebra J, and the associator (a, c, b) coincides with c[a^′, b^′] for any c ∈ J. The following operator identities are valid for any x, y, z ∈ J:

x^′y^′z^′ + z^′y^′x^′ + ((xz)y)^′ = (xy)^′ z^′ + (xz)^′y^′ + (yz)^′x^′, (3) x^′y^′z^′ + z^′y^′x^′ + ((xz)y)^′ = z^′(xy)^′ + y^′(xz)^′ + x^′(yz)^′, (4) [(xy)^′, z^′] + [(xz)^′, y^′] + [(yz)^′, x^′] = 0. (5) §1. Coboundary Jordan bialgebras

In this section, our aim is to show that the couple (J, Δ_r), where J is a Jordan algebra and C_J (r) = 0, is a Jordan D-bialgebra.

Proposition 1. If A is a commutative Φ-algebra equipped with a comultiplication Δ satisfying (1), then for any a, b, c ∈ A we have Δ((a, b, c)) = ∑ b (a, b_{(1)}, c) ⊗ b_{(2)} + b_{(1)} ⊗ (a, b_{(2)}, c)

+ (Δ(c)(a ⊗ 1 − 1 ⊗ a) + Δ(a)(1 ⊗ c − c ⊗ 1))(b ⊗ 1 − 1 ⊗ b).

ON A CLASS OF JORDAN D-BIALGEBRAS 5

Proof. Using (1) and the commutativity of A, we can write Δ((a, b, c)) = Δ((ab)c) − Δ(a(bc)) = −(Δ(b)(c ⊗ 1))(a ⊗ 1) − (Δ(b)(1 ⊗ c))(1 ⊗ a) + (Δ(b)(a ⊗ 1))(c ⊗ 1) + (Δ(b)(1 ⊗ a))(1 ⊗ c) − Δ(c)(a ⊗ b + b ⊗ a) + (Δ(c)(a ⊗ 1))(b ⊗ 1) + (Δ(c)(1 ⊗ a))(1 ⊗ b) + Δ(a)(c ⊗ b + b ⊗ c) − (Δ(a)(c ⊗ 1))(b ⊗ 1) − (Δ(a)(1 ⊗ c))(1 ⊗ b) = ∑ b ((ab_{(1)})c − a(b_{(1)}c)) ⊗ b_{(2)} + b_{(1)} ⊗ ((ab_{(2)})c − a(b_{(2)}c)) + (Δ(c)(a ⊗ 1 − 1 ⊗ a)(b ⊗ 1 − 1 ⊗ b) + Δ(a)(1 ⊗ c − c ⊗ 1))(b ⊗ 1 − 1 ⊗ b)

= ∑ b (a, b_{(1)}, c) ⊗ b_{(2)} + b_{(1)} ⊗ (a, b_{(2)}, c) + (Δ(c)(a ⊗ 1 − 1 ⊗ a) + Δ(a)(1 ⊗ c − c ⊗ 1))(b ⊗ 1 − 1 ⊗ b).�

Let (A, Δ) be an arbitrary Φ-bialgebra. Consider the Drinfel^′d double D(A) of the bialgebra (A, Δ). We denote by λ_1 and λ_2 the projections of D(A) to A and to A^∗, respectively.

Proposition 2. If A is a commutative Φ-algebra equipped with a comultiplication Δ satisfying (1), then for any a, b ∈ A and any f ∈ A^∗ in the algebra D(A) we have λ_2((f^2, b, a) + 2(fa, b, f)) = 0.

Proof. Let a, b ∈ A, f ∈ A^∗. Since λ_2((fa, b, f)) = ((f • a) • b)f + ((f • a) · b) • f − (f • a)(b • f) − (f • a) • (b · f) + ((f · a)b) • f − (f · a) • (b • f), for any c ∈ A we have ⟨λ_2((fa, b, f )), c⟩ = ∑ c (⟨f, (c_{(1)}b)a⟩⟨f, c_{(2)}⟩ − ⟨f, c_{(1)}a⟩⟨f, bc_{(2)}⟩) + ∑ b (⟨f, b_{(1)}a⟩⟨f, b_{(2)}c⟩ − ⟨f, b_{(1)}⟩⟨f, (b_{(2)}c)a⟩) + ∑ a (⟨f, a_{(1)}⟩⟨f, (a_{(2)}b)c⟩ − ⟨f, a_{(1)}⟩⟨f, (a_{(2)}c)b⟩),

6 V. N. ZHELYABIN

and since Δ is commutative, we can write 2⟨λ_2((fa, b, f)), c⟩ = ∑ b ⟨f ⊗ f, b_{(1)}a ⊗ b_{(2)}c + b_{(1)}c ⊗ b_{(2)}a − b_{(1)} ⊗ (b_{(2)}c)a − (b_{(1)}c)a ⊗ b_{(2)}⟩ + ∑ c ⟨f ⊗ f, −c_{(1)}a ⊗ c_{(2)}b − c_{(1)}b ⊗ c_{(2)}a + c_{(1)} ⊗ (c_{(2)}b)a + (c_{(1)}b)a ⊗ c_{(2)}⟩ + ∑ a ⟨f ⊗ f, a_{(1)} ⊗ (a_{(2)}b)c + a_{(2)} ⊗ (a_{(1)}b)c − a_{(1)} ⊗ (a_{(2)}c)b − a_{(2)} ⊗ (a_{(1)}c)b⟩ = ⟨f ⊗ f, (Δ(b)(1 ⊗ c − c ⊗ 1) + Δ(c)(b ⊗ 1 − 1 ⊗ b))(a ⊗ 1 − 1 ⊗ a)⟩ + ⟨f ⊗ f, (b, a_{(1)}, c) ⊗ a_{(2)} + a_{(1)} ⊗ (b, a_{(2)}, c)⟩.

Proposition 1 yields 2⟨λ_2((fa, b, f)), c⟩ = ⟨f ⊗ f, Δ((b, a, c))⟩ = ⟨f^2, (b, a, c)⟩. But ⟨λ_2((f^2, b, a)), c⟩ = ⟨f^2, (c, a, b)⟩, so that the required identity is a consequence of the two relations obtained above. � Let J be a Jordan Φ-algebra. We fix r = ∑ i a_i ⊗ b_i ∈ (id −τ )(J ⊗ J). On J, the element r induces a comultiplication Δ_r. Following the terminology of Lie algebras, we call (J, Δ_r) the coboundary bialgebra. The Drinfel^′d double of the bialgebra (J, Δ_r) will be denoted by D(J, r).

Proposition 3. The comultiplication Δ_r is cocommutative and satisfies (1). Proof. Let a ∈ J. Since Δ_r(a) = ∑ i a_ia ⊗ b_i − a_i ⊗ ab_i and τ (r) = −r, we have τ (Δ_r(a)) = ∑ i b_i ⊗ aa_i − ab_i ⊗ a_i = Δ_r(a).

We prove that Δ_r satisfies (1). Let a, b, c ∈ J. The definition of Δ_r implies that the left-hand side of (1) looks like this: ∑ i ([(ab)c]a_i − [(ab)a_i]c − [(ac)a_i]b − [(bc)a_i]c + [(a_ia)c]b + [(a_ib)c]a) ⊗ b_i − ∑ i a_i ⊗ ([(ab)c]b_i − (cb_i)(ab) − (ab_i)(cb) − (bb_i)(ca) + [(bb_i)c]a + [(ab_i)c]b).

Identities (3) and (4) show that the expression obtained is equal to zero, and the result follows. � We recall that

C_J (r) = ∑ ij (a_ia_j ⊗ b_i ⊗ b_j + b_i ⊗ b_j ⊗ a_ia_j + b_j ⊗ a_ia_j ⊗ b_i).

ON A CLASS OF JORDAN D-BIALGEBRAS 7

Proposition 4. For any a ∈ J we have

(Δ_r ⊗ id − id ⊗Δ_r)Δ_r(a) = C_J (r)(a ⊗ 1 ⊗ 1 − 1 ⊗ 1 ⊗ a) + ∑ ij ((a, a_i, a_j ) ⊗ b_j ⊗ b_i + a_i ⊗ (b_i, a, a_j ) ⊗ b_j + b_i ⊗ b_j ⊗ (a_j , a_i.a)).

Proof. The definition of the comultiplication Δ_r implies that

(Δ_r ⊗ id − id ⊗Δ_r)Δ_r(a) = ∑ ij ((a_ia)a_j ⊗ b_j ⊗ b_i − a_ia ⊗ a_j b_i ⊗ b_j + a_ia ⊗ a_j ⊗ b_ib_j ) + ∑ ij (−a_j ⊗ (a_ia)b_j ⊗ b_i + a_i ⊗ (ab_i)a_j ⊗ b_j ) + ∑ ij (−a_ia_j ⊗ b_j ⊗ ab_i + a_j ⊗ (a_ib_j ) ⊗ ab_i − a_i ⊗ a_j ⊗ (ab_i)b_j ).

Since ∑ ij a_j ⊗ (aa_i)b_j ⊗ b_i = ∑ ij a_i ⊗ (aa_j )b_i ⊗ b_j and τ (r) = −r, we have (Δ_r ⊗ id −id ⊗ Δ_r)Δ_r(a) = ∑ ij (((a, a_i, a_j ) + (a_ia_j )a) ⊗ b_j ⊗ b_i + b_ia ⊗ a_j a_i ⊗ b_j + b_ia ⊗ b_j ⊗ a_ia_j ) + ∑ ij (−a_i ⊗ (a_j a)b_i ⊗ b_j + a_i ⊗ (b_ia)a_j ⊗ b_j ) + ∑ ij (−a_ia_j ⊗ b_j ⊗ ab_i − b_j ⊗ a_ia_j ⊗ ab_i − b_i ⊗ b_j ⊗ (a(a_ia_j ) + (a_j , a_i, a))), which proves the claim. � Lemma 1. For any a, b ∈ J and any f ∈ J^∗ we have Q((f^2 , a, f), b) = ⟨f ⊗ f ⊗ f, C_J (r)([b^′ , a^′] ⊗ 1 ⊗ 1)⟩. Proof. The definition of multiplication in D(J, r) implies that λ_2((f^2, a, f)) = (f^2 • a)f + (f^2 · a) • f − f^2(a • f) − f^2 • (a · f).

Since the comultiplication Δ_r is cocommutative, we have ⟨(f^2 • a)f + (f^2 · a) • f, b⟩ = 2 ∑ ij ⟨f ⊗ f ⊗ f, [(a_ib)a]a_j ⊗ b_j ⊗ b_i − (b_ia)b ⊗ a_ia_j ⊗ b_j ⟩, ⟨f^2(a • f) + f^2 • (a · f), b⟩ = 2 ∑ ij ⟨f ⊗ f ⊗ f, [(a_ia)b]a_j ⊗ b_j ⊗ b_i − (b_ib)a ⊗ a_ia_j ⊗ b_j ⟩.

8 V. N. ZHELYABIN

Consequently,

Q((f^2, a, f), b) = 2 ∑ ij ⟨f ⊗ f ⊗ f, (b, a_i, a)a_j ⊗ b_j ⊗ b_i + (b, b_i, a) ⊗ a_ia_j ⊗ b_j ⟩. Putting S = ∑ ij ((b, a_i, a)a_j ⊗ b_j ⊗ b_i + (b, b_i, a) ⊗ a_ia_j ⊗ b_j ), we see that S = ∑ ij ((b, a_i, a)a_j ⊗ b_j ⊗ b_i − (b, a_ia_j , a) ⊗ b_j ⊗ b_i − (b, b_j , a) ⊗ b_i ⊗ a_ia_j ) + C_J (r)([b^′ , a^′] ⊗ 1 ⊗ 1) = − ∑ ij ((b, a_j , a)a_i ⊗ b_j ⊗ b_i + (b, b_j , a) ⊗ b_i ⊗ a_ia_j ) + C_J (r)([b^′ , a^′] ⊗ 1 ⊗ 1).

Interchanging the indices i and j in the latter sum, we obtain S = − ∑ ij ((b, a_i, a)a_j ⊗ b_i ⊗ b_j + (b, b_i, a) ⊗ b_j ⊗ a_ia_j ) + C_J (r)([b^′ , a^′] ⊗ 1 ⊗ 1).

This results in the relation ∑ ij ⟨f ⊗ f ⊗ f, (b, a_i, a)a_j ⊗ b_j ⊗ b_i + (b, b_i, a) ⊗ a_ia_j ⊗ b_j ⟩ = − ∑ ij ⟨f ⊗ f ⊗ f, (b, a_i, a)a_j ⊗ b_j ⊗ b_i + (b, b_i, a) ⊗ b_j ⊗ a_ia_j ⟩ + ⟨f ⊗ f ⊗ f, C_J (r)([b^′ , a^′] ⊗ 1 ⊗ 1)⟩. Thus, Q((f^2, a, f), b) = ⟨f ⊗ f ⊗ f, C_J (r)([b^′ , a^′] ⊗ 1 ⊗ 1)⟩. � Lemma 2. For any a, b ∈ J and any f, g ∈ J^∗, in the algebra D(J, r) we have (fg, b, a) + (fa, b, g) + (ga, b, f) = (f ⊗ g ⊗ id) × (C_J (r)(b ⊗ a ⊗ 1 + a ⊗ b ⊗ 1 + 1 ⊗ 1 ⊗ ab − b^′a^′ ⊗ 1 ⊗ 1 − 1 ⊗ b^′a^′ ⊗ 1 − 1 ⊗ 1 ⊗ b^′a^′)).

Proof. First, we prove this identity for f = g. Propositions 3 and 2 show that (f^2, b, a) + 2(fa, b, f) = λ_1((f^2, b, a) + 2(fa, b, f)). Since the comultiplication Δ_r is cocommutative and λ_1((f^2, b, a)) = (f^2 • b) · a + (f^2 · b)a − f^2 · (ab), we obtain λ_1((f^2, b, a)) = 2 ∑ ij (⟨f, [(a_ia)b]a_j ⟩⟨f, b_j ⟩b_i − ⟨f, [(ab)a_i ]a_j ⟩⟨f, b_j ⟩b_i − ⟨f, a_ia_j ⟩⟨f, b_j ⟩(b_ib)a + ⟨f, a_ia_j ⟩⟨f, b_j ⟩(ab)b_i ).

ON A CLASS OF JORDAN D-BIALGEBRAS 9

In a similar way, we employ Proposition 4 to show that λ_1((fa, b, f)) = (f ⊗ id ⊗f)(C_J (r)(b ⊗ 1 ⊗ a − 1 ⊗ 1 ⊗ b^′a^′)) + ∑ ij (⟨f, (b, a_i , a_j )⟩⟨f, ab_i ⟩ + ⟨f, aa_i⟩⟨f, (b_ib)a_j ⟩ − ⟨f, aa_i, ⟩⟨f, (a_j b_i)b⟩)b_j + ∑ ij (⟨f, a_i⟩⟨f, ab_j ⟩(b_i, b, a_j ) − ⟨f, a_ia⟩⟨f, a_j ⟩(b_ib)b_j + ⟨f, aa_i⟩⟨f, a_j ⟩(bb_j )b_i) + ∑ ij (⟨f, b_i⟩⟨f, (a_j , a_i, b)a⟩ − ⟨f, a_i⟩⟨f, [(ab_i )b]a_j ⟩ + ⟨f, a_i⟩⟨f, [(ab_i )a_j ]b⟩)b_j + ∑ ij (⟨f, a_i⟩⟨f, a_j ⟩[(ab_i)b]b_j − ⟨f, a_i⟩⟨f, a_j ⟩(ab_i)(bb_j )). The first sum on the right, say S, looks like this: S = ∑ ij (⟨f, (b, a_i, a_j )⟩⟨f, ab_i⟩b_j + ⟨f, aa_i⟩⟨f, (b, b_i, a_j )⟩b_j ). Interchanging the elements a_i and b_i in the first summand of the above sum, we obtain S = 0. Similarly, ∑ ij (⟨f, a_i⟩⟨f, ab_j ⟩(b_i, b, a_j ) − ⟨f, a_ia⟩⟨f, a_j ⟩(b_ib)b_j + ⟨f, aa_i⟩⟨f, a_j ⟩(bb_j )b_i) = 0. Now, let S = ∑ ij (⟨f, b_i⟩⟨f, (a_j , a_i, b)a⟩ − ⟨f, a_i⟩⟨f, [(ab_i)b]a_j ⟩ + ⟨f, a_i⟩⟨f, [(ab_i)a_j ]b⟩)b_j . Here we interchange the elements a_i and b_i in the last two summands, obtaining S = ∑ ij (⟨f, b_i⟩⟨f, (a_j , a_i, b)a⟩ + ⟨f, b_i⟩⟨f, [(aa_i)b]a_j ⟩ − ⟨f, b_i⟩⟨f, [(aa_i)a_j ]b⟩)b_j . Since (a_j , a_i, b)a + [(aa_i)b]a_j − [(aa_i)a_j ]b = (a_j , a_i, b)a − (a_j , aa_i, b) = −(a_j , a, b)a_i, we have S = − ∑ ij ⟨f, b_i⟩⟨f, (a_j , a, b)a_i⟩b_j = − ∑ ij ⟨f, b_j ⟩⟨f, (a_i, a, b)a_j ⟩b_i. Therefore, (f^2, b, a) + 2(fa, b, f) = 2(f ⊗ id ⊗f)(C_J (r)(b ⊗ 1 ⊗ a − 1 ⊗ 1 ⊗ b^′a^′)) + 2 ∑ ij (−⟨f, a_ia_j ⟩⟨f, b_j ⟩(b_ib)a + ⟨f, a_ia_j ⟩⟨f, b_j ⟩(ab)b_i ) + 2 ∑ ij (⟨f, a_i⟩⟨f, a_j ⟩[(ab_i)b]b_j − ⟨f, a_i⟩⟨f, a_j ⟩(ab_i)(bb_j )).

10 V. N. ZHELYABIN

Let S = ∑ ij (−⟨f, a_ia_j ⟩⟨f, b_j ⟩(b_ib)a + ⟨f, a_ia_j ⟩⟨f, b_j ⟩(ab)b_i ). Then S = (f ⊗ f ⊗ id)(C_J (r)(1 ⊗ 1 ⊗ ab − 1 ⊗ 1 ⊗ b^′a^′)) + ∑ ij (⟨f, b_j ⟩⟨f, b_i⟩[(a_ia_j )b]a + ⟨f, b_i⟩⟨f, a_ia_j ⟩(b_j b)a − ⟨f, b_j ⟩⟨f, b_i⟩(ab)(a_i a_j ) − ⟨f, b_i⟩⟨f, a_ia_j ⟩(ab)b_j ). In the second and forth summands we interchange i and j, while in the first and third we interchange a_i and b_i, and also a_j and b_j . This results in the relation 2S = (f ⊗ f ⊗ id)(C_J (r)(1 ⊗ 1 ⊗ ab − 1 ⊗ 1 ⊗ b^′a^′)) + ∑ ij (⟨f, a_j ⟩⟨f, a_i⟩[(b_ib_j )b]a − ⟨f, a_i⟩⟨f, a_j ⟩(ab)(b_i b_j )). From (4) it follows that ∑ ij ⟨f, a_j ⟩⟨f, a_i⟩([(b_ib_j )b]a − (ab)(b_i b_j )) = ∑ ij ⟨f, a_j ⟩⟨f, a_i⟩(−[(b_ia)b]b_j − [(b_j a)b]b_i + (ab_i)(bb_j ) + (ab_j )(bb_i)). Interchanging i and j in the second and the forth summand, we obtain 2S = (f ⊗ f ⊗ id)(C_J (r)(1 ⊗ 1 ⊗ ab − 1 ⊗ 1 ⊗ b^′a^′)) + 2 ∑ ij ⟨f, a_j ⟩⟨f, a_i⟩(−[(b_ia)b]b_j + (ab_i)(bb_j )). Consequently, (f^2, b, a) + 2(fa, b, f) = 2(f ⊗ id ⊗f)(C_J (r)(b ⊗ 1 ⊗ a − 1 ⊗ 1 ⊗ b^′a^′)) + (f ⊗ f ⊗ id)(C_J (r)(1 ⊗ 1 ⊗ ab − 1 ⊗ 1 ⊗ b^′a^′)).

Since

(id ⊗τ )(C_J (r))

= (id ⊗τ ) ( ∑ ij (a_ia_j ⊗ b_i ⊗ b_j + b_i ⊗ b_j ⊗ a_ia_j + b_j ⊗ a_ia_j ⊗ b_i) )

= ∑ ij (a_ia_j ⊗ b_j ⊗ b_i + b_i ⊗ a_ia_j ⊗ b_j + b_j ⊗ b_i ⊗ a_ia_j ) = C_J (r),

ON A CLASS OF JORDAN D-BIALGEBRAS 11

we have

(id ⊗τ )(C_J (r)(b ⊗ 1 ⊗ a − 1 ⊗ 1 ⊗ b^′a^′)) = C_J (r)(b ⊗ a ⊗ 1 − 1 ⊗ b^′a^′ ⊗ 1). Thus, (f ⊗ id ⊗f)(C_J (r)(b ⊗ 1 ⊗ a − 1 ⊗ 1 ⊗ b^′a^′))

= (f ⊗ f ⊗ id)(id ⊗τ )(C_J (r)(b ⊗ 1 ⊗ a − 1 ⊗ 1 ⊗ b^′a^′)) = (f ⊗ f ⊗ id)(C_J (r)(b ⊗ a ⊗ 1 − 1 ⊗ b^′a^′ ⊗ 1)).

This shows that (f^2, b, a) + 2(fa, b, f) = 2(f ⊗ f ⊗ id)(C_J (r)(b ⊗ a ⊗ 1 − 1 ⊗ b^′a^′ ⊗ 1)) + (f ⊗ f ⊗ id)(C_J (r)(1 ⊗ 1 ⊗ ab − 1 ⊗ 1 ⊗ b^′a^′)).

Linearizing the latter identity with respect to f, we obtain 2(fg, b, a) + 2(fa, b, g) + 2(ga, b, f) = (f ⊗ g ⊗ id)(id +τ ⊗ id) × (C_J (r)(2(b ⊗ a ⊗ 1 − 1 ⊗ b^′a^′ ⊗ 1) + 1 ⊗ 1 ⊗ ab − 1 ⊗ 1 ⊗ b^′a^′)), and since

(τ ⊗ id)(C_J (r)(2(b ⊗ a ⊗ 1 − 1 ⊗ b^′a^′ ⊗ 1) + 1 ⊗ 1 ⊗ ab − 1 ⊗ 1 ⊗ b^′a^′)) = C_J (r)(2(a ⊗ b ⊗ 1 − b^′a^′ ⊗ 1 ⊗ 1) + 1 ⊗ 1 ⊗ ab − 1 ⊗ 1 ⊗ b^′a^′), we arrive at the relation (fg, b, a) + (fa, b, g) + (ga, b, f) = (f ⊗ g ⊗ id) × (C_J (r)(b ⊗ a ⊗ 1 + a ⊗ b ⊗ 1 + 1 ⊗ 1 ⊗ ab − b^′a^′ ⊗ 1 ⊗ 1 − 1 ⊗ b^′a^′ ⊗ 1 − 1 ⊗ 1 ⊗ b^′a^′)), completing the proof of the lemma. � Proposition 5. Let (J, Δ_r) be a Jordan coalgebra. If in the algebra D(J, r) we have (f^2, b, a) + 2(fa, b, f) = 0 and (f^2, a, f) = 0

12 V. N. ZHELYABIN

for any a, b ∈ J and any f ∈ J^∗, then the couple (J, Δ_r) is a Jordan D-bialgebra. Proof. Clearly, the algebra D(J, r) is commutative. Since (J, Δ_r) is a Jordan coalgebra, the dual algebra J^∗ is Jordan. Therefore, it suffices to show that the following relations are true in the algebra D(J, r) for any a, b ∈ J and any f, g ∈ J^∗: (a^2, b, f) + 2(fa, b, a) = 0, (6) (f^2, g, a) + 2(fa, g, f) = 0, (7) (a^2, g, f) + 2(fa, g, a) = 0, (8) (a^2, f, a) = 0. (9) We prove (6). Let S(a, b, c) denote the expression on the left in (1). Since λ_1((a^2, b, f) + 2(fa, b, a)) = f · (a^2b) − a^2 · (b • f) − a^2 • (b · f) + 2([(f • a) • b] · a + [(f • a) · b]a − (f • a) · (ba) + [(f · a)b]a − (f · a)(ba)), by direct calculation we obtain ⟨g, λ_1((a^2, b, f) + 2(fa, b, a))⟩ = ⟨g ⊗ f, S(a, a, b)⟩. Therefore, λ_1((a^2, b, f) + 2(fa, b, a)) = 0 by Proposition 3.

Let c be an arbitrary element of J. We have Q((a^2, b, f) + 2(fa, b, a), c) = Q(f, (b, a^2, c) − 2(b, a, c)a) = 0, which yields (6).

Since Q((f^2, g, a)+2(fa, g, f), b) = −Q(g, (f^2, b, a)+2(fa, b, f)), from the assumptions of the proposition it follows that Q((f^2, g, a) + 2(fa, g, f), b) = 0. Let h ∈ J^∗. Then Q(h, (f^2, g, a) + 2(fa, g, f)) = Q(−(h, f^2, g) + 2(h, f, g)f, a) = 0, and we arrive at (7).

We pass to the proof of (8). Since Q((a^2, g, f) + 2(fa, g, a), c) = −Q(g, (a^2, c, f) + 2(fa, c, a)), we can use (6) we deduce the formula Q((a^2, g, f) + 2(fa, g, a), c) = 0. On the other hand, Q(h, (a^2, g, f) + 2(fa, g, a)) = Q((h, f, g), a^2) − 2Q(h, f • a, g), a) + 2Q(h, (f · a, g, a)).

ON A CLASS OF JORDAN D-BIALGEBRAS 13

Putting e = h ⊗ f ⊗ g and applying Proposition 4, we obtain Q((h, f, g), a^2) − Q(2(h, f • a, g), a) = ⟨e, C_J (r)(a^2 ⊗ 1 ⊗ 1 + 2(1 ⊗ a ⊗ a)) − C_J (r)(1 ⊗ 1 ⊗ a^2 + 2(a ⊗ a ⊗ 1))⟩ + ∑ ij ⟨e, (a^2, a_i, a_j ) ⊗ b_j ⊗ b_i + a_i ⊗ (b_i, a^2, a_j ) ⊗ b_j + b_i ⊗ b_j ⊗ (a_j , a_i.a^2)⟩ − 2 ∑ ij ⟨e, (a, a_i, a_j ) ⊗ ab_j ⊗ b_i + a_i ⊗ (b_i, a, a_j )a ⊗ b_j + b_i ⊗ b_j a ⊗ (a_j , a_i.a)⟩. Let τ_{13} denote the linear mapping of the space J ⊗ J ⊗ J into itself that satisfies τ_{13}(x ⊗ y ⊗ z) = (z ⊗ y ⊗ x). Then

τ_{13}(C_J (r)(1 ⊗ 1 ⊗ a^2 + 2(a ⊗ a ⊗ 1))) = C_J (r)(a^2 ⊗ 1 ⊗ 1 + 2(1 ⊗ a ⊗ a)). The assumptions of the proposition and Lemma 2 imply the relation C_J (r)(1 ⊗ 1 ⊗ a^2 + 2(a ⊗ a ⊗ 1)) = C_J (r)(a^′ a^′ ⊗ 1 ⊗ 1 + 1 ⊗ a^′a^′ ⊗ 1 + 1 ⊗ 1 ⊗ a^′a^′).

Applying τ_{13} to both sides of this identity, we get

C_J (r)(a^2 ⊗ 1 ⊗ 1 + 2(1 ⊗ a ⊗ a)) = C_J (r)(a^′ a^′ ⊗ 1 ⊗ 1 + 1 ⊗ a^′a^′ ⊗ 1 + 1 ⊗ 1 ⊗ a^′a^′). Consequently,

C_J (r)(a^2 ⊗ 1 ⊗ 1 + 2(1 ⊗ a ⊗ a)) − C_J (r)(1 ⊗ 1 ⊗ a^2 + 2(a ⊗ a ⊗ 1)) = 0. Since (b_i, a^2, a_j ) = 2(b_i, a, a_j )a, we have Q((h, f, g), a^2) − Q(2(h, f • a, g), a) = ∑ ij ⟨e, (a^2, a_i, a_j ) ⊗ b_j ⊗ b_i + b_i ⊗ b_j ⊗ (a_j , a_i, a^2)⟩ − 2 ∑ ij ⟨e, (a, a_i, a_j ) ⊗ ab_j ⊗ b_i + b_i ⊗ b_j a ⊗ (a_j , a_i.a)⟩. The relation λ_1(f · a, g, a) = ∑ j (⟨f, b_j ⟩λ_1((a_j a, g, a)) − ⟨f, ab_j ⟩λ_1((a_j , g, a))) allows us to calculate the element λ_1((a_j a, g, a)) as follows:

λ_1((a_j a, g, a)) = [(a_j a) • g] · a + [(a_j a) · g]a − (a_j a) · (g • a) − (a_j a)(g · a) = ∑ i (⟨g, (a_ia)(a_j a)⟩b_i − ⟨g, a_i(a_j a)⟩ab_i + ⟨g, a_i(a_j a)⟩ab_i − ⟨g, a_i⟩[(a_j a)b_i]a − ⟨g, [(a_j a)a_i]a⟩b_i + ⟨g, a_ia⟩(aa_j )b_i − ⟨g, a_ia⟩(aa_j )b_i + ⟨g, a_i⟩(aa_j )(ab_i)) = ∑ i (⟨g, (a_j a, a_i, a)⟩b_i − ⟨g, a_i⟩(a, b_i, aa_j )).

14 V. N. ZHELYABIN

Recalling the identity τ (r) = −r, we see that λ_1((a_j a, g, a)) = ∑ i (⟨g, (a_j a, a_i, a)⟩b_i + ⟨g, b_i⟩(a, a_i , aa_j )). In a similar way we get λ_1((a_j , g, a)) = ∑ i(⟨g, (a_j , a_i, a)⟩b_i + ⟨g, b_i⟩(a, a_i, a_j ))., which yields Q(h, (f · a, g, a)) = ∑ ij ⟨e, (a, a_i, a_j ) ⊗ ab_j ⊗ b_i + b_i ⊗ ab_j ⊗ (a_j , a_i, a) − (a, a_i, aa_j ) ⊗ b_j ⊗ b_i − b_i ⊗ b_j ⊗ (aa_j , a_i, a)⟩. Therefore, Q((h, f, g), a^2) − Q(2(h, f • a, g), a) + 2Q(h, (f · a, g, a)) = ∑ ij ⟨e, (a^2, a_i, a_j ) ⊗ b_j ⊗ b_i − 2(a, a_i, aa_j ) ⊗ b_j ⊗ b_i + b_i ⊗ b_j ⊗ (a_j , a_i, a^2) − 2b_i ⊗ b_j ⊗ (aa_j , a_i, a)⟩ = 0 by (5). Consequently, Q(h, (a^2, g, f) + 2(fa, g, a)) = 0. Thus, (a^2, g, f) + 2(fa, g, a)) = 0, which proves (8).

Finally, we prove (9). For any b ∈ J we have Q((a^2, f, a), b) = −Q(f, (a^2, b, a)) = 0. Therefore,

(a^2, f, a) = λ_1((a^2, f, a)) = (a^2 • f) · a + (a^2 · f)a − a^2 · (f • a) − a^2(f · a), whence

Q(g, (a^2, f, a)) = ⟨f ⊗ g, Δ_r(a)(a^2 ⊗ 1 − 1 ⊗ a^2) + Δ_r(a^2)(1 ⊗ a − a ⊗ 1)⟩ for any g ∈ J^∗. The definition of the comultiplication Δ_r shows that

Δ_r(a)(a^2 ⊗ 1 − 1 ⊗ a^2) + Δ_r(a^2)(1 ⊗ a − a ⊗ 1) = ∑ i ((a_ia)a^2 ⊗ b_i + a_i ⊗ (ab_i)a^2 − a_i ⊗ (a^2b_i)a − (a_ia^2)a ⊗ b_i) = 0.

As a consequence, we obtain (a^2, f, a) = 0. Thus, D(J, r) is a Jordan algebra, and the couple (J, Δ_r) is a Jordan D-bialgebra. �

ON A CLASS OF JORDAN D-BIALGEBRAS 15

Proposition 6. Let (J, Δ_r) be a Jordan coalgebra, and let C_J (r) = 0. Then the couple (J, Δ_r) is a Jordan D-bialgebra.

Proof. Since (J, Δ_r) is a Jordan coalgebra, the dual algebra J^∗ is Jordan. Let a, b ∈ J and let f, g ∈ J^∗. We have C_J (r) = 0 by assumption. Lemma 1, shows that Q((f^2 , a, f), b) = 0. On the other hand, Q(g, (f^2, a.f)) = −Q((f^2, g, f), a) = 0, whence (f^2, a, f) = 0. Since C_J (r) = 0, Lemma 2 shows that (f^2, b, a) + 2(fa, b, f) = 0. By Proposition 5, the couple (J, Δ_r) is a Jordan D-bialgebra. � Lemma 3. Suppose that C_J (r) = 0 and that the characteristic of the field Φ is different from 3. Then the couple (J, Δ_r) is a Jordan coalgebra.

Proof. By Proposition 3, the dual algebra J^∗ of the coalgebra (J, Δ_r) is commutative. Let f, g ∈ J^∗, a ∈ J. Since Δ_r is cocommutative, Proposition 4 implies that ⟨(f^2, g, f), a⟩ = 2 ∑ ijk ⟨f, (a, a_i, a_j )a_k⟩⟨f, b_k ⟩⟨g, b_j ⟩⟨f, b_i⟩ + ⟨f, (a_j , a_i, a)⟩⟨f, b_i a_k⟩⟨g, b_j ⟩⟨f, b_k ⟩ + ⟨f, a_ia_k⟩⟨f, b_k ⟩⟨g, (b_i, a, a_j )⟩⟨f, b_j ⟩). We put e = f ⊗ f ⊗ g ⊗ f. Since C_J (r) = 0, we have ∑ ijk ⟨f, a_ia_k⟩⟨f, b_k⟩⟨g, (b_i, a, a_j )⟩⟨f, b_j ⟩ = ∑ ijk ⟨e, a_ia_k ⊗ b_k ⊗ (b_i, a, a_j ) ⊗ b_j ⟩ = − ∑ ijk ⟨e, b_k ⊗ b_i ⊗ (a_ia_k, a, a_j ) ⊗ b_j + b_i ⊗ a_ka_i ⊗ (b_k , a, a_j ) ⊗ b_j ⟩.

In the sum ∑ ijk b_k ⊗ b_i ⊗ (a_ia_k, a, a_j ) ⊗ b_j we interchange the indices k and j and then i and k; this yields ∑ ijk b_k ⊗ b_i ⊗ (a_ia_k, a, a_j ) ⊗ b_j = ∑ ijk b_j ⊗ b_i ⊗ (a_ia_j , a, a_k ) ⊗ b_k = ∑ ijk b_j ⊗ b_k ⊗ (a_j a_k, a, a_i) ⊗ b_i. Consequently, 3 ∑ ijk ⟨f ⊗ f ⊗ g ⊗ f, b_k ⊗ b_i ⊗ (a_ia_k, a, a_j ) ⊗ b_j ⟩ = ∑ ijk ⟨f, b_k⟩⟨f, b_i⟩⟨f, b_j ⟩⟨g, (a_ia_k, a, a_j ) + (a_ia_j , a, a_k) + (a_j a_k, a, a_i)⟩ = 0 by (5). Thus, we get ∑ ijk ⟨e, a_ia_k ⊗ b_k ⊗ (b_i, a, a_j ) ⊗ b_j ⟩ = − ∑ ijk ⟨e, b_i ⊗ a_ka_i ⊗ (b_k , a, a_j ) ⊗ b_j ⟩.

16 V. N. ZHELYABIN

On the right, we interchange i and k, obtaining ∑ ijk ⟨f, a_ia_k⟩⟨f, b_k ⟩⟨g, (b_i, a, a_j )⟩⟨f, b_j ⟩ = 0. Consequently, ⟨(f^2, g, f), a⟩ = 2 ∑ ijk ⟨f, (a, a_i , a_j )a_k⟩⟨f, b_k ⟩⟨g, b_j ⟩⟨f, b_i⟩ + 2 ∑ ijk ⟨f, (a_j , a_i, a)⟩⟨f, b_i a_k⟩⟨g, b_j ⟩⟨f, b_k ⟩ = 2 ∑ ijk ⟨e, (a, a_i , a_j )a_k ⊗ b_k ⊗ b_j ⊗ b_i + (a_j , a_i, a) ⊗ b_ia_k ⊗ b_j ⊗ b_k⟩.

We put S = ∑ ijk(a_j , a_i, a) ⊗ b_ia_k ⊗ b_j ⊗ b_k. Interchanging a_i and b_i shows that S = − ∑ ijk(a_j , b_i, a) ⊗ a_ia_k ⊗ b_j ⊗ b_k. Since C_J (r) = 0, we obtain S = ∑ ijk ((a_j , a_ia_k, a) ⊗ b_k ⊗ b_j ⊗ b_i + (a_j , b_k, a) ⊗ b_i ⊗ b_j ⊗ a_ia_k).

Therefore, ∑ ijk ⟨e, (a, a_i, a_j )a_k ⊗ b_k ⊗ b_j ⊗ b_i + (a_j , a_i, a) ⊗ b_ia_k ⊗ b_j ⊗ b_k⟩ = ∑ ijk ⟨e, ((a, a_i , a_j )a_k + (a_j , a_ia_k, a)) ⊗ b_k ⊗ b_j ⊗ b_i + (a_j , b_k, a) ⊗ b_i ⊗ b_j ⊗ a_ia_k⟩ = ∑ ijk ⟨e, (a_j , a_k, a)a_i ⊗ b_k ⊗ b_j ⊗ b_i + (a_j , b_k, a) ⊗ b_i ⊗ b_j ⊗ a_ia_k⟩.

In the resulting sum we first interchange i and k and then, in the second summand, a_i and b_i. Recalling that τ (r) = −r, we get ∑ ijk ⟨e, (a, a_i, a_j )a_k ⊗ b_k ⊗ b_j ⊗ b_i + (a_j , a_i, a) ⊗ b_ia_k ⊗ b_j ⊗ b_k⟩ = ∑ ijk ⟨e, (a_j , a_i, a)a_k ⊗ b_i ⊗ b_j ⊗ b_k − (a_j , a_i, a) ⊗ b_k ⊗ b_j ⊗ b_ia_k⟩.

This proves the identity ∑ ijk ⟨e, (a, a_i , a_j )a_k ⊗ b_k ⊗ b_j ⊗ b_i + (a_j , a_i, a) ⊗ b_ia_k ⊗ b_j ⊗ b_k⟩ = 0.

Thus, ⟨(f^2, g, f), a⟩ = 0, whence (f^2, g, f) = 0. � The following statement is a consequence of Proposition 6 and Lemma 3.

ON A CLASS OF JORDAN D-BIALGEBRAS 17

Theorem 1. Let J be a Jordan algebra over a field Φ of characteristic different from 2 and 3, let r = ∑ i a_i ⊗ b_i, and let τ (r) = −r. If C_J (r) = 0, then the couple (J, Δ_r) is a Jordan D-bialgebra.

Now we present examples of coboundary Jordan D-bialgebras (J, Δ_r) for which C_J (r) = 0. Proposition 7. Let J be a Jordan Φ-algebra, let A be a subalgebra generated by a, b ∈ J, and let r = a ⊗ b − b ⊗ a. Suppose that A^2 = 0. Then the couple (J, Δ_r) is a Jordan D-bialgebra.

Proof. Since A is an algebra with zero multiplication, we have C_J (r) = 0. We show that (J, Δ_r) is a Jordan coalgebra. Indeed, by (3), a^′a^′a^′ = b^′b^′b^′ = 0 and a^′b^′a^′ = b^′a^′b^′ = 0. Proposition 4 implies that ⟨(f^2, g, f), c⟩ = ⟨f, −2c(a^′a^′b^′ + b^′a^′a^′)⟩⟨f, a⟩⟨g, b⟩⟨f, b⟩ + ⟨f, 2c(a^′b^′b^′ + b^′b^′a^′)⟩⟨f, a⟩⟨g, a⟩⟨f, b⟩ for any c ∈ J and any f, g ∈ J^∗. Consequently, ⟨(f^2, g, f), c⟩ = 0 by (3), which shows that (J, Δ_r) is a Jordan coalgebra. Since C_J (r) = 0, to prove that the couple (J, Δ_r) is a Jordan D-bialgebra it suffices to refer to Proposition 6. � Proposition 8. Let J be a Jordan Φ-algebra with a nontrivial idempotent e. Let b be a nonzero element of J 1_2 (e) such that b^2 = 0, and let r = e ⊗ b − b ⊗ e. Then the couple (J, Δ_r) is a Jordan D-bialgebra with nonzero comultiplication. Proof. Since eb =^1_2 b and b^2 = 0, we have

C_J (r) = (id +ξ + ξ^2) ( e ⊗ b ⊗ b − 1 2 b ⊗ b ⊗ e − 1 2 b ⊗ e ⊗ b ) . It is easy to check that C_J (r) = 0. We prove that the couple (J, Δ_r) is a Jordan coalgebra. Let f, g ∈ J^∗, a ∈ J. Since Δ_r(b) = b ⊗ b, Δ_r(e) =^1_2 (e ⊗ b + b ⊗ e), and, by (3), b^′b^′b^′ = 0, we can apply Proposition 4 to obtain ⟨(f^2, g, f), a⟩ = ⟨f, a(2(e^′ )^3 + e^′ − 3e^′e^′)⟩⟨f, b⟩⟨g, b⟩⟨f, b⟩ + ⟨ f, 2a ( − e^′e^′b^′ − b^′e^′e^′ − 1 4 b^′ + e^′b^′ + b^′e^′ )⟩ ⟨f, e⟩⟨g, b⟩⟨f, b⟩ + ⟨f, 2a(e^′b^′b^′ + b^′b^′e^′ − b^′b^′)⟩⟨f, e⟩⟨g, e⟩⟨f, b⟩ + ⟨f, a(2(b^′ e^′b^′ − b^′b^′)⟩⟨f, e⟩⟨g, b⟩⟨f, e⟩ + ⟨ f, a ( − 2e^′b^′e^′ − 1 2 b^′ + e^′b^′ + b^′e^′ )⟩ ⟨f, b⟩⟨g, e⟩⟨f, b⟩. Therefore, from (3) it follows that ⟨(f^2, g, f), a⟩ = 0, so that (J, Δ_r) is a Jordan coalgebra. Since C_J (r) = 0, Proposition 6 shows that (J, Δ_r) is a Jordan D-bialgebra. �

18 V. N. ZHELYABIN

§2. The bialgebra structure on semisimple Jordan algebras

In this section we show that every Jordan bialgebra (J, Δ), where J is a semisimple finite-dimensional Jordan algebra, is a bialgebra of the form (J, Δ_r) with C_J (r) = 0.

Let D be an associative Φ-algebra with unit 1. We introduce the matrix algebra D_n and denote by e_{ij} the matrix units of D_n.

Proposition 9. Let a nondegenerate bilinear associative form f be defined on the algebra D. Then, on the algebra D_n, a nondegenerate bilinear associative form F can be defined in such a way that F (xe_{ij} , ye_{ji}) = f(x, y) for any x, y ∈ D and any i, j.

Proof. Consider two matrices a = ∑ ij α_{ij} e_{ij} and b = ∑ ij β_{ij} e_{ij} . We introduce F by putting F (a, b) = ∑ i f(α_{ii}, β_{ii}) + ∑ ij≠ f(α_{ij} , β_{ji}). Obviously, F is a nondegenerate bilinear form, and F (xe_{ij} , ye_{ji}) = f(x, y) for any x, y ∈ D and any i, j. We check that F is associative. Let c = ∑ ij γ_{ij} e_{ij} be an element of D_n.

We have F (ac, b) = ∑ i ∑ k f(α_{ik} γ_{ki}, β_{ii}) + ∑ ij≠ ∑ k f(α_{ik} γ_{kj}, β_{ji}) = ∑ i f(α_{ii}γ_{ii}, β_{ii}) + ∑ i ∑ k≠i f(α_{ik}γ_{ki}, β_{ii}) + ∑ ij≠ f(α_{ii}γ_{ij} , β_{ji}) + ∑ ij≠ ∑ k≠i f(α_{ik} γ_{kj}, β_{ji}) = ∑ i f(α_{ii}, γ_{ii}β_{ii}) + ∑ i ∑ j≠i f(α_{ii}, γ_{ij} β_{ji}) + ∑ i ∑ k≠i f(α_{ik} , γ_{ki}β_{ii}) + ∑ ij≠ ∑ k≠i f(α_{ik} , γ_{kj} β_{ji}) = ∑ i ∑ j f(α_{ii}, γ_{ij} β_{ji}) + ∑ ik≠ ∑ j f(α_{ik}, γ_{kj} β_{ji}) = F (a, cb). In a similar way, F (ac, b) = F (c, ba). This proves the proposition. �

Suppose that D is endowed with an involution d → d. In the algebra D_n we take a diagonal invertible matrix a = diag{a_1, . . . , a_n} with symmetric elements on the diagonal. Then the mapping S_a : x → a^{−1}x^ta is an involution of the algebra D_n. Let H(D_n, S_a) denote the space of matrices fixed by the involution S_a. The space J = H(D_n, S_a) is known to be a Jordan algebra with respect to the symmetrized matrix multiplication

ON A CLASS OF JORDAN D-BIALGEBRAS 19

a ⊙ b =^1_2 (ab + ba). For x ∈ D we put x[ij] = xe_{ij} + a^{−1}_j xa_ie_{ji}. Then J = ∑_n i,j=1 ⊕Jij, where J_{ij} = {x[ij] | x ∈ D}. In the algebra J we have the following identities: 2x[ii] ⊙ y[ij] = (xy + a^{−1}_i xa_iy)[ij], i ≠ j; (10) 2x[ij] ⊙ y[ji] = xy[ii] + yx[jj], i ≠ j; (11) x[ij] = a^{−1}_j xa_i[ji]. (12) Lemma 4. Let a nondegenerate bilinear associative form Q be defined on the Jordan algebra J = H(D_n, S_a). Then, on the algebra D_n, a nondegenerate bilinear associative form F can be defined in such a way that F (h, 1) = 2Q(h, 1) for any h ∈ J. Proof. Consider J_{ij} and J_{kl} with i ≠ k, l. Since J_{ij} ⊙ 1[ii] = J_{ij} and J_{kl} ⊙ 1[ii] = 0, the associativity of Q shows that Q(J_{ij} , J_{kl}) = Q(J_{ij} ⊙ 1[ii], J_{kl}) = Q(J_{ij} , 1[ii] ⊙ J_{kl}) = 0. Consequently, Q(J_{ij} , J_{kl}) = 0 for any couple of indices i, j different from the couple k, l. Since the form Q is nondegenerate, so it is on every space J_{ij} .

By (11), we have 2(1[ij] ⊙ y[ij]) = y[ii] + y[jj] for (i ≠ j). Since Q is associative, we can use (10) to deduce that Q(x[ii], y[ii]) = 2Q(x[ii], 1[ij] ⊙ y[ji]) = 2Q(x[ii] ⊙ 1[ij], y[ji]) = Q((x + a^{−1}_i xa_i)[ij], y[ji]). On the other hand, using (11) and, once again, the associativity of Q, we can write Q(x[ii], y[ii]) = 2Q(x[ij] ⊙ 1[ji], y[ii]) = 2Q(x[ij], y[ii] ⊙ 1[ji]). By (10) and (12), we have y[ii] ⊙ 1[ji] = y[ii] ⊙ a^{−1}_i a_j [ij] = (ya^{−1}_i a_j + a^{−1}_i ya_j )[ij] = a^{−1}_j (ya^{−1}_i a_j + a^{−1}_i ya_j )a_i[ji] = (y + a^{−1}_i ya_i)[ji], whence Q(x[ii], y[ii]) = Q(x[ij], (y + a^{−1}_i ya_i)[ji]). This yields Q((x + a^{−1}_i xa_i)[ij], y[ji]) = Q(x[ij], (y + a^{−1}_i ya_i)[ji]). Consequently, (13) Q((a^{−1}_i xa_i)[ij], y[ji]) = Q(x[ij], (a^{−1}_i ya_i)[ji]). We prove that (14) Q(x[ii], 1[ii]) = Q(x[jj], 1[jj])

20 V. N. ZHELYABIN

for any i, j. Indeed, (10), (11), and the associativity of Q show that Q(x[jj], 1[jj]) = 2Q(x[jj], 1[ij] ⊙ 1[ji]) = 2Q(x[jj] ⊙ 1[ji], 1[ij]) = Q((x + a^{−1}_j xa_j )[ji], 1[ij]). Using (13) and (10), we obtain Q((x + a^{−1}_j xa_j )[ji], 1[ij]) = 2Q(x[ji], 1[ij]) = 2Q(x[ji], 1[ii] ⊙ 1[ij]) = 2Q(x[ji] ⊙ 1[ij], 1[ii]) = Q(x[ii], 1[ii]), which implies (14).

On the algebra D we define a form f as follows: f(x, y) = Q(x[ij], y[ji]) for any x, y ∈ D; the indices i and j (i ≠ j) are assumed to be fixed.

The facts proved above yield (*) Q(x[ii], y[ii]) = f(x + a^{−1}_i xa_i, y) = f(x, y + a^{−1}_i ya_i), whence (15) f(a^{−1}_i xa_i, y) = f(x, a^{−1}_i ya_i). Let x, y, z ∈ D. Using (10), (11), and the associativity of Q, we obtain f(y, z) = Q(y[ij], z[ji]) = Q(1[ii] ⊙ y[ij], z[ji]) = Q(1[ii], y[ij] ⊙ z[ji]) = 1 2 Q(1[ii], yz[ii] + zy[jj]) = 1 2 Q(1[ii], yz[ii]). Therefore, from (*) it follows that f(y, z) = f(1, yz). Consequently, f(xy, z) = f(1, xyz) = f(x, yz). On the other hand, by (15), f(xy, z) = f(xy, a^{−1}_i a^{−1}_i za_ia_i) = f(a^{−1}_i xya_i, a^{−1}_i za_i) = f(a^{−1}_i ya_ia^{−1}_i xa_i, a^{−1}_i za_i) = f(a^{−1}_i ya_i, a^{−1}_i xa_ia^{−1}_i za_i) = f(a^{−1}_i ya_i, a^{−1}_i zxa_i) = f(y, a^{−1}_i a^{−1}_i zxa_ia_i) = f(y, zx).

ON A CLASS OF JORDAN D-BIALGEBRAS 21

Thus, f is a bilinear associative form on D. Suppose that f(x, D) = 0 for some element x. Then, by (*), we have Q(x[ii], y[ii]) = 0 for any y ∈ D, and the form Q turns out to be degenerate. This shows that f is nondegenerate.

By Proposition 9, on the algebra D_n we can define a nondegenerate bilinear associative form F such that F (xe_{ij} , ye_{ji}) = f(x, y) for any x, y ∈ D and any i, j. Let h ∈ J. Then h = ∑ ij h_{ij} [ij] and Q(h, 1) = ∑ i Q(h_{ii}[ii],^1_2 [ii]). Relations (14) and (*) imply that 2Q(h, 1) = ∑ i f(h_{ii} + a^{−1}_i h_{ii}a_i, 1). Consequently,

2Q(h, 1) = ∑ i F ((h_{ii} + a^{−1}_i h_{ii}a_i)e_{ii}, e_{ii}) = F (h, 1). � Let J be a finite-dimensional simple Jordan Φ-algebra with unit 1; we assume that J admits the structure of a Jordan bialgebra with nontrivial comultiplication Δ. Let D(J) be the Drinfel^′d double of the bialgebra (J, Δ), and let Q be a nondegenerate symmetric associative bilinear form on the algebra D(J). By (1), we have Δ(1) = 0. Therefore, 1 is the unit of the algebra D(J).

Lemma 5. If U is a nonzero proper ideal of the algebra D(J), then the dimensions of J^∗ and U coincide.

Proof. First, we note that J^∗ is an irreducible J-bimodule. Indeed, let N be a Jsubbimodule in J^∗, and let N^⊥ be the orthogonal complement of the space N in J. Then N^⊥ is an ideal of J. Since J is a simple algebra, we have either N = 0, or N = J^∗. In order to show that J^∗ and U are of the same dimension, we consider the space W = {f ∈ J^∗ | f + a ∈ U for some a ∈ J}. Since D(J) = J + J^∗, the space W is nonzero. Let f ∈ W , and let b be an arbitrary element of J. For some a ∈ J we have f + a ∈ U, and f • b ∈ W because (f + a)b = f • b + f · b + ab ∈ U. Consequently, W is a J-subbimodule of the J-bimodule J^∗, whence W = J^∗. This yields dim_Φ U ≥ dim_Φ J^∗. Since J is a simple algebra, we have U ∩ J = 0, which shows that dim_Φ(U + J) ≥ dim_Φ D(J). Consequently, dim_Φ U = dim_Φ J^∗. �

Theorem 2. Let J be a finite-dimensional simple Jordan Φ-algebra with unit 1 admitting the structure of a Jordan bialgebra with nontrivial comultiplication Δ. Let N be the nilradical of the algebra D(J). Then N ≠ 0, N^2 = 0. Moreover, if N^⊥ is the orthogonal complement of N in D(J) relative to the form Q, then N = N^⊥.

Proof. Suppose that N = 0. Then D(J) = B_1 ⊕ . . . ⊕ B_n is a direct sum of simple algebras. By Lemma 5, dim_Φ B_i = dim_Φ J. Since dim_Φ D(J) = 2 dim_Φ J, we have D(J) = B_1 ⊕ B_2. Also, J ∩ B_i = 0 for i = 1, 2, because 1 ∈ J. Therefore, each algebra B_i is isomorphic to J. Clearly, J^∗ is not an ideal of the algebra D(J) (because otherwise the comultiplication Δ is zero). If J is a division algebra, then so is B_i, i = 1, 2. Suppose that for some f ∈ J^∗ we have f = b_1 + b_2, where b_1 and b_2 are nonzero elements of B_1 and B_2, respectively. Then f is invertible in D(J). Since J^∗ is a finite-dimensional

22 V. N. ZHELYABIN

subalgebra of D(J), the unit of D(J) belongs to J^∗. It follows that for any f ∈ J^∗ we have either f ∈ B_1 or f ∈ B_2, whence J^∗ = (J^∗ ∩ B_1) ∪ (J^∗ ∩ B_2). In this case, either J^∗ = B_1 or J^∗ = B_2, so that J, B_1, and B_2 are not division algebras. Consequently, J is an algebra having a nontrivial idempotent; J is either the algebra of a nondegenerate symmetric bilinear form over the center, or the exceptional algebra H(C_3, S_a) over the center, or the matrix algebra H(D_n, S_a) (see [10]). In the last-mentioned case, D is an associative algebra with involution^−, and either D is a division algebra, or D = A ⊕ A^{op}, where A is a division algebra and^− is the involution permuting the components.

Let e_i be the unit of the algebra B_i, i = 1, 2. Since Q is a nondegenerate bilinear associative form on D(J), we have Q(B_1, B_2) = 0. Hence, Q is a nondegenerate bilinear associative form on B_1 and on B_2.

We show that if f is a nonzero nilpotent element of J^∗, then Q(f, 1) = 0. Consider the case where B_1 = H(C_3, S_a). We put u_i =^1_2 [ii]. Then the elements u_1, u_2, u_3 are orthogonal idempotents, and the sum of them is e_1. Let B_{1ij} denote the components of the Albert decomposition of the algebra B_1 relative to the idempotents u_1, u_2, u_3. For any two different couples of indices i, j and k, l we have Q(B_{1ij} , B_{1kl}) = Q(B_{1ij} B_{1ii}, B_{1kl}) = Q(B_{1ij} , B_{1ii}B_{1kl}) = 0 because the form Q is associative. In the space B_{1ij} there exists a nonzero element u_{ij} such that u^2_{ij} = α(u_i + u_j), where α is an element of the center of the algebra B_1. For any central element z of B_1 we have Q(u_i, zu_i) = Q(α^{−1}u^2_{ij} , zu_i) = Q(α^{−1}u_{ij} , zu_iu_{ij} ) = Q(α^{−1}u_{ij} , zu_j u_{ij}) = Q(α^{−1}u^2_{ij} , zu_j ) = Q(u_j , zu_j ). We can write fe_1 =

∑_3

i=1 z_iu_i + w, where the z_i are central elements, and w ∈ ∑ ij B_{1ij} , i ≠ j. Consequently,

Q(fe_1, e_1) = ∑ i Q(z_iu_i, u_i) = Q( ∑ i z_iu_1, u_1).

Since the element fe_1 is nilpotent, we have ∑ i z_i = 0, whence Q(fe_1, e_1) = 0. In a similar way we obtain Q(fe_2, e_2) = 0. Thus, Q(f, 1) = 0.

The case where B_1 is the algebra of a symmetric nondegenerate bilinear form can be analyzed similarly.

Let B_1 = H(D_n, S_a). By Lemma 4, on the algebra D_n we can define a nondegenerate bilinear associative form F in such a way that F (fe_1, e_1) = 2Q(fe_1, e_1). Since D is either a division ring, or the direct sum of two division rings, and the element fe_1 is nilpotent, there exists an invertible matrix X ∈ D_n such that X(fe_1)X^{−1} is an upper triangular matrix with zero entries on the diagonal (here X(fe_1)X^{−1} is a product in the algebra D_n). By the associativity of F , we have F (X(fe_1)X^{−1}, e_1) = 0. Consequently, F (fe_1, e_1) = F (fe_1, X^{−1}X) = F (X(fe_1 )X^{−1}, e_1) = 0. Then Q(fe_1, e_1) = 0 and, similarly, Q(fe_2, e_2) = 0. Thus, Q(f, 1) = 0.

ON A CLASS OF JORDAN D-BIALGEBRAS 23

Now, let f ∈ J^∗ be an element for which Q(f, 1) ≠ 0. We may assume that f is nilpotent. Indeed, we have J^∗ = (J^∗)^2 + N(J^∗), where N(J^∗) is the nil-radical of the algebra J^∗. Hence, f = c + r with c ∈ (J^∗)^2, r ∈ N(J^∗). Since Q((J^∗)^2, 1) = ⟨J^∗ ⊗ J^∗, Δ(1)⟩ = 0, we see that Q(c, 1) = 0, whence Q(r, 1) ≠ 0. This shows that as f we can take the element r. As was proved above, we have Q(f, 1) = 0, which implies that D(J) is not semisimple.

Thus, N ≠ 0. By Lemma 5, dim_Φ N = dim_Φ J. Let N^⊥ be the orthogonal complement of the ideal N in D(J) relative to the form Q. Then N^⊥ is an ideal of D(J), and dim_Φ N^⊥ = dim_Φ N. Since Q is nondegenerate, we have N^⊥ ≠ D(J). Clearly, D(J) = J ⊕ N^⊥. Consider the subspace W = {a ∈ J | a + u ∈ N for some u ∈ N^⊥}. Suppose that N ⊈ N^⊥. Then W ≠ 0. Obviously, W is an ideal of J. Consequently, W = J. Therefore, there is an element u ∈ N^⊥ such that 1 + u ∈ N. However, this implies that N^⊥ = D(J), so that the form Q is degenerate. Thus, N = N^⊥. Since Q(N^2, D(J)) = Q(N, ND(J)) = 0, we get N^2 = 0. �

Lemma 6. Let J be a simple finite-dimensional Jordan algebra over Φ. Suppose that J is endowed with the structure of a Jordan D-bialgebra with comultiplication Δ. Then there exists an element r ∈ (id −τ )(J ⊗ J) such that C_J (r) = 0 and Δ = Δ_r.

Proof. By Theorem 2, the algebra D(J) can be written as J + N, where N is the nilradical of D(J), and N^2 = 0. Consequently, for any f ∈ J^∗ there exists a ∈ J such that f = a + u with u ∈ N. We define a mapping ϕ : J^∗ → J by putting ϕ(f) = a. The mapping ϕ is well defined, and ϕ is an algebra homomorphism. Since J^∗ is the space dual to J, there is an element r = ∑ i a_i ⊗b_i ∈ J ⊗J such that ϕ(f) = ∑ i⟨f, b_i⟩a_i. The relation u^2 = 0 implies that f^2 −2f •a = 0. Since Δ(1) = 0, we have 2⟨f, a⟩ = −⟨f^2 −2f •a, 1⟩ = 0. Therefore, ∑ i⟨f ⊗ f, a_i ⊗ b_i⟩ = 0 for any f ∈ J^∗, which shows that ∑ i ⟨h ⊗ g, a_i ⊗ b_i + b_i ⊗ a_i⟩ = ∑ i ⟨h ⊗ g + g ⊗ h, a_i ⊗ b_i⟩ = 0

for any h, g ∈ J^∗. Thus, τ (r) = −r.

Let g = b + v. Since uv = 0, we have fg = f • b + g • a. Recalling that a = ∑ i⟨f, b_i⟩a_i and b = ∑ i⟨g, b_i⟩a_i, we obtain fg = ∑ i (⟨g, b_i⟩f • a_i + ⟨f, b_i⟩g • a_i).

Hence, ⟨fg, a⟩ = ∑ i ⟨f ⊗ g, a_ia ⊗ b_i + b_i ⊗ aa_i⟩ for any a ∈ J. Consequently, Δ(a) = ∑ i(a_ia ⊗ b_i + b_i ⊗ aa_i); since τ (r) = −r, we see that Δ(a) = ∑ i(a_ia ⊗ b_i − a_i ⊗ ab_i), whence Δ = Δ_r.

24 V. N. ZHELYABIN

We prove that C_J (r) = 0. Since ϕ(f)ϕ(g) = ϕ(fg), we can write ∑ ij ⟨f, b_i⟩⟨g, b_j ⟩a_ia_j = ∑ i ⟨fg, b_i⟩a_i = ∑ ij ⟨f, a_j b_i⟩⟨g, b_j ⟩a_i − ∑ ij ⟨f, a_j ⟩⟨g, b_ib_j ⟩a_i. In the first sum on the right we interchange a_i and b_i, and in the second we interchange a_i and b_i and also a_j and b_j ; this yields ∑ ij ⟨f, b_i⟩⟨g, b_j ⟩a_ia_j = − ∑ ij ⟨f, a_j a_i⟩⟨g, b_j ⟩b_i − ∑ ij ⟨f, b_j ⟩⟨g, a_ia_j ⟩b_i. Consequently, ⟨f ⊗ g ⊗ h, C_J (r)⟩ = 0 for any f, g, h ∈ J^∗, which proves that C_J (r) = 0.� Theorem 3. Let J be a semisimple finite-dimensional Jordan algebra over Φ. Suppose that J is endowed with the structure of a Jordan D-bialgebra with comultiplication Δ. Then there exists an element r ∈ (id −τ )(J ⊗ J) such that C_J (r) = 0 and Δ = Δ_r. Proof. By assumption, J = A_1 ⊕ . . . ⊕ A_n is a direct sum of simple algebras. We put J_1 = A_1 and J_2 = A_2 ⊕ . . . ⊕ A_n; then J = J_1 ⊕ J_2. Let e_i denote the unit of J_i, i = 1, 2. For i = 1, 2, the index i of an element a_{ij} indicates that a_{ij} ∈ J_i.

Let Δ(e_1) = ∑ i(u_{1i} + v_{2i}) ⊗ (v_{1i} + u_{2i}). By (1), we have

Δ(e_1) = 3Δ(e_1)(e_1 ⊗ 1) + 3Δ(e_1)(1 ⊗ e_1)

− 2Δ(e_1)(e_1 ⊗ e_1) − 2Δ(e_1)(e_1 ⊗ 1)(e_1 ⊗ 1) − 2Δ(e_1)(1 ⊗ e_1)(1 ⊗ e_1) = ∑ i u_{1i} ⊗ (v_{1i} + u_{2i}) + ∑ i (u_{1i} + v_{2i}) ⊗ v_{1i} − 2 ∑ i u_{1i} ⊗ v_{1i}, whence Δ(e_1) = ∑ i(u_{1i} ⊗ u_{2i} + v_{2i} ⊗ v_{1i}). Since τ (Δ(e_1)) = Δ(e_1), we obtain

Δ(e_1) = ∑ i (u_{1i} ⊗ u_{2i} + u_{2i} ⊗ u_{1i}).

Suppose that a ∈ J_1, Δ(a) = ∑ i(a_{1i} + a_{2i}) ⊗ (b_{1i} + b_{2i}). Using (1), we can write

Δ(a) = Δ(e_1)(a ⊗ 1) + Δ(a)(1 ⊗ e_1) − 2Δ(a)(e_1 ⊗ e_1) + 2Δ(a)(e_1 ⊗ 1) + Δ(e_1)(1 ⊗ a) − 2(Δ(e_1)(a ⊗ 1))(e_1 ⊗ 1) − 2(Δ(e_1)(1 ⊗ a))(1 ⊗ e_1) = ∑ i (−u_{1i}a ⊗ u_{2i} + a_{1i} ⊗ b_{1i} + a_{2i} ⊗ b_{1i} + 2(a_{1i} ⊗ b_{2i})).

Consequently, ∑ i a_{2i} ⊗ b_{2i} = 0 and ∑ i a_{1i} ⊗ b_{2i} = u_{1i}a ⊗ u_{2i}. This yields

Δ(a) = ∑ i (a_{1i} ⊗ b_{1i} + u_{1i}a ⊗ u_{2i} + u_{2i} ⊗ au_{1i}) = ∑ i a_{1i} ⊗ b_{1i} + Δ(e_1)(a ⊗ 1 + 1 ⊗ a).

ON A CLASS OF JORDAN D-BIALGEBRAS 25

Similarly, Δ(b) = Δ(e_2)(b ⊗ 1 + 1 ⊗ b) + ∑ i a_{2i} ⊗ b_{2i} for any b ∈ J_2. Since Δ(1) = 0, we have Δ(e_2) = −Δ(e_1). Thus, Δ(b) = −Δ(e_1)(b ⊗ 1 + 1 ⊗ b) + ∑ i a_{2i} ⊗ b_{2i}.

Let r_0 = ∑ i(u_{1i} ⊗ u_{2i} − u_{2i} ⊗ u_{1i}). Then, for any a ∈ J_1 and any b ∈ J_2,

Δ(a) = ∑ i a_{1i} ⊗ b_{1i} + Δ_{r0} (a) and Δ(b) = ∑ i a_{2i} ⊗ b_{2i} + Δ_{r0} (b).

On the algebra J_i we define a comultiplication Δ_i as follows: Δ_1(a) = ∑ i a_{1i} ⊗ b_{1i}, Δ_2(b) = ∑ i a_{2i} ⊗b_{2i}. Clearly, J^∗ = J^∗_1 ⊕J^∗_2 , and J^∗_i is a subalgebra of J^∗; moreover, J^∗_i is the dual algebra for the coalgebra (J_i, Δ_i). Consider the subspace B = J^∗_1 ⊕J_1 ⊕J_2 of the algebra D(J). The definition of multiplication in D(J) implies that for any f ∈ J^∗_1 and any a ∈ J_1, b ∈ J_2 we have fb = − ∑ i⟨f, u_{1i}⟩u_{2i}b and f ·a = ∑ i(⟨f, a_{1i}⟩b_{2i} +⟨f, u_{1i}a⟩u_{2i}). Consequently, B is a subalgebra of D(J), and J_2 is an ideal of B. Clearly, the Drinfel^′d double D(J_1) of the bialgebra (J_1, Δ_1) is the factor B over the ideal J_2. Thus, D(J_1) is a Jordan algebra, and the couple (J_1, Δ_1) is a Jordan bialgebra. In a similar way we show that (J_2, Δ_2) is a Jordan bialgebra. Since the algebra J_1 is simple, Lemma 6 yields the existence of an element r_1 ∈ (id −τ )(J_1 ⊗ J_1) such that Δ_1 = Δ_{r1} and C_J (r_1) = 0. Since the number of direct summands of the algebra J_2 is smaller than n, we may assume that Δ_2 = Δ_{r2} and that C_J (r_2) = 0 for some r_2 ∈ (id −τ )(J_2 ⊗ J_2).

Let r_i = ∑ j a_{ij} ⊗ b_{ij} , where i = 1, 2 and r = r_0 + r_1 + r_2. Then τ (r) = −r, and Δ(a) = Δ_r(a) for any a ∈ J. We prove that C_J (r) = 0. Since C_J (r_1) = 0 and C_J (r_2) = 0, we have

C_J (r) = Ξ ( ∑ ij (u_{2i}u_{2j} ⊗ u_{1i} ⊗ u_{1j} + u_{1i}a_{1j} ⊗ u_{2i} ⊗ b_{1j} + a_{1j} u_{1i} ⊗ b_{1j} ⊗ u_{2i}) )

+ Ξ ( ∑ ij (u_{1i}u_{1j} ⊗ u_{2i} ⊗ u_{2j} − u_{2i}a_{2j} ⊗ u_{1i} ⊗ b_{2j} − a_{2j} u_{2i} ⊗ b_{2j} ⊗ u_{1i}) ) ,

where Ξ = id +ξ + ξ^2. Since the bialgebra (J, Δ) is Jordan, Lemma 2 shows that C_J (r)(b ⊗ a ⊗ 1 + a ⊗ b ⊗ 1 + 1 ⊗ 1 ⊗ ab − b^′a^′ ⊗ 1 ⊗ 1 − 1 ⊗ b^′a^′ ⊗ 1 − 1 ⊗ 1 ⊗ b^′a^′) = 0

for any a, b ∈ J. In this identity we substitute a = e_1, b = e_2, obtaining C_J (r)(e_1 ⊗ e_2 ⊗ 1 + e_2 ⊗ e_1 ⊗ 1) = 0. Observe that in the expression for C_J (r) the first term of the type Ξ(· · · ) belongs to J_2 ⊗ J_1 ⊗ J_1 + J_1 ⊗ J_2 ⊗ J_1 + J_1 ⊗ J_1 ⊗ J_2, and the second term belongs to J_2 ⊗ J_2 ⊗ J_1 + J_2 ⊗ J_1 ⊗ J_2 + J_1 ⊗ J_2 ⊗ J_2. Therefore, Ξ ( ∑ ij (u_{2i}u_{2j} ⊗ u_{1i} ⊗ u_{1j} + u_{1i}a_{1j} ⊗ u_{2i} ⊗ b_{1j} + a_{1j} u_{1i} ⊗ b_{1j} ⊗ u_{2i}) )

× (e_1 ⊗ e_2 ⊗ 1 + e_2 ⊗ e_1 ⊗ 1) = 0.

26 V. N. ZHELYABIN

This implies the relations ∑ ij (u_{2i}u_{2j} ⊗ u_{1i} ⊗ u_{1j} + u_{2i} ⊗ b_{1j} ⊗ u_{1i}a_{1j} + u_{2i} ⊗ a_{1j} u_{1i} ⊗ b_{1j} ) = 0, ∑ ij (u_{1i}a_{1j} ⊗ u_{2i} ⊗ b_{1j} + u_{1j} ⊗ u_{2i}u_{2j} ⊗ u_{1i} + b_{1j} ⊗ u_{2i} ⊗ a_{1j} u_{1i}) = 0, ∑ ij (a_{1j} u_{1i} ⊗ b_{1j} ⊗ u_{2i} + u_{1i} ⊗ u_{1j} ⊗ u_{2i}u_{2j} + b_{1j} ⊗ u_{1i}a_{1j} ⊗ u_{2i}) = 0,

whence Ξ( ∑ ij (u_{2i}u_{2j} ⊗ u_{1i} ⊗ u_{1j} + u_{1i}a_{1j} ⊗ u_{2i} ⊗ b_{1j} + a_{1j} u_{1i} ⊗ b_{1j} ⊗ u_{2i})) = 0.

In a similar way we get Ξ( ∑ ij (u_{1i}u_{1j} ⊗ u_{2i} ⊗ u_{2j} − u_{2i}a_{2j} ⊗ u_{1i} ⊗ b_{2j} − a_{2j} u_{2i} ⊗ b_{2j} ⊗ u_{1i})) = 0.

Thus, C_J (r) = 0, which proves the theorem. �

References

1. V. G. Drinfel0d, Hamiltonian structures on Lie groups, Lie bialgebras, and the geometric meaning of classical Yang-Baxter equations, Dokl. Akad. Nauk SSSR 268 (1983), no. 2, 285–287; English transl., Soviet Math. Dokl. 27 (1983), no. 1, 68–71.

2. , Hopf algebras and the quantum Yang-Baxter equation, Dokl. Akad. Nauk SSSR 283 (1985), no. 5, 1060–1064; English transl., Soviet Math. Dokl. 32 (1985), no. 1, 254–258.

3. M. Jimbo, Quantum R-matrix for the generalized Toda system, Preprint no. RIMS-506, Kyoto Univ., Res. Inst. Math. Sci., Kyoto, 1985.

4. V. N. Zhelyabin, Jordan bialgebras and their connection with Lie bialgebras, Algebra i Logika 36 (1997), no. 1, 3–35; English transl., Algebra and Logic 36 (1997), no. 1, 1–15.

5. , Jordan bialgebras of symmetric elements and Lie bialgebras, Sibirsk. Mat. Zh. 39 (1998), no. 2, 299–316; English transl., Siberian Math. J. 39 (1998), no. 2, 261–276.

6. , Finite-dimensional Jordan algebras admitting the structure of a Jordan bialgebra, Algebra i Logika 38 (1999), no. 1, 40–67. (Russian) 7. , Jordan D-bialgebras defined on semisimple Jordan algebras, Preprint no. 35, Novosibirsk.

Gos. Univ., Novosibirsk, 1998.

8. M. E. Sweedler, Hopf algebras, W. A. Benjamin, Inc., New York, 1969.

9. V. G. Drinfel0d, Quantum groups, Proceedings of the International Congress of Mathematicians (Berkeley, CA, 1986), Amer. Math. Soc., Providence, RI, 1987, pp. 798–820.

10. N. Jacobson, Structure and representations of Jordan algebras, Amer. Math. Soc. Colloq. Publ., vol. 39, Amer. Math. Soc., Providence, RI, 1968.

Mathematics Institute SO RAN, pr. Koptyuga, 4, Novosibirsk 90, 630090 Russia E-mail address: vicnic@math.nsc.ru

Received 10/JUN/1998

Translated by A. I. PLOTKIN