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COMPLEX BOUNDED SYMMETRIC DOMAINS
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1. MOTIVATIONS

Let £2 be a bounded irreducible symmetric domain. To each such {2 are attached
numerical invariants: the multiplicities a and b, and the rank r. These three
invariants characterize the domain up to isomorphism. Hereunder is the table of all
possible values, corresponding to the classification of irreducible complex bounded
symmetric domains:

Type a b r g d

I,y (1<m<n) 2 n—m m  m-4+n mn
n=2 n(n—

11, (n>2) 4 { ) 0 (n(: % _{)1) (2] 2(n—1) 22D

111, (n>1) 1 0 n a4+l  nodl

IV, (n>2) n—2 0 2 n n

\%4 6 4 2 12 16

VI 8 0 3 18 27

In the last two columns of this table
g=2+a(r—1)+0b
is the genus of the bounded symmetric domain {2 and

r(r—1)
2

d=dimc 2 =r+ a+rb

its complex dimension.
The Hua polynomial x of the bounded symmetric domain {2 is then defined by

) =TI (s+1+G-1) (1)

j=1

)

2 1+b+(r7j)a’

where (s), denotes the raising factorial

I'(s+k)
I'(s)

The polynomial x is related to the Hua integral [, N(z,z)*w(z) (where N is the
generic norm for §2) by

sl = X0 [ oo
/QN(Z,Z) w(z) = x(s)/g (s> —1).

(S)k=s(s+1)---(s+k—-1)=

(see [1]).
One checks easily that deg x = d. The expression of x for the different types of
bounded symmetic domains is as follows:
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e Type I, n (1 <m< n): X(S) = H;n=1(5 Jrj)n

o Type Map: x(s) = [[i= (s +2j — L)gp-1.

o Type Mapi1: x(5) = [1)_1(5+ 25 — )aps1.

o Type I x() = TT5=y (s + 554) -

o Type IV i x(s)=(s+1),_;(s+%2).

o Type V: x(s) = (s+ 1)s(s +4)s.

o Type VI: x(s) = (s+1)g(s+5)9(s+9)o.

Let u € R, u > 0. The following expansion

XUkp) _ zd:C (k+1),
x(©0) =g

0

and the associated rational function
d 1 \d
Fyu(t) = Zcu,j (1—15) (3)
=0

play a key role in the computation of the Bergman kernel of some Hartogs domains
built over bounded symmetric domains (see [1], [2]).

2. THE CONJECTURE

Let
Ho = L-
d+1
Conjecture. The coefficients c, ; in (2):
d
X(ns) =D cugls +1);
j=0

are all strictly positive if and only if

< po-
For p = po, all coefficients ¢, j in (2) are strictly positive, except c,q—1 =0 and
except for the rank 1 type I ,, (where cyq =1 and ¢, ; =0 for all j < d).

We call pg the critical exponent for {2. The values of the critical exponent are

Type Ip,, II, 11T, v, vV VI
m4+n 4 2 n 12 9
Ho mn+l  nt25  ntigp ntl 17 14

We have always po < 1, except in the rank 1 case Iy ;.

Remark 1. The conjecture has been checked with help of computer algebra software
in many significant cases:

o for p = o and the types I3 3, IV3, IVy, IVs, V, VI,

e for type V' and various values of u.

Remark 2. As the function F, , is related to the Bergman kernel of a family of

bounded (non homogeneous) domains, it is known that all derivatives F;Ek&, k>0,

of this function are strictly positive on [0, 1] for all x> 0.

Remark 3. If the conjecture is true, it would allow to compare the Bergman metric
of some Hartogs domains built over bounded symmetric domains, with the Kahler-
Einstein metric of the same domains.
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